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Preface

This is the second volume in the seriesEvolutionary Equations, part of theHandbook of
Differential Equationsproject. Whereas Volume I was intended to provide an overview
of diverse abstract approaches, the guiding philosophy of the present volume is to offer
a representative sample of the most challenging specific equations and systems arising in
scientific applications.

Three chapters are devoted to the modern mathematical theory of fluid dynamics: Chap-
ter 1 deals with the Euler equations, Chapter 5 provides a general introduction to the theory
of incompressible viscous fluids, and Chapter 3 discusses the asymptotic limits of discrete
mechanical systems described by the Boltzmann equation.

In a different direction, Chapter 2 introduces the blow-up phenomena of solutions of
general parabolic equations and systems.

Chapters 4 and 6 are closely related and deal with mathematical problems arising in
materials science.

Finally, Chapter 7 explores the topic of nonlinear wave equations.
We have deliberately chosen diverse topics as well as styles of presentation in order to

expose the reader to the enormous variety of problems, methodology and potential appli-
cations.

We should like to express our thanks to the authors who have contributed to the present
volume, to the referees who have generously spent time reading the papers, and to the
editors and staff of Elsevier.

Constantine Dafermos
Eduard Feireisl
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CHAPTER 1

Euler Equations and Related Hyperbolic
Conservation Laws

Gui-Qiang Chen
Department of Mathematics, Northwestern University, 2033 Sheridan Road, Evanston, IL 60208-2730, USA

E-mail: gqchen@math.northwestern.edu
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Abstract
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1. Introduction

Hyperbolic conservation laws, quasilinear hyperbolic systems in divergence form, are one
of the most important classes of nonlinear partial differential equations, which typically
take the following form:

∂tu+∇x · f(u)= 0, u ∈R
n,x ∈R

d , (1.1)

where∇x = (∂x1, . . . , ∂xd ) and

f = (f1, . . . , fd) :Rn→
(
R
n
)d

is a nonlinear mapping withfi :Rn→R
n for i = 1, . . . , d .

Consider plane wave solutions

u(t,x)=w(t,x ·ω) for ω ∈ Sd−1.

Thenw(t, ξ) satisfies

∂tw+
(
∇f(w) ·ω

)
∂ξw= 0,

where∇ = (∂w1, . . . , ∂wn).
In order that there is a stable plane wave solution, it requires that, for anyω ∈ Sd−1,

(
∇f(w) ·ω

)
n×n haven real eigenvaluesλi(w;ω) and be diagonalizable,

1� i � n. (1.2)

Based on this, we say that system (1.1) is hyperbolic in a state domainD if condition (1.2)
holds for anyw ∈D andω ∈ Sd−1.

The simplest example for multidimensional hyperbolic conservation laws is the follow-
ing scalar conservation law

∂tu+ divx f(u)= 0, u ∈R,x ∈R
d , (1.3)

with f :R→R
d nonlinear. Then

λ(u,ω)= f ′(u) ·ω.

Therefore, any scalar conservation law is hyperbolic.
As is well known, the study of the Euler equations in gas dynamics gave birth to the

theory of hyperbolic conservation laws so that the system of Euler equations is an archetype
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of this class of nonlinear partial differential equations. In general, the Euler equations for
compressible fluids inRd are a system ofd + 2 conservation laws





∂tρ +∇x ·m= 0 (Euler 1755–1759),

∂tm+∇x ·
(m⊗m

ρ

)
+∇xp = 0 (Cauchy 1827–1829),

∂tE +∇x ·
(m
ρ
(E + p)

)
= 0 (Kirchhoff 1868)

(1.4)

for (t,x) ∈R
d+1
+ ,Rd+1

+ =R+ ×Rd := (0,∞)×Rd . System (1.4) is closed by the consti-
tutive relations

p = p(ρ, e), E = 1

2

|m|2
ρ
+ ρe. (1.5)

In (1.4) and (1.5),τ = 1/ρ is the deformation gradient (specific volume for fluids, strain
for solids),v = (v1, . . . , vd)

⊤ is the fluid velocity withρv = m the momentum vector,
p is the scalar pressure andE is the total energy withe the internal energy which is a given
function of(τ,p) or (ρ,p) defined through thermodynamical relations. The notationa⊗b
denotes the tensor product of the vectorsa andb. The other two thermodynamic variables
are temperatureθ and entropyS. If (ρ,S) are chosen as the independent variables, then
the constitutive relations can be written as

(e,p, θ)=
(
e(ρ,S),p(ρ,S), θ(ρ,S)

)
(1.6)

governed by

θ dS = de+ p dτ = de− p

ρ2
dρ. (1.7)

For a polytropic gas,

p =Rρθ, e= cvθ, γ = 1+ R

cv
(1.8)

and

p = p(ρ,S)= κργ eS/cv , e= κ

γ − 1
ργ−1eS/cv , (1.9)

whereR > 0 may be taken to be the universal gas constant divided by the effective mole-
cular weight of the particular gas,cv > 0 is the specific heat at constant volume,γ > 1 is
the adiabatic exponent andκ > 0 can be any positive constant by scaling.

As shown in Section 2.4, no matter how smooth the initial data is, the solution of (1.4)
generally develops singularities in a finite time. Then system (1.4) is complemented by the
Clausius–Duhem inequality

∂t (ρS)+∇x · (mS)� 0 (Clausius 1854, Duhem 1901) (1.10)



Euler equations and related hyperbolic conservation laws 5

in the sense of distributions in order to single out physical discontinuous solutions, so-
calledentropy solutions.

When a flow is isentropic, that is, entropyS is a uniform constantS0 in the flow, then
the Euler equations for the flow take the following simpler form

{
∂tρ +∇x ·m= 0,

∂tm+∇x ·
(m⊗m

ρ

)
+∇p = 0,

(1.11)

where the pressure is regarded as a function of density,p = p(ρ,S0), with constantS0. For
a polytropic gas,

p(ρ)= κργ , γ > 1, (1.12)

where κ > 0 can be any positive constant under scaling. This system can be derived
from (1.4) as follows. It is well known that, for smooth solutions of (1.4), entropy
S(ρ,m,E) is conserved along fluid particle trajectories, i.e.,

∂t (ρS)+∇x · (mS)= 0. (1.13)

If the entropy is initially a uniform constant and the solution remains smooth, then (1.13)
implies that the energy equation can be eliminated, and entropyS keeps the same constant
in later time. Thus, under the constant initial entropy, a smooth solution of (1.4) satisfies
the equations in (1.11). Furthermore, it should be observed that solutions of system (1.11)
are also a good approximation to solutions of system (1.4) even after shocks form, since
the entropy increases across a shock to third order in wave strength for solutions of (1.4),
while in (1.11) the entropy is constant. Moreover, system (1.11) is an excellent model for
the isothermal fluid flow withγ = 1 and for the shallow water flow withγ = 2.

In the one-dimensional case, system (1.4) in Eulerian coordinates is





∂tρ + ∂xm= 0,

∂tm+ ∂x
(
m2

ρ
+ p

)
= 0,

∂tE + ∂x
(
m
ρ
(E + p)

)
= 0

(1.14)

with E = 1
2
m2

ρ
+ ρe. The system above can be rewritten in Lagrangian coordinates in one-

to-one correspondence as long as the fluid flow stays away from vacuumρ = 0,





∂tτ − ∂xv = 0,

∂tv + ∂xp = 0,

∂t
(
e+ v2

2

)
+ ∂x(pv)= 0

(1.15)
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with v = m/ρ, where the coordinates(t, x) are the Lagrangian coordinates, which are
different from the Eulerian coordinates for (1.14); for simplicity of notation, we do not
distinguish them. For the isentropic case, systems (1.14) and (1.15) reduce to

{
∂tρ + ∂xm= 0,

∂tm+ ∂x
(
m2

ρ
+ p

)
= 0

(1.16)

and
{
∂tτ − ∂xv = 0,

∂tv+ ∂xp = 0,
(1.17)

respectively, where pressurep is determined by (1.12) for the polytropic case,p = p(ρ)=
p̃(τ ) with τ = 1/ρ. The solutions of (1.16) and (1.17), even for entropy solutions, are
equivalent (see [52,332]).

This chapter is organized as follows. In Section 2 we exhibit some basic features and
phenomena of the Euler equations and related hyperbolic conservation laws such as convex
entropy, symmetrization, hyperbolicity, genuine nonlinearity, singularities andBV bound.
In Section 3 we describe some aspects of a well-posedness theory and related results for
the one-dimensional isentropic, isothermal and adiabatic Euler equations, respectively. In
Sections 4–7 we discuss some samples of multidimensional models and problems for the
Euler equations with emphasis on the prototype models and problems that have been solved
or expected to be solved rigorously at least for some cases. In Section 8 we discuss connec-
tions between entropy solutions of hyperbolic conservation laws and divergence-measure
fields, as well as the theory of divergence-measure fields to construct a good framework
for studying entropy solutions. Some analytical approaches including techniques, methods,
and ideas, developed recently, for solving multidimensional problems are also presented.

2. Basic features and phenomena

In this section we exhibit some basic features and phenomena of the Euler equations and
related hyperbolic conservation laws.

2.1. Convex entropy and symmetrization

A function η :D→ R is called an entropy of system (1.1) if there exists a vector function
q :D→R

d ,q= (q1, . . . ,qd), satisfying

∇qi(u)=∇η(u)∇fi(u), i = 1, . . . , d. (2.1)

An entropyη(u) is called a convex entropy inD if

∇2η(u)� 0 for anyu ∈D
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and a strictly convex entropy inD if

∇2η(u)� c0I

with a constantc0 > 0 uniform foru ∈D1 for anyD1⊂ 	D1 ⋐D, whereI is then×n iden-
tity matrix. Then the correspondence of (1.10) in the context of hyperbolic conservation
laws is the Lax entropy inequality

∂tη(u)+∇x · q(u)� 0 (2.2)

in the sense of distributions for anyC2 convex entropy–entropy flux pair(η,q).

THEOREM 2.1. A system in(1.1) endowed with a strictly convex entropyη in a state
domainD must be symmetrizable and hence hyperbolic inD.

PROOF. Taking∇ of both sides of the equations in (2.1) with respect tou, we have

∇2η(u)∇fi(u)+∇η(u)∇2fi(u)=∇2qi(u), i = 1, . . . , d.

Using the symmetry of the matrices

∇η(u)∇2fi(u) and ∇2qi(u)

for fixed i = 1,2, . . . , d , we find that

∇2η(u)∇fi(u) is symmetric. (2.3)

Multiplying (1.1) by∇2η(u), we get

∇2η(u) ∂tu+
d∑

i=1

∇2η(u)∇fi(u)∇xiu= 0. (2.4)

The fact that the matrices∇2η(u) > 0 and∇2η(u)∇fi(u), i = 1,2, . . . , d, are symmetric
implies that system (1.1) is symmetrizable. Notice that any symmetrizable system must be
hyperbolic, which can be seen as follows.

Since∇2η(u) > 0 for u ∈D, then the hyperbolicity of (1.1) is equivalent to the hyper-
bolicity of (2.4), while the hyperbolicity of (2.4) is equivalent to that, for anyω ∈ Sd−1,

all zeros of the determinant
∣∣λ∇2η(u)−∇2η(u)∇f(u) ·ω

∣∣ are real. (2.5)

Since∇2η(u) is real symmetric and positive definite, there exists a matrixC(u) such
that

∇2η(u)= C(u)C(u)⊤.
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Then the hyperbolicity is equivalent to that, for anyω ∈ Sd−1, the eigenvalues of the fol-
lowing matrix

C(u)−1∇2η(u)∇f(u) ·ω
(
C(u)−1)⊤ (2.6)

are real, which is true since the matrix is real and symmetric. This completes the
proof. �

REMARK 2.1. This theorem is particularly useful to determine whether a large physical
system is symmetrizable and hence hyperbolic, since most of physical systems from con-
tinuum physics are endowed with a strictly convex entropy. In particular, for system (1.4),

(η∗,q∗)= (−ρS,−mS) (2.7)

is a strictly convex entropy–entropy flux pair whenρ > 0 andp > 0; while, for sys-
tem (1.11), the mechanical energy and energy flux

(η∗,q∗)=
(

1

2

|m|2
ρ
+ ρe(ρ),

m
ρ

(
1

2

|m|2
ρ
+ ρe(ρ)+ p(ρ)

))
(2.8)

is a strictly convex entropy–entropy flux pair whenρ > 0 for polytropic gases. For multi-
dimensional hyperbolic systems of conservation laws without a strictly convex entropy, it
is possible to enlarge the system so that the enlarged system is endowed with a globally
defined, strictly convex entropy. See [29,111,113,275,295].

REMARK 2.2. The observation that systems of conservation laws endowed with a strictly
convex entropy must be symmetrizable is due to Godunov [155–157], Friedrich and Lax
[140] and Boillat [22]. See also [284].

REMARK 2.3. This theorem has many important applications in the energy estimates. Ba-
sically, the symmetry plays an essential role in the following situation: For anyu,v ∈R

n,

2u⊤∇2η(v)∇fk(v) ∂xku

= ∂xk
(
u⊤∇2η(v)∇fk(v)u

)
− u⊤ ∂xk

(
∇2η(v)∇fk(v)

)
u (2.9)

for k = 1,2, . . . , d . This is very useful to make energy estimates for various problems.

There are several direct, important applications of Theorem 2.1 based on the symmetry
property of system (1.1) endowed with a strictly convex entropy such as (2.9). We list three
of them below.

2.1.1. Local existence of classical solutions.Consider the Cauchy problem for a general
hyperbolic system (1.1) with a strictly convex entropyη whose Cauchy data is

u|t=0= u0. (2.10)



Euler equations and related hyperbolic conservation laws 9

THEOREM 2.2. Assume thatu0 :Rd → D is in H s ∩ L∞ with s > d/2+ 1. Then, for
the Cauchy problem(1.1) and (2.10), there exists a finite timeT = T (‖u0‖s,‖u0‖L∞) ∈
(0,∞) such that there is a unique bounded classical solutionu ∈ C1([0, T ] ×R

d) with

u(t,x) ∈D for (t,x) ∈ [0, T ] ×R
d

and

u ∈ C
(
[0, T ];H s

)
∩C1([0, T ];H s−1).

Kato [184,185] first formulated and applied a basic idea in the semigroup theory to yield
the local existence of smooth solutions to (1.1).

The proof of this theorem in [241] relies solely on the elementary linear existence theory
for symmetric hyperbolic systems with smooth coefficients via a classical iteration scheme
(cf. [101]) by using the symmetry of system (1.1), especially (2.9). In particular, for all
u ∈ D, there is a positive definite symmetric matrixA0(u) = ∇2η(u) that is smooth inu
and satisfies

c0I �A0(u)� c−1
0 I (2.11)

with a constantc0 > 0 uniform for u ∈ D1, for anyD1 ⊂ 	D1 ⋐ D, such thatAi(u) =
A0(u)∇fi(u) is symmetric. Moreover, a sharp continuation principle was also provided:
For u0 ∈H s with s > d/2+ 1, the interval[0, T ) with T <∞ is the maximal interval of
the classicalH s existence for (1.1) if and only if either

∥∥(ut ,Du)(t, ·)
∥∥
L∞→∞ ast→ T ,

or

u(t,x) escapes every compact subsetK ⋐ D ast→ T .

The first catastrophe in this principle is associated with the formation of shock waves and
vorticity waves, among others, in the smooth solutions, and the second is associated with
a blow-up phenomenon such as focusing and concentration.

In [246], Makino, Ukai and Kawashima established the local existence of classical solu-
tions of the Cauchy problem with compactly supported initial data for the multidimensional
Euler equations, with the aid of the theory of quasilinear symmetric hyperbolic systems;
in particular, they introduced a symmetrization which works for initial data having either
compact support or vanishing at infinity. There are also discussions in [48] on the local
existence of smooth solutions of the three-dimensional Euler equations (1.4) by using an
identity to deduce a time decay of the internal energy and the Mach number.

The local existence and stability of classical solutions of the initial–boundary value prob-
lem for the multidimensional Euler equations can be found in [182,189,191] and the refer-
ences cited therein.
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2.1.2. Stability of Lipschitz solutions, rarefaction waves, and vacuum states in the class of
entropy solutions inL∞

THEOREM 2.3. Assume that system(1.1) is endowed with a strictly convex entropyη on
compact subsets ofD. Suppose thatv is a Lipschitz solution of(1.1) on [0, T ), taking
values in a convex compact subsetK of D, with initial data v0. Let u be any entropy
solution of (1.1)on [0, T ), taking values inK , with initial data u0. Then

∫

|x|<R

∣∣u(t,x)− v(t,x)
∣∣2 dx � C(T )

∫

|x|<R+Lt

∣∣u0(x)− v0(x)
∣∣2 dx

holds for anyR > 0 and t ∈ [0, T ), with L > 0 depending solely onK and the Lipschitz
constant ofv.

The main point for the proof of Theorem 2.3 is to use the relative entropy–entropy flux
pair (cf. [105])

α(u,v)= η(u)− η(v)−∇η(v)(u− v), (2.12)

β(u,v)= q(u)− q(v)−∇η(v)
(
f(u)− f(v)

)
(2.13)

and to calculate and find

∂tα(u,v)+∇x · β(u,v)�−
{
∂t
(
∇η(v)

)
(u− v)+∇x

(
∇η(v)

)(
f(u)− f(v)

)}
.

Sincev is a classical solution, we use the symmetry property of system (1.1) with the
strictly convex entropyη to have

∂t
(
∇η(v)

)
= (∂tv)⊤∇2η(v)

= −
d∑

k=1

(∂xkv)
⊤(∇fk(v)

)⊤∇2η(v)

= −
d∑

k=1

(∂xkv)
⊤∇2η(v)∇fk(v).

Therefore, we have

∂tα(u,v)+∇x · β(u,v)�−
d∑

k=1

(∂xkv)
⊤∇2η(v)Qfk(u,v),

where

Qfk(u,v)= fk(u)− fk(v)−∇η(v)(u− v).
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Integrating over a set

{
(τ,x): 0� τ � t � T , |x|�R +L(t − τ)

}

with the aid of the Gauss–Green formula in Section 8 and choosingL > 0 large enough
yields the expected result.

Some further ideas have been developed to show the stability of planar rarefaction waves
and vacuum states in the class of entropy solutions inL∞ for the multidimensional Euler
equations by using the Gauss–Green formula in Section 8.

THEOREM 2.4. Letω ∈ Sd−1. Let

R(t,x)= (ρ̂, m̂)

(
x ·ω
t

)

be a planar solution, consisting of planar rarefaction waves and possible vacuum states,
of the Riemann problem

R|t=0=
{
(ρ−, m̂−), x ·ω < 0,

(ρ+, m̂+), x ·ω > 0,

with constant states(ρ±, m̂±). Supposeu(t,x)= (ρ,m)(t,x) is an entropy solution inL∞

of (1.11)that may contain vacuum. Then, for anyR > 0 and t ∈ [0,∞),

∫

|x|<R
α(u,R)(t,x)dx �

∫

|x|<R+Lt
α(u,R)(0,x)dx,

whereL> 0 depends solely on the bounds of the solutionsu andR, and

α(u,R)= (u−R)⊤
(∫ 1

0
∇2η∗

(
R+ τ(u−R)

)
dτ

)
(u−R)

with η∗(u)=E ≡ 1
2
|m|2
ρ
+ ρe(ρ).

REMARK 2.4. Theorem 2.3 is due to Dafermos [110] (also see [111]). Theorem 2.4 is
due to Chen and Chen [56], where a similar theorem was also established for the adiabatic
Euler equations (1.4) with appropriate chosen entropy; also see [55] and [70].

REMARK 2.5. For multidimensional hyperbolic systems of conservation laws with par-
tially convex entropies and involutions, see [111]; also see [24,106].

REMARK 2.6. For distributional solutions to the Euler equations (1.4) for polytropic
gases, it is observed in Perthame [269] that, under the basic integrability condition

ρ,E,ρv · x, |v|E ∈ L1
loc

(
R+;L1(

R
d
))
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and the condition that entropyS(t,x) has an upper bound, the internal energy decays in
time and, furthermore, the only time-decay on the internal energy suffices to yield the
time-decay of the density. Also see [48].

2.1.3. Local existence of shock front solutions.Shock front solutions, the simplest type of
discontinuous solutions, are the most important discontinuous nonlinear progressing wave
solutions in compressible Euler flows and other systems of conservation laws. For a general
multidimensional hyperbolic system of conservation laws (1.1), shock front solutions are
discontinuous piecewise smooth entropy solutions with the following structure:

(i) there exist aC2 time–space hypersurfaceS(t) defined in (t,x) for 0 � t � T

with time–space normal(nt ,nx) = (nt ,n1, . . . ,nd) and twoC1 vector-valued functions,
u+(t,x) and u−(t,x), defined on respective domainsD+ andD− on either side of the
hypersurfaceS(t), and satisfying

∂tu± +∇ · f
(
u±
)
= 0 inD±; (2.14)

(ii) the jump across the hypersurfaceS(t) satisfies the Rankine–Hugoniot condition

{
nt
(
u+ − u−

)
+ nx ·

(
f
(
u+
)
− f
(
u−
))}∣∣

S
= 0. (2.15)

For the quasilinear system (1.1), the surfaceS is not known in advance and must be de-
termined as a part of the solution of the problem; thus the equations in (2.14) and (2.15)
describe a multidimensional, highly nonlinear, free-boundary value problem for the quasi-
linear system of conservation laws.

The initial data yielding shock front solutions is defined as follows. LetS0 be a smooth
hypersurface parametrized byα, and letn(α) = (n1, . . . ,nd)(α) be a unit normal toS0.
Define the piecewise smooth initial data for respective domainsD+0 andD−0 on either side
of the hypersurfaceS0 as

u0(x)=
{

u−0 (x), x ∈D−0 ,

u+0 (x), x ∈D+0 .
(2.16)

It is assumed that the initial jump in (2.16) satisfies the Rankine–Hugoniot condition, i.e.,
there is a smooth scalar functionσ(α) so that

−σ(α)
(
u+0 (α)− u−0 (α)

)
+ n(α) ·

(
f
(
u+0 (α)

)
− f
(
u−0 (α)

))
= 0, (2.17)

and thatσ(α) does not define a characteristic direction, i.e.,

σ(α) �= λi
(
u±0
)
, α ∈ 	S0,1� i � n, (2.18)

whereλi , i = 1, . . . , n, are the eigenvalues of (1.1). It is natural to require thatS(0)= S0.
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Consider the three-dimensional full Euler equations in (1.4), away from vacuum, which
can be rewritten in the form





∂tρ +∇x · (ρv)= 0, x ∈R
3, t > 0,

∂t (ρv)+∇x · (ρv⊗ v)+∇xp = 0,

∂tE +∇x
(
v(E + p)

)
= 0,

(2.19)

with piecewise smooth initial data

(ρ,v,E)|t=0=
{(

ρ−0 ,v
−
0 ,E

+)(x), x ∈D−0 ,
(
ρ+0 ,v

+
0 ,E

+)(x), x ∈D+0 .
(2.20)

THEOREM 2.5. Assume thatS0 is a smooth hypersurface inR3 and that(ρ+0 ,v
+
0 ,E

+
0 )(x)

belongs to the uniform local Sobolev spaceH s
ul(D

+
0 ), while (ρ−0 ,v

−
0 ,E

−
0 )(x) belongs to

the Sobolev spaceH s(D−0 ), for some fixeds � 10. Assume also that there is a function
σ(α) ∈H s(S0) so that(2.17)and(2.18)hold, and the compatibility conditions up to order
s − 1 are satisfied onS0 by the initial data, together with the entropy condition

v+0 · n(α)+
√
pρ
(
ρ+0 , S

+
0

)
< σ(α) < v−0 · n(α)+

√
pρ
(
ρ−0 , S

−
0

)
, (2.21)

and the Majda stability condition

1+
(
p
(
ρ+0
)
− p

(
ρ−0
)) (ρ−0 )2pρ(ρ

−
0 , S

−
0 )pS(ρ

−
0 , S

−
0 )

θ−0

−
(
ρ−0
)3(

p
(
ρ+0
)
− p

(
ρ−0
))
pρ
(
ρ−0 , S

−
0

)
> 0. (2.22)

Then there is aC2 hypersurfaceS(t) together withC1 functions(ρ±,v±,E±)(t,x) de-
fined fort ∈ [0, T ], with T sufficiently small, so that

(ρ,v,E)(t,x)=
{(

ρ−,v−,E−
)
(t,x), (t,x) ∈D−,(

ρ+,v+,E+
)
(t,x), (t,x) ∈D+,

(2.23)

is the discontinuous shock front solution of the Cauchy problem(2.19)and(2.20)satisfying
(2.14) and (2.15). In particular, the condition in(2.22) is always satisfied for shocks of
any strength for polytropic gas withγ > 1 and for sufficiently weak shocks for general
equations of state.

In Theorem 2.5, the uniform local Sobolev spaceH s
ul(D

+
0 ) is defined as follows: A vector

functionu is inH s
ul, provided that there exists somer > 0 so that

max
y∈Rd

‖wr,yu‖H s <∞



14 G.-Q. Chen

with

wr,y(x)=w

(
x− y
r

)
,

wherew ∈ C∞0 (Rd) is a function so thatw(x)� 0,w(x)= 1 when|x|� 1/2 andw(x)= 0
when|x|> 1.

REMARK 2.7. Theorem 2.5 is taken from [240]. The compatibility conditions in Theo-
rem 2.5 are defined in [240] and needed in order to avoid the formation of discontinuities
in higher derivatives along other characteristic surfaces emanating fromS0: Once the main
condition in (2.17) is satisfied, the compatibility conditions are automatically guaranteed
for a wide class of initial data functions. Further studies on the local existence and stabil-
ity of shock front solutions can be found in [239–241]. The uniform time of existence of
shock front solutions in the shock strength was obtained in [249]. Also see [21] for further
discussions.

The idea of the proof is similar to that for Theorem 2.2 by using the existence of a
strictly convex entropy and the symmetrization of (1.1), but the technical details are quite
different due to the unusual features of the problem considered in Theorem 2.5 (see [240]).
The shock front solutions are defined as the limit of a convergent classical iteration scheme
based on a linearization by using the theory of linearized stability for shock fronts devel-
oped in [239]. The technical conditions � 10, instead ofs > 1+ d/2, is required because
pseudo-differential operators are needed in the proof of the main estimates. Some improved
technical estimates regarding the dependence of operator norms of pseudo-differential op-
erators on their coefficients would lower the value ofs. For more details, see [240].

2.2. Hyperbolicity

There are many examples ofn × n hyperbolic systems of conservation laws forx ∈ R
2

which are strictly hyperbolic; that is, they have simple characteristics. However, for
d = 3, there are no strictly hyperbolic systems ifn ≡ 2 (mod 4) or, even more generally,
n≡±2,±3,±4 (mod 8) as a corollary of Theorem 2.6. Such multiple characteristics in-
fluence the propagation of singularities.

THEOREM 2.6. Let A,B andC be three matrices such that

αA + βB+ γC

has real eigenvalues for any realα,β andγ . If n≡±2,±3,±4 (mod 8), then there exist
α0, β0 andγ0 with α2

0 + β2
0 + γ 2

0 �= 0 such that

α0A + β0B+ γ0C (2.24)

is degenerate, that is, there are at least two eigenvalues of matrix(2.24)which coincide.
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PROOF. We prove only the casen≡ 2 (mod4).
1. DenoteM the set of all realn × n matrices with real eigenvalues, andN the set

of nondegenerate matrices (that haven distinct real eigenvalues) inM. The normalized
eigenvectorsr j of N in N , i.e.,

Nr j = λj r j , |r j | = 1, j = 1,2, . . . , n,

are determined up to a factor±1.
2. Let N(θ),0 � θ � 2π, be a closed curve inN . If we fix r j (0), thenr j (θ) can be

determined uniquely by requiring continuous dependence onθ .
Since

N(2π)=N(0),

then

r j (2π)= τj r j (0), τj =±1.

Clearly,
(i) eachτj is a homotopy invariant of the closed curve,

(ii) eachτj = 1 whenN(θ) is constant.
3. Suppose now that the theorem is false. Then

N(θ)= A cosθ +Bsinθ

is a closed curve inN and

λ1(θ) < λ2(θ) < · · ·< λn(θ).

SinceN(π)=−N(0), we have

λj (π)=−λn−j+1(0),

r j (π)= ρj rn−j+1(0), ρj ± 1.

4. Since the ordered basis

{
r1(θ), r2(θ), . . . , rn(θ)

}

is defined continuously, it retains its orientation. Then the ordered bases

{
r1(0), r2(0), . . . , rn(0)

}
and

{
ρ1rn(0), ρ2rn−1(0), . . . , ρnr1(0)

}

have the same orientation.
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For the casen ≡ 2 (mod 4), reversing the order reverses the orientation of an ordered
basis, which implies

n∏

j=1

ρj =−1.

Then there existsk such that

ρkρn−k+1=−1. (2.25)

5. SinceN(θ +π)=−N(θ), then

λj (θ +π)=−λn−j+1(θ),

which implies

r j (2π)= ρj rn−j+1(π)= ρjρn−j+1rn−j+1(0).

Therefore, we have

τj = ρjρn−j+1.

Then (2.25) implies

τk = 1,

which yields that the curve

N(θ)= A cosθ +Bsinθ

is not homotopic to a point.
6. Suppose that all matrices of formαA + βB+ γC, α2+ β2+ γ 2= 1, belong toN .

Then, since the sphere is simply connected, the curveN(θ) could be contracted to a point,
contractingτk =−1. This completes the proof. �

REMARK 2.8. The proof is taken from [201] for the casen≡ 2 (mod4). The proof for the
more general casen≡±2,±3,±4 (mod8) can be found in [138].

Consider the isentropic Euler equations (1.11).
Whend = 2, n = 3, the system is strictly hyperbolic with three real eigenvaluesλ− <

λ0 < λ+,

λ0= ω1u1+ω2u2, λ± = ω1u1+ω2u2±
√
p′(ρ), ρ > 0.

The strict hyperbolicity fails at the vacuum states whenρ = 0.
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However, whend = 3, n = 4, the system is no longer strictly hyperbolic even when
ρ > 0 since the eigenvalue

λ0= ω1u1+ω2u2+ω3u3

has double multiplicity, although the other eigenvalues

λ± = ω1u1+ω2u2+ω3u3±
√
p′(ρ)

are simple whenρ > 0.
Consider the adiabatic Euler equations (1.4).
Whend = 2, n= 4, the system is nonstrictly hyperbolic since the eigenvalue

λ0= ω1u1+ω2u2

has double multiplicity; however,

λ± = ω1u1+ω2u2±
√
γp

ρ

are simple whenρ > 0.
Whend = 3, n= 5, the system is again nonstrictly hyperbolic since the eigenvalue

λ0= ω1u1+ω2u2+ω3u3

has triple multiplicity; however,

λ± = ω1u1+ω2u2+ω3u3±
√
γp

ρ

are simple whenρ > 0.

2.3. Genuine nonlinearity

Thej th-characteristic field of system (1.1) inD is called genuinely nonlinear if, for each
fixed ω ∈ Sd−1, the j th eigenvalueλj (u;ω) and the corresponding eigenvectorr j (u;ω)
determined by

(
∇f(u) ·ω

)
r j (u;ω)= λj (u;ω)r j (u;ω)

satisfy

∇uλj (u;ω) · r j (u;ω) �= 0 for anyu ∈D,ω ∈ Sd−1. (2.26)



18 G.-Q. Chen

Thej th-characteristic field of system (1.1) inD is called linearly degenerate if

∇uλj (u;ω) · r j (u;ω)≡ 0 for anyu ∈D. (2.27)

Then we immediately have the following theorem.

THEOREM 2.7. Any scalar quasilinear conservation law inRd , d � 2, is never genuinely
nonlinear in all directions.

It is because, in this case,

λ(u;ω)= f ′(u) ·ω, r(u;ω)= 1

and

λ′(u;ω)r(u;ω)≡ f ′(u) ·ω

which is impossible to make this never equal to zero in all directions.
A multidimensional version of genuine nonlinearity for scalar conservation laws is

∣∣{u: τ + f ′(u) ·ω= 0
}∣∣= 0 for any(τ,ω) ∈ Sd ,

which is a generalization of (2.26).
Under this generalized nonlinearity, the following have been established:

(i) solution operators are compact ast > 0 in [224] (also see [64,314]),
(ii) decay of periodic solutions [65,128],

(iii) initial and boundary traces of entropy solutions [82,329],
(iv) BV structure ofL∞ entropy solutions [112].
For systems withn= 2m,m� 1 odd, andd = 2, using a topological argument, we have

the following theorem.

THEOREM 2.8. Every real, strictly hyperbolic quasilinear system forn= 2m,m� 1 odd,
andd = 2 is linearly degenerate in some direction.

PROOF. We prove only for the casem= 1.
1. For fixedu ∈R

n, define

N(θ;u)=∇f1(u)cosθ +∇f2(u)sinθ.

Denote the eigenvalues ofN(θ;u) by λ±(θ;u),

λ−(θ;u) < λ+(θ;u)

with

N(θ;u)r±(θ;u)= λ±(θ;u)r±(θ;u),
∣∣r±(θ;u)

∣∣= 1. (2.28)
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This still leaves an arbitrary factor±1, which we fix arbitrarily atθ = 0. For all other
θ ∈ [0,2π], we requirer±(θ;u) to vary continuously withθ .

2. SinceN(θ +π;u)=−N(θ;u),

λ+(θ +π;u)=−λ−(θ;u), λ−(θ +π;u)=−λ+(θ;u).

It follows from this and|r±| = 1 that

r+(θ +π;u)= σ+r−(θ;u), r−(θ +π;u)= σ−r+(θ;u), (2.29)

whereσ± = 1 or−1.
3. Sincer±(θ;u) were chosen to be continuous functions ofθ , we find that
(i) σ± are also continuous functions ofθ and, thus, they must be constant since

σ± =±1;
(ii) the orientation of the ordered basis{r−(θ;u), r+(θ;u)} does not change and, hence,

the bases

{
r−(0;u), r+(0;u)

}
and

{
r−(π;u), r+(π;u)

}

have the same orientation.
Therefore, by (2.29),

{
r−(0;u), r+(0;u)

}
and

{
σ−r+(0;u), σ+r−(0;u)

}

have the same orientation. Then

σ+σ− =−1

and

r+(2π;u)= σ+r−(π;u)= σ+σ−r+(0,u)=−r+(0,u). (2.30)

Similarly, we have

r−(2π;u)=−r−(0;u). (2.31)

4. Since the eigenvaluesλ±(θ;u) are periodic functions ofθ with period 2π for fixed
u ∈R

2, so are their gradients. Then

∇uλ±(2π;u)r±(2π;u)=−∇uλ(0;u)r±(0;u).

Noticing that

∇λ±(θ;u)r±(θ;u)
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vary continuously withθ for any fixedu ∈ R
2, we conclude that there existθ± ∈ (0,2π)

such that

∇λ±(θ±;u)r±(θ±;u)= 0.

This completes the proof. �

REMARK 2.9. The proof of Theorem 2.8 is from [202].

REMARK 2.10. Quite often, linear degeneracy results from the loss of strict hyperbolicity.
For example, even in the one-dimensional case, if there existsj �= k such that

λj (u)= λk(u) for all u ∈K,

then Boillat [23] proved that thej th- andkth-characteristic families are linearly degenerate.

For the isentropic Euler equations (1.11) withd = 2, n= 3,

λ0= ω1u1+ω2u2, λ± = ω1u1+ω2u2±
√
p′(ρ),

and

r0= (−ω2,ω1,0)
⊤, r± =

(
±ω1,±ω2,

ρ√
p′(ρ)

)⊤
,

which implies

∇λ0 · r0≡ 0

and

∇λ± · r± =±
ρp′′(ρ)+ 2p′(ρ)

2p′(ρ)
=±γ + 1

2
�= 0.

For the adiabatic Euler equations (1.4) withd = 2, n= 4,

λ0= ω1u1+ω2u2, λ± = ω1u1+ω2u2±
√
γp

ρ

and

r0= (−ω2,ω1,0,1)
⊤, r± =

(
±ω1,±ω2,

√
γpρ,ρ

√
ρ

γp

)⊤
,

which implies

∇λ0 · r0≡ 0
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and

∇λ± · r± =±
γ + 1

2
�= 0.

2.4. Singularities

For the one-dimensional case, singularities include the formation of shock waves and the
development of vacuum states, at least for gas dynamics. For the multidimensional case,
the situation is much more complicated: besides shock waves and vacuum states, singular-
ities may include vorticity waves, focusing waves, concentration waves, complicated wave
interactions, among others.

Consider the Cauchy problem of the Euler equations in (1.4) for polytropic gases inR
3

with smooth initial data

(ρ,v, S)|t=0= (ρ0,v0, S0)(x) with ρ0(x) > 0 for x ∈R
3 (2.32)

satisfying

(ρ0,v0, S0)(x)=
(
ρ̄,0,	S

)
for |x|�R,

where ρ̄ > 0, 	S and R are constants. The equations in (1.4) possess a unique lo-
cal C1-solution (ρ,v, S)(t,x) with ρ(t,x) > 0 provided that the initial data (2.32) is
sufficiently regular (Theorem 2.2). The support of the smooth disturbance(ρ0(x) −
ρ̄,v0(x), S0(x) − 	S ) propagates with speed at mostσ =

√
pρ(ρ̄,	S ) (the sound speed),

that is,

(ρ,v, S)(t,x)=
(
ρ̄,0,	S

)
if |x|�R + σ t. (2.33)

The proof of this essential fact of finite speed of propagation for the three-dimensional case
can be found in [181], as well as in [299], established through local energy estimates.

Takep̄ = p(ρ̄,	S ). Define

P(t)=
∫

R3

(
p(t,x)1/γ − p̄1/γ )dx

= κ1/γ
∫

R3

(
ρ(t,x)exp

(
S(t,x)
γ cv

)
− ρ̄ exp

( 	S
γ cv

))
dx,

F (t)=
∫

R3
ρv(t,x) · x dx,

which, roughly speaking, measure the entropy and the radial component of momentum.
The following theorem on the formation of singularities in solutions of (1.4) and (2.32) is
due to Sideris [300].
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THEOREM 2.9. Suppose that(ρ,v, S)(t,x) is a C1-solution of (1.4) and (2.32)
for 0< t < T and

P(0)� 0, (2.34)

F(0) > ασR4 max
x

ρ0(x), α = 16π

3
. (2.35)

Then the lifespanT of theC1-solution is finite.

PROOF. Set

M(t)=
∫

R3

(
ρ(t,x)− ρ̄

)
dx.

Combining the equations in (1.4) with (2.33) and using the integration by parts, one has

M ′(t)=−
∫

R3
∇ · (ρv)dx= 0,

P ′(t)=−κ1/γ
∫

R3
∇ ·
(
ρv exp

(
S

γ cv

))
dx= 0,

which implies

M(t)=M(0), P (t)= P(0) (2.36)

and

F ′(t) =
∫

R3
x · (ρv)t dx

=
∫

R3

(
ρ|v|2+ 3(p− p̄)

)
dx

=
∫

B(t)

(
ρ|v|2+ 3(p− p̄)

)
dx, (2.37)

whereB(t)= {x ∈R
3: |x|�R+σ t}. From Hölder’s inequality, (2.34) and (2.36), one has

∫

B(t)

p dx �
1

|B(t)|γ−1

(∫

B(t)

p1/γ dx
)γ

= 1

|B(t)|γ−1

(
P(0)+

∫

B(t)

p̄1/γ dx
)γ

�

∫

B(t)

p̄ dx,
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where|B(t)| denotes the volume of ballB(t). Therefore, by (2.37),

F ′(t)�

∫

R3
ρ|v|2 dx. (2.38)

By the Cauchy–Schwarz inequality and (2.36),

F(t)2 =
(∫

B(t)

ρv · x dx
)2

�

∫

B(t)

ρ|v|2 dx
∫

B(t)

ρ|x|2 dx

� (R + σ t)2
∫

B(t)

ρ|v|2 dx
(
M(t)+

∫

B(t)

ρ̄ dx
)

� (R + σ t)2
∫

B(t)

ρ|v|2 dx
(∫

B(t)

(
ρ0(x)− ρ̄

)
dx+

∫

B(t)

ρ̄ dx
)

�
4π

3
(R + σ t)5 max

x
ρ0(x)

∫

B(t)

ρ|v|2 dx.

Then (2.38) implies that

F ′(t)�

(
4π

3
(R + σ t)5 max

x
ρ0(x)

)−1

F(t)2. (2.39)

SinceF(0) > 0 by (2.35),F(t) remains positive for 0< t < T , as a consequence of (2.38).
Dividing by F(t)2 and integrating from 0 toT in (2.39) yields

F(0)−1 >F(0)−1− F(T )−1 � (ασ maxρ0)
−1(R−4− (R + σT )−4).

Thus,

(R + σT )4 <
R4F(0)

F (0)− ασR4 maxρ0
.

This completes the proof. �

REMARK 2.11. The proof is taken from [86], which is a refinement of Sideris [299]. The
method of the proof above applies equally well in one and two space dimensions. In the
isentropic case, the conditionP(0)� 0 reduces toM(0)� 0.

REMARK 2.12. To illustrate a way in which conditions (2.34) and (2.35) may be satisfied,
we consider the initial data

ρ0= ρ̄, S0=	S.
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ThenP(0)= 0, and (2.35) holds if

∫

|x|<R
v0(x) · x dx> ασR4.

Comparing both sides, one finds that the initial velocity must be supersonic in some region
relative to the sound speed at infinity. The formation of a singularity (presumably a shock
wave) is detected as the disturbance overtakes the wave front forcing the front to propagate
with supersonic speed.

The formation of singularities occurs even without condition of largeness such as (2.35).
For example, ifS0(x)�	S and, for some 0<R0 <R,

∫

|x|>r
|x|−1(|x| − r

)2(
ρ0(x)− ρ̄

)
dx> 0,

(2.40)∫

|x|>r
|x|−3(|x|2− r2)ρ0(x)v0(x) · x dx � 0 for R0 < r < R,

then the lifespanT of theC1-solution of (1.4) and (2.32) is finite. The assumptions in (2.40)
mean that, in an average sense, the gas must be slightly compressed and outgoing directly
behind the wave front. For the proof in [300], some important technical points were adopted
from [298] on the nonlinear wave equations in three dimensions.

REMARK 2.13. For the multidimensional Euler equations for compressible fluids with
smooth initial data that is a small perturbation of amplitudeε from a constant state, the
lifespan of smooth solutions is at least O(ε−1) from the theory of symmetric hyperbolic
systems [139,183]. Results on the formation of singularities show that the lifespan of a
smooth solution is no better than O(ε−2) in the two-dimensional case [276] and O(eε

−2
)

[300] in the three-dimensional case. See [2,301,302] for additional discussions in this di-
rection. Also see [246] and [279] for a compressible fluid body surrounded by the vacuum.

2.5. BV bound

For one-dimensional strictly hyperbolic systems, Glimm’s theorem [145] indicates that, as
long as‖u0‖BV is sufficiently small, the solutionu(t, x) satisfies the following stability
estimate

∥∥u(t, ·)
∥∥

BV � C‖u0‖BV. (2.41)

Even more strongly, for two solutionsu(t, x) andv(t, x) obtained by either the Glimm
scheme, wave-front tracking method or vanishing viscosity method with small total varia-
tion,

∥∥u(t, ·)− v(t, ·)
∥∥
L1(R)

� C
∥∥u(0, ·)− v(0, ·)

∥∥
L1(R)

.
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See [20,33,111,167,204] and the references cited therein.
The recent great progress for entropy solutions for one-dimensional hyperbolic systems

of conservation laws based onBV estimates and trace theorems ofBV fields naturally arises
the expectation that a similar approach may also be effective for multidimensional hyper-
bolic systems of conservation laws, that is, whether entropy solutions satisfy the relatively
modest stability estimate

∥∥u(t, ·)
∥∥

BV � C‖u0‖BV. (2.42)

Unfortunately, this is not the case.
Rauch [278] showed that the necessary condition for (2.42) to be held is

∇fk(u)∇fl(u)=∇fl(u)∇fk(u) for all k, l = 1,2, . . . , d. (2.43)

The analysis above suggests that only systems in which the commutativity relation (2.43)
holds offer any hope for treatment in theBV framework. This special case includes the
scalar casen = 1 and the one-dimensional cased = 1. Beyond that, it contains very few
systems of physical interest.

An example is the system with fluxes

fk(u)= φk
(
|u|2

)
u, k = 1,2, . . . , d,

which governs the flow of a fluid in an anisotropic porous medium. However, the recent
study in [34] and [7] shows that, even in this case, the spaceBV is not a well-posed space,
and (2.42) fails.

Even for the one-dimensional systems whose strict hyperbolicity fails or initial data is
allowed to be of large oscillation, the solution is no longer inBV in general. However,
some bounds inL∞ or Lp may be achieved. One of such examples is the isentropic Euler
equations (1.16), for which we have

∥∥u(t, ·)
∥∥
L∞ � C‖u0‖L∞ .

See [75] and the references cited therein. However, for the multidimensional case, entropy
solutions generally do not have even the relatively modest stability

∥∥u(t, ·)− ū
∥∥
Lp

� Cp‖u0− ū0‖Lp , p �= 2, (2.44)

based on the linear theory by Brenner [31].
In this regard, it is important to identify good analytical frameworks for studying entropy

solutions of multidimensional conservation laws (1.1), which are not inBV, or even inLp.
The most general framework is the space of divergence-measure fields, formulated recently
in [67,69,83,84], which is based on the following class of entropy solutions:

(i) u(t,x) ∈M(Rd+1
+ ) orLp(Rd+1

+ ),1� p �∞;
(ii) for any convex entropy–entropy flux pair(η,q),

∂tη(u)+∇x · q(u)� 0
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in the sense of distributions, as long as(η(u),q(u))(t,x) is a distributional field.
According to the Schwartz lemma, we have

div(t,x)
(
η(u),q(u)

)
∈M,

which implies that the vector field

(
η(u),q(u)

)
(t,x)

is a divergence measure field. We will discuss a theory of such fields in Section 8.

3. One-dimensional Euler equations

In this section, we present some aspects of a well-posedness theory and related results for
the one-dimensional Euler equations.

3.1. Isentropic Euler equations

Consider the Cauchy problem for the isentropic Euler equations (1.16) with initial data

(ρ,m)|t=0= (ρ0,m0)(x), (3.1)

where(ρ0,m0) is in the physical region{(ρ,m): ρ � 0, |m|� C0ρ} for someC0 > 0. The
pressure functionp(ρ) is a smooth function inρ > 0 (nonvacuum states) satisfying

p′(ρ) > 0, ρp′′(ρ)+ 2p′(ρ) > 0 whenρ > 0, (3.2)

and

p(0)= p′(0)= 0, lim
ρ→0

ρp(j+1)(ρ)

p(j)(ρ)
= cj > 0, j = 0,1. (3.3)

More precisely, we consider a general situation of the pressure law that there exist a se-
quence of exponents

1< γ := γ1 < γ2 < · · ·< γJ �
3γ − 1

2
< γJ+1

and a functionP(ρ) such that

p(ρ)=
J∑

j=1

κjρ
γj + ργJ+1P(ρ),

(3.4)
lim sup
ρ→0

(∣∣P(ρ)
∣∣+

∣∣ρ3P ′′′(ρ)
∣∣)<∞,
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for someκj , j = 1, . . . , J, with κ1 > 0. For a polytropic gas obeying theγ -law (1.12), or
a mixed ideal polytropic fluid,

p(ρ)= κ1ρ
γ1 + κ2ρ

γ2, κ2 > 0,

the pressure function clearly satisfies (3.2)–(3.4).
System (1.16) is strictly hyperbolic at the nonvacuum states{(ρ, v): ρ > 0, |v| <∞},

and strict hyperbolicity fails at the vacuum states{(ρ, v): ρ = 0, |v|<∞}.
Let (η, q) :R2

+ → R2 be an entropy–entropy flux pair of system (1.16). An entropy
η(ρ,m) is called a weak entropy ifη= 0 at the vacuum states.

In the coordinates(ρ, v), any weak entropy functionη(ρ, v) is governed by the second-
order linear wave equation

{
ηρρ − k′(ρ)2ηvv = 0, ρ > 0,

η|ρ=0= 0,
(3.5)

with k(ρ)=
∫ ρ

0 p′(s)/s ds.
In the Riemann invariant coordinatesw= (w1,w2) defined as

w1= v +
∫ ρ

0

√
p′(y)
y

dy, w2= v−
∫ ρ

0

√
p′(y)
y

dy, (3.6)

any entropy functionη(w) is governed by

ηw1w2 +
Λ(w1−w2)

w1−w2
(ηw1 − ηw2)= 0, (3.7)

where

Λ(w1−w2)=−
k(ρ)k′′(ρ)
k′(ρ)2

with ρ = k−1
(
w1−w2

2

)
. (3.8)

The corresponding entropy flux functionq(w) is

qwj
(w)= λi(w)ηwj

(w), i �= j. (3.9)

In general, any weak entropy–entropy flux pair(η, q) can be represented by

η(ρ, v)=
∫

R

χ(ρ, v; s)a(s)ds, q(ρ, v)=
∫

R

σ(ρ, v; s)b(s)ds, (3.10)

for any continuous functiona(s) and related functionb(s), where the weak entropy kernel
and entropy flux kernel are determined by

{
χρρ − k′(ρ)2χvv = 0,

χ(0, v; s)= 0, χρ(0, v; s)= δv=s
(3.11)
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and

{
σρρ − k′(ρ)2σvv = p′′(ρ)

ρ
χv,

σ (0, v; s)= 0, σρ(0, v; s)= vδv=s,
(3.12)

respectively, withδv=s the delta function concentrated at the pointv = s.
The equations in (3.5)–(3.9) and (3.11)–(3.12) belong to the class of Euler–Poisson–

Darboux-type equations. The main difficulty comes from the singular behavior of
Λ(w1−w2) near the vacuum. In view of (3.8), the derivative ofΛ(w1 − w2) in the co-
efficients of (3.7) may blow up like(w1 − w2)

−(γ−1)/2 whenw1 − w2 → 0 in general,
and its higher derivatives may be more singular, for which the classical theory of Euler–
Poisson–Darboux equations does not apply (cf. [19,341,342]). However, for a gas obeying
theγ -law,

Λ(w1−w2)= λ := 3− γ

2(γ − 1)
,

the simplest case, which excludes such a difficulty. In particular, for this case, the weak
entropy kernel is

χ(ρ, v; s)=
[(
w1(ρ, v)− s

)(
s −w2(ρ, v)

)]λ
+.

A mathematical theory for dealing with such a difficulty for the singularities of weak
entropy kernel and entropy flux kernel can be found in [74,75].

A bounded measurable functionu(t, x) = (ρ,m)(t, x) is called an entropy solution of
(1.16) and (3.1)–(3.3) inR2

+ if u(t, x) satisfies the following:
(i) there existsC > 0 such that

0� ρ(t, x)� C,
∣∣m(t, x)

∣∣� Cρ(t, x); (3.13)

(ii) the entropy inequality

∂tη(ρ,m)+ ∂xq(ρ,m)� 0 (3.14)

holds in the sense of distributions inR2
+ for any convex weak entropy–entropy flux pair

(η, q)(ρ,m).
Notice thatη(ρ,m)=±ρ,±m are trivial convex entropy functions so that (3.14) auto-

matically implies that(ρ,m)(t, x) is a weak solution in the sense of distributions.

THEOREM 3.1. Consider the Euler equations(1.16)with (3.2)–(3.4).Let (ρh,mh)(t, x),

h > 0, be a sequence of functions satisfying the following conditions:
(i) there existsC > 0 such that

0� ρh(t, x)� C,
∣∣mh(t, x)

∣∣� Cρh(t, x) for a.e. (t, x); (3.15)
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(ii) for any weak entropy–entropy flux pair(η, q),

∂tη
(
ρh,mh

)
+ ∂xq

(
ρh,mh

)
is compact inH−1

loc

(
R

2
+
)
. (3.16)

Then the sequence(ρh,mh)(t, x) is compact inL1
loc(R

2
+), that is, there exist(ρ,m) ∈ L∞

and a subsequence(still denoted) (ρh,mh)(t, x) such that

(ρh,mh)→ (ρ,m) in L1
loc

(
R

2
+
)

ash→ 0,

and

0� ρ(t, x)� C,
∣∣m(t, x)

∣∣�Cρ(t, x).

REMARK 3.1. The compactness framework in Theorem 3.1 was established to replace the
BV compactness framework (the Helly theorem), for which the detailed proof can be found
in [75]. For a gas obeying theγ -law, the caseγ = (N +2)/N,N � 5 odd, was first treated
by DiPerna [123], and the general case 1< γ � 5/3 for usual gases was first completed by
Chen [50] and Ding, Chen and Luo [115]. The casesγ � 3 and 5/3< γ < 3 were treated
via kinetic formulation by Lions, Perthame and Tadmor [223] and Lions, Perthame and
Souganidis [222], respectively.

In order to establish Theorem 3.1, it requires to establish the corresponding reduction
theorem: A Young measure satisfying the Tartar commutation relations

〈ν(t,x), η1q2− η2q1〉
= 〈ν(t,x), η1〉〈ν(t,x), q2〉 − 〈ν(t,x), η2〉〈ν(t,x), q1〉 for a.e.(t, x), (3.17)

for all weak entropy–entropy flux pairs is a Dirac mass. These conditions are derived by
the method of compensated compactness, especially the div–curl lemma (see [318,319]
and [258,260]). The proof was based on new properties ofcancellation of singularitiesof
the entropy kernelχ and the entropy flux kernelσ in the following combination

E(ρ,v; s1, s2) := χ(ρ, v; s1)σ (ρ, v; s2)− χ(ρ, v; s2)σ (ρ, v; s1),

the fractional derivative technique first introduced in [50,115], and an important obser-
vation that the following identity is an elementary consequence of the symmetric form
of (3.17)

〈
ν(t,x), χ(ρ, v; s1)

〉〈
ν(t,x), ∂

λ+1
s2

∂λ+1
s3

E(ρ,v; s2, s3)
〉

+
〈
ν(t,x), ∂

λ+1
s2

χ(ρ, v; s2)
〉〈
ν(t,x), ∂

λ+1
s3

E(ρ,v; s3, s1)
〉

+
〈
ν(t,x), ∂

λ+1
s3

χ(ρ, v; s3)
〉〈
ν(t,x), ∂

λ+1
s2

E(ρ,v; s1, s2)
〉
= 0 (3.18)

for all s1, s2 ands3, where the derivatives are understood in the sense of distributions (also
see [222,223]). It was proved that, whens2, s3→ s1, the second and the third terms con-
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verge in the weak-star sense of measures to thesameterm but with opposite sign. The
first term is moresingularand contains the products of functions of bounded variation by
bounded measures, which are known to depend upon regularization. The first term in (3.18)
converges to a nontrivial limit which is determined explicitly. Finally, the genuine nonlin-
earity onp(ρ) is required to conclude that the Young measureν either reduces to a Dirac
mass or is supported on the vacuum line.

This compactness framework has successfully been applied for proving the convergence
of the Lax–Friedrichs scheme [50,115], the Godunov scheme [116], the vanishing viscosity
method [68,222] and for establishing the compactness of solution operators and the decay
of periodic solutions [65,75]. Also see the references cited in [86]. In particular, we have
the following theorem.

THEOREM 3.2 (Existence, compactness and decay).Assume that there existsC0 > 0 such
that the initial data(ρ0,m0)(x) satisfies

0� ρ0(x)� C0,
∣∣m0(x)

∣∣� C0ρ0(x).

Then
(i) there exists a global solution(ρ,m)(t, x) of the Cauchy problem for(1.16)satisfy-

ing (3.13),for someC depending only onC0 andγ , and(3.14)in the sense of distributions
for any convex weak entropy–entropy flux pairs(η, q);

(ii) the solution operator(ρ,m)(t, ·)= St (ρ0,m0)(·), determined by(i), is compact in
L1

loc(R
2
+) for t > 0;

(iii) furthermore, if the initial data (ρ0,m0)(x) is periodic with periodP , then there
exists a global periodic solution(ρ,m)(t, x) with (3.13)such that(ρ,m)(t, x) asymptoti-
cally decays inL1 to

1

|P |

∫

P

(ρ0,m0)(x)dx.

REMARK 3.2. All the results for entropy solutions to (1.16) in Eulerian coordinates can
be presented equivalently as the corresponding results for entropy solutions to (1.17) in
Lagrangian coordinates (see [52] and [332]).

REMARK 3.3. If the initial data is inBV and has small oscillation, or(γ − 1)TV(ρ0,m0)

is sufficiently small, away from vacuum, the solution is inBV; see [118,145,263]. In the
direction of relaxing the requirement of small total variation for (1.16), see [117,287,322,
323,349]. For extensions to initial–boundary value problems, see [68,229,264,315].

REMARK 3.4. Consider the isentropic Euler equations (1.16) in nonlinear elasticity with
p =−σ(τ) ∈ C2(R), σ ′(τ ) > 0, satisfying that

sign
(
(τ − τ̂ )σ ′′(τ )

)
� 0, (3.19)

there is no interval in whichσ is affine, (3.20)
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and there exists a positive integerm ∈Z+ such that, in an interval(τ̂ , τ̂ + δ) or (τ̂ − δ, τ̂ )

for someδ > 0,

m∑

k=1

∣∣σ (2k)(τ )
∣∣ �= 0. (3.21)

Then the existence, compactness and decay of entropy solutions inL∞ has been estab-
lished in [78], and the results have been extended to the equations of motion of viscoelastic
media with memory in [59,78]. In the simplest model for common rubber, condition (3.19)
implies that the stressσ as a function of the strainτ switches from concave in the com-
pressive modeτ < τ̂ to convex in the expansive modeτ > τ̂ .

3.2. Isothermal Euler equations

For the isothermal Euler equation (1.16) withγ = 1, we have entropy–entropy flux pairs
in the form

η= ρ1/(1−ξ2) exp

{
ξ

1− ξ2

m

ρ

}
,

(3.22)

q =
(
m

ρ
+ ξ

)
ρ1/(1−ξ2) exp

{
ξ

1− ξ2

m

ρ

}
,

which satisfy

ηρρηmm − η2
ρm =

ξ4

(1− ξ2)3
ρ2ξ2/(1−ξ2)−2 exp

{
2ξ

1− ξ2

m

ρ

}
for ξ ∈R. (3.23)

Thenη is a weak and convex entropy for anyξ ∈ (−1,1).
We have the following similar compensated compactness framework for this case.

THEOREM 3.3. Assume that(ρh,mh)(t, x), h > 0, is a sequence of functions satisfying
the following conditions:

(i) there exists some constantC > 0 such that

0� ρh(t, x)�C,
∣∣mh(t, x)

∣∣� ρh(t, x)
(
C +

∣∣ lnρh(t, x)
∣∣) a.e.;

(ii) the sequence of entropy dissipation measures

∂tη
(
ρh,mh

)
+ ∂xq

(
ρh,mh

)
is compact inH−1

loc

(
R

2
+
)

for any entropy–entropy flux pair(η, q) in (3.22)with ξ ∈ (−1,1).
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Then the sequence(ρh,mh)(t, x) is compact inL1
loc(R

2
+), that is, there exist(ρ,m) ∈ L∞

and a subsequence(still denoted) (ρh, mh) such that

(
ρh,mh

)
→ (ρ,m) in L1

loc

(
R

2
+
)

ash→ 0,

and

0� ρ(t, x)� C,
∣∣m(t, x)

∣∣� ρ(t, x)
(
C +

∣∣ lnρ(t, x)
∣∣).

REMARK 3.5. This compactness framework was first established in [172]. Another proof
was also provided recently in [205] by employing the approach in [75].

For strictly hyperbolic systems with smooth fluxes, theH−1-compactness condition is
easy to be obtained, due to the uniform boundedness of approximate solutions and Murat’s
lemma [259], provided that the system has a strictly convex entropy. Similar to the isen-
tropic case, it is not clear for the caseγ = 1 whether the strong entropy–entropy flux pairs
satisfy theH−1-compactness condition. Furthermore, for the isothermal case, the propa-
gation speed may not be finite due to the presence of vacuum and the entropy equation is
not of EPD type, which is different from the isentropic case.

The key point in the proof of [172] is to establish the commutation relations for not only
theweakentropy–entropy flux pairs but also thestrongones by using theanalytic extension
theoremeven though it is not known whether strong entropy–entropy flux pairs satisfy the
H−1-compactness condition. To achieve this, formula (3.22) of entropies parameterized
by a complex variableξ was used, which includes both weak and strong entropies deter-
mined by the value ofξ . It was shown that, for anyξ ∈ (−1,1), the weak entropy–entropy
flux pair satisfies theH−1-compactness condition. Therefore, the commutation relations
are satisfied for these weak entropy–entropy flux pairs. It was observed that the two sides
of the commutation relations are regular inξ and are analytic functions with respect toξ ,
which implies that the commutation relations exactly hold for the whole complex variable
except two points(−1,0) and(1,0) by using the analytic extension theorem. Noting that
the entropies are strong if|ξ | > 1 (see (3.22)), therefore, the commutation relations hold
for these weak and strong entropy–entropy flux pairs so that theH−1-compactness con-
dition for strong entropy–entropy flux pairs can be bypassed. Since both weak and strong
entropy–entropy flux pairs are applied to the commutation relations, the reduction theorem
for the corresponding Young measure was obtained as that in the strictly hyperbolic case
in [124,290], which implies the compensated compactness framework. The proof of [205]
employed the approach described in Section 3.1 for the isentropic case by using only the
weak entropy–entropy flux pairs.

As an application of Theorem 3.3, we have the following theorem.

THEOREM 3.4 (Existence).Assume that the initial data satisfies

0� ρ0(x)� C0,
∣∣m0(x)

∣∣� ρ0(x)
(
C0+

∣∣ logρ0(x)
∣∣) a.e. (3.24)
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for some constantC0 > 0. Then there exists a global entropy solution of(1.16) and (3.1)
(with γ = 1) satisfying

0� ρ(t, x)� C,
∣∣m(t, x)

∣∣� ρ(t, x)
(
C +

∣∣ logρ(t, x)
∣∣) a.e., (3.25)

whereC > 0 depends only onC0.

REMARK 3.6. The convergence of the viscosity method was established in [172]. Un-
like the isentropic case, the eigenvalues of the system are no longer bounded near vacuum
(which may grow with the speed| lnρ|), the construction of shock capturing scheme is
more delicate since the Courant–Friedrichs–Lewy stability condition may fail for standard
shock capturing schemes. In [77], such a shock capturing scheme was successfully de-
veloped and its strong convergence was established by introducing a cut-off technique to
modify the approximate density functions and adjust the ratio of the time and space mesh
sizes to construct the shock capturing scheme.

REMARK 3.7. Away from vacuum, the first result on the existence ofBV solutions with
large initial data was obtained in Nishida [262] by using the Glimm scheme [145] for
γ = 1. Poupaud, Rascle and Vila [274] made further simplification and improved the re-
sults of [262] to the isothermal Euler–Poisson system. The existence result in Theorem 3.4
allows the initial data(ρ0,m0) only inL∞, which may even contain vacuum.

3.3. Adiabatic Euler equations

For the full Euler equations in gas dynamics (1.15) with the following Cauchy problem

(τ, v, S)|t=0= (τ0, v0, S0)(x), (3.26)

the following existence theorem holds which is due to Liu [232] (also see [85] and [321]).

THEOREM 3.5. LetK ⊂ {(τ, v, S): τ > 0} be a compact set inR+ ×R
2, and letN � 1

be any positive constant. Then there exists a constantC0 = C0(K,N), independent of
γ ∈ (1,5/3], such that, for every initial data(τ0, v0, S0)(x) ∈K with TVR(τ0, v0, S0)�N ,
when

(γ − 1)TVR(τ0, v0, S0)� C0

for anyγ ∈ (1,5/3], the Cauchy problem(1.15)and (3.26)has a global entropy solution
(τ, v, S)(t, x) which is bounded and satisfies

TVR(τ, v, S)(t, ·)� CTVR(τ0, v0, S0)

for some constantC > 0 independent ofγ .
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In the direction of relaxing the requirement of small total variation for (1.15),
see [268,287,322,323]. For extensions to initial–boundary value problems, see [68,229,
264,315].

For the decay of entropy solutions inBVloc with periodic data or compact support, see
[111,119,121,149,225,226]; also see [65] for entropy solutions only inL∞. For additional
further discussions and references to the Glimm scheme, see [111,235,294]; also see [85].

Furthermore, we have the following theorem.

THEOREM 3.6. If the initial data functionsu0(x) andv0(x) have sufficiently small total
variation andu0 − v0 ∈ L1(R), then, for the corresponding exact Glimm, or wave-front
tracking, or vanishing viscosity solutionsu(t, x) andv(t, x) of the Cauchy problem(1.1)
and (2.10) (d = 1), there exists a constantC > 0 such that

∥∥u(t, ·)− v(t, ·)
∥∥
L1(R)

� C‖u0− v0‖L1(R) for all t > 0. (3.27)

An immediate consequence of this theorem is that the whole sequence of approximate
solutions constructed by the Glimm scheme, as well as the wave-front tracking method and
the vanishing viscosity method, converges to a unique entropy solution of (1.1) and (2.10)
(d = 1) as the mesh size or the viscosity coefficient tends to zero. See also [32] for the
uniqueness of limits of Glimm’s random choice method. The details of the proof of Theo-
rem 3.6 can be found in [20,33,236,238]. In the direction relaxing the requirement of small
total variation for (1.1), see [207,208].

For other discussions and extensive references about theL1-stability of BV entropy
solutions and related problems, we refer to [33,111,167,204].

Furthermore, the uniqueness and stability of Riemann solutions in the class of entropy
solutions with large variation satisfying only one entropy inequality for the strictly convex
physical entropyS has been established in [70] as follows.

THEOREM 3.7. Let u(t, x) = (τ, v, e + v2/2)(t, x) be an entropy solution of(1.15)
and (3.26) in ΠT := {(t, x): 0 � t � T } for some T ∈ (0,∞), which belongs to
BVloc(ΠT ;D) with D ⊂ {(τ, v, e+ v2/2): τ > 0} ⊂ R

3 bounded. Let R(x/t) be the clas-
sical Riemann solution with Riemann dataR0(x).

(i) If u0=R0, then

u(t, x)=R
(
x

t

)
for a.e. (t, x) ∈ΠT .

(ii) If u0−R0 ∈ L1 ∩L∞ ∩BVloc(R), then

ess lim
t→∞

∫ L

−L

∣∣u(t, ξ t)−R(ξ)
∣∣dξ = 0 for anyL> 0; (3.28)

that is, the Riemann solutionR(x/t) is asymptotically stable in the sense(3.28)with
respect to the corresponding initial perturbation inL1 ∩L∞ ∩BVloc(R).
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We now consider the 3× 3 system of Euler equations (1.15) in Lagrangian coordinates
in thermoelasticity with the following class of constitutive relations for the new state vec-
tor (τ, S) with the form

e=
∫ τ+αS

0
σ(w)dw+ βS,

p =−σ(τ + αS), (3.29)

θ = ασ(τ + αS)+ β,

where σ(w) is a function withσ ′(w) > 0, andα and β are positive constants. The
model (3.29) is quite special. Even so, when we are dealing with solutions in which(τ, S)

do not deviate far from some constant values(τ̄ ,	S ), we may obtain a reasonable approxi-
mation for general constitutive relations (see [58])

e= ê(τ, S), p =−σ̂ (τ, S), θ = θ̂ (τ, S) (3.30)

satisfying the conditions

σ̂ = êτ , θ̂ = êS . (3.31)

We also assume that, for somew̄,

σ ′′(w)+ 4
ασ ′(w)2

ασ(w)+ β

{
� 0 if w < w̄,

� 0 if w > w̄,
(3.32)

and

σ ′′(w) �= 0 for w > w̄, (3.33)

or there existŝw > w̄ such thatσ(w) satisfies conditions (3.19)–(3.21) witĥw replacingv̂.
Consider the Cauchy problem for (1.15) with initial data

(w,v,S)|t=0= (w0, v0, S0)(x) (3.34)

for w = τ + αS.

THEOREM 3.8. Assume

(w0, v0)(x) ∈
{
(w,v):

∣∣∣∣v±
∫ w

ŵ

√
σ ′(ω)dω

∣∣∣∣� C0

}

andS0(x) ∈Mloc(R). Then
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(i) there exists a distributional solution

(w,v,S)(t, x) ∈ L∞
(
R

2
+;R2)×Mloc

(
R

2
+;R

)

of (1.15)and (3.34)satisfying

St (t, x) ∈Mloc
(
R

2
+
)
, θ

(
w(t, x)

)
� 0,

(3.35)
|S|
(
[0, T0] ×

{
|x|� cT0

})
�CT 2

0

for any c,T0 > 0, with C > 0 independent ofT0. Moreover, (w,v,S)(t, x) satisfies the
entropy condition

∂tη(w,v)+ ∂xq(w,v)� 0, St � 0 (3.36)

in the sense of distributions for anyC2 entropy–entropy flux pair(η, q)(w,v) of the system

∂tw− ∂xv = 0, ∂tv− ∂xσ(w)= 0,

for which the following strong convexity condition holds:

θηww − ασ ′(w)ηw � 0,

θηvv − αηw � 0,
(
θηww − ασ ′(w)ηw

)
(θηvv − αηw)− η2

ww � 0;

(ii) any sequence(wh, vh)(t, x) that is uniformly bounded inh > 0 and satisfies(3.36)
is compact inL1

loc(R
2
+) whent > 0;

(iii) furthermore, if the initial data(w0, v0, S0)(x) is periodic with periodP , then there
exists a periodic entropy solution(τ, v, S)(t, x) of (1.15)and (3.34)with periodP satis-
fying

(v, τ + αS) ∈ L∞
(
R

2
+
)
,

(3.35)and (3.36).Moreover, the velocityv(t, x), the pressurep(w(t, x)) and the tempera-
ture θ(w(t, x)) asymptotically decay inL1 to

v̄ = 1

|P |

∫

P

v0(x)dx

and

p̃ = p

(
Θ−1

(
1

|P |

∫

P

Θ
(
w0(x)

)
dx

))
,

θ̃ = θ

(
Θ−1

(
1

|P |

∫

P

Θ
(
w0(x)

)
dx

))
,
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respectively, whereΘ(w)= βw+ α
∫ w

0 σ(ω)dω.

REMARK 3.8. The first existence theorem for global entropy solutions for (1.15) and
(3.29)–(3.33) was established in [58]. The existence result was extended in [65] and [78]
to the existence, compactness and decay of entropy solutions of (1.15) and (3.29)–(3.33)
under the weaker conditions (3.19)–(3.21) withŵ replacingv̂.

REMARK 3.9. An interesting feature here is that, because of linear degeneracy of the
second characteristic field of (1.15) and (3.29)–(3.33), one cannot expect the decay of all
components of the solutions. However, some important quantities such as the velocity, the
pressure, and the temperature do decay ast→∞.

4. Multidimensional Euler equations and related models

Multidimensional problems for the Euler equations are extremely rich and complicated.
Some great developments and progress have been made in the recent decades through
strong and close interdisciplinary interactions and diverse approaches including

(i) experimental data,
(ii) large and small scale computing by a search for effective numerical methods,

(iii) asymptotic and qualitative modeling,
(iv) rigorous proofs for prototype problems and an understanding of the solutions.
In some sense, the developments and progress made by using approach (iv) are behind

those by using the other approaches (i)–(iii) (see [150]); however, most scientific problems
are considered to be solved satisfactorily only after approach (iv) is achieved.

In this section, together with Sections 5–7, we give some samples of multidimensional
models and problems for the Euler equations with emphasis on those prototype models and
problems that have been solved or expected to be solved rigorously at least for some cases.

Since the multidimensional problems are so complicated in general, a natural strategy to
attack these problems as a first step is to study

(i) simpler nonlinear models with strong physical motivations,
(ii) special, concrete nonlinear physical problems.

Meanwhile, extend the results and ideas from the first step to study
(i) the Euler equations in gas dynamics and elasticity,

(ii) more general problems,
(iii) nonlinear systems that the Euler equations are the main subsystem or describe the

dynamics of macroscopic variables such as Navier–Stokes equations, MHD equations,
combustion equations, Euler–Poisson equations, kinetic equations especially including the
Boltzmann equation, among others.

In this section we first focus on some samples of multidimensional models for the Euler
equations and related multidimensional hyperbolic conservation laws.
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4.1. The potential flow equation

This approximation is well known in transonic aerodynamics, beyond the isentropic ap-
proximation (1.11) from (1.4). Denote

Dt = ∂t +
d∑

k=1

vk ∂xk ,

the convective derivative along fluid particle trajectories. From (1.4), we have

DtS = 0 (4.1)

and, by taking the curl of the momentum equations and using vector identities,

Dt

(
ω

ρ

)
= ω

ρ
· ∇v+ pS(ρ,S)

ρ3
∇ρ ×∇S. (4.2)

The identities in (4.1) and (4.2) imply that a smooth solution of (1.4) which is both
isentropic and irrotational at timet = 0 remains isentropic and irrotational for all later time,
as long as this solution stays smooth. Then the conditionsS = S0 = const and curlv = 0
are reasonable for smooth solutions.

For a smooth irrotational solution of (1.4), we integrate thed-momentum equations
in (1.11) through Bernoulli’s law

∂tv+
1

2
∇
(
|v|2

)
+∇i(ρ)= 0,

wherei′(ρ)= pρ(ρ,S0)/ρ.
On a simply connected space region, the condition curlv= 0 implies that there existsΦ

such that

v=∇Φ.

Then we have

{
∂tρ + div(ρ∇Φ)= 0,

∂tΦ + 1
2|∇Φ|2+ i(ρ)=K,

(4.3)

whereK is the Bernoulli constant, which is usually determined by the boundary conditions
if such conditions are prescribed. From the second equation in (4.3), we have

ρ(DΦ)= i−1
(
K −

(
∂tΦ +

1

2
|∇Φ|2

))
.
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Then system (4.3) can be rewritten as the following time-dependent potential flow equa-
tion of second order

∂tρ(DΦ)+∇ ·
(
ρ(DΦ)∇Φ

)
= 0. (4.4)

For a steady solutionΦ = ϕ(x), i.e.,∂tΦ = 0, we obtain the celebrated steady potential
flow equation of aerodynamics

∇ ·
(
ρ(∇ϕ)∇ϕ

)
= 0. (4.5)

In applications in aerodynamics, (4.3) or (4.4) is used for discontinuous solutions, and
the empirical evidence is that entropy solutions of (4.3) or (4.4) are fairly good approxima-
tions to entropy solutions for (1.4) provided that

(i) the shock strengths are small,
(ii) the curvature of shock fronts is not too large,

(iii) there is a small amount of vorticity in the region of interest.
The advantages of equation (4.4), or equivalently (4.3), as the simplest multidimensional

prototype conservation laws include (cf. [242])
(i) unidirectional plane wave solutions of (4.4) reduce to solutions of a 2× 2 system

of conservation laws with the structure of a wave equation,
(ii) the linear structure of (4.4) is strictly hyperbolic with characteristics defined by a

single light cone in several space variables,
(iii) under reasonable thermodynamic assumptions such as an ideal gas law (1.12), the

system for (4.4) is genuinely nonlinear in all wave directions simultaneously and the cor-
responding multidimensional shock fronts are uniformly stable,

(iv) this system has the vorticity waves removed unlike (1.4) and (1.11). Such vorticity
waves are linearly degenerate wave fields but represent an enormous source of instability
in multidimension through Kelvin–Helmhotz instability.

The model (4.4) or (4.3) is an excellent model to capture multidimensional shock waves
by ignoring vorticity waves, while the model (the incompressible Euler equations) in Sec-
tion 4.2 is an excellent model to capture multidimensional vorticity waves by ignoring
shock waves in fluid flow.

4.2. Incompressible Euler equations

In the homogeneous case, the incompressible Euler equations take the form

{
∂tv+ div(v⊗ v)+∇p = 0,

divv= 0.
(4.6)

This can formally be obtained from (1.11) by settingρ = 1 as the equation of state and
regardingp as an unknown function. As indicated above, the model (4.6) excludes the
appearance of shock waves in fluid flow to capture multidimensional vorticity waves.
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In the inhomogeneous case, the incompressible Euler equations are





∂tρ + div(ρv)= 0,

∂t (ρv)+ div(ρv⊗ v)+∇p = 0,

divv= 0.

(4.7)

These models can be obtained by formal asymptotics for low Mach number expansions
from the compressible Euler equations. For more details, see [95,98,166,220,221,243] and
the references cited therein.

4.3. The transonic small disturbance equation

A further simpler model than the potential flow equation in transonic aerodynamics is the
unsteady transonic small disturbance equation or so-called the two-dimensional inviscid
Burgers equation (see [97]),

{
∂tu+ ∂x

(1
2u

2
)
+ ∂yv = 0,

∂yu− ∂xv = 0,
(4.8)

or in the form of Zabolotskaya–Khokhlov equation [346],

∂t (∂tu+ u∂xu)+ ∂yyu= 0. (4.9)

The equations in (4.8) describe the potential flow field near the reflection point in weak
shock reflection, which determines the leading-order approximation of geometric optical
expansions; and it can also be used to formulate asymptotic equations for the transition
from regular to Mach reflection for weak shocks. See [173–175,252] and the references
cited therein.

Equation (4.9) arises in many different situations. It was first derived by Timman in
the context of transonic flows [325]. In nonlinear acoustics, it was derived by Zabolot-
skaya and Khokhlov [346] and is used to describe the diffraction of nonlinear acoustic
beams [164]. Motivated by the experiments of Sturtevant and Kulkarny [310] on the fo-
cusing of shocks, Cramer and Seebass [102] used (4.9) to study caustics in nearly planar
sound waves. The same equation arises as a weakly nonlinear equation for cusped caustics
[174]. Hunter [173] also showed that (4.8) describes high-frequency waves near singular
rays.

4.4. Pressure-gradient equations

The inviscid fluid motions are driven mainly by the pressure gradient and the fluid convec-
tion (i.e., transport). As for modeling, it is natural to study first the effect of the two driving
factors separately. Such an idea has also been used by Argarwal and Halt [1] to formulate
a flux-splitting scheme in numerical computations for airfoil flows.



Euler equations and related hyperbolic conservation laws 41

Separating the pressure gradient from the Euler equations, we first have the pressure-
gradient system





∂tρ = 0,

∂t (ρu)+ ∂xp = 0,

∂t (ρv)+ ∂yp = 0,

∂t (ρE)+ ∂x(up)+ ∂y(vp)= 0.

(4.10)

We may chooseρ = 1. Setting

p = (γ − 1)P, t = s

γ − 1
,

then we have the following pressure-gradient equations





∂su+ ∂xP = 0,

∂sv + ∂yP = 0,

∂s(lnP)+ ∂xu+ ∂yv = 0.

(4.11)

Eliminating the velocity(u, v), we obtain the following nonlinear wave equation forP :

∂ss(lnP)−�P = 0. (4.12)

Although system (4.11) is obtained from the splitting idea, system (4.11) is a good ap-
proximation to the full Euler equations, especially when the velocity(u, v) is small and
the adiabatic gas exponentγ > 1 is large (see [357]). This can be achieved by the formal
expansion in terms ofε = 1/(γ − 1)





ρ = ρ1+ ερ2+O
(
ε2
)
,

(u, v)= ε(u1, v1)+O
(
ε2
)
,

p = εp1+O
(
ε2
)
.

Plugging the expansion into the Euler equations (1.4), we first compare the order ofε2 and
have

∂tρ1= 0,

and so we may chooseρ1= 1. We then compare the order ofε and have





∂tu1+ ∂xp1= 0,

∂tv1+ ∂yp1= 0,

∂t
( p1
γ−1

)
+ p1 ∂xu1+ p1 ∂yv1= 0.

(4.13)
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Set

p1= (γ − 1)P, t = 1

γ − 1
τ.

Then we have





∂su1+ ∂xP = 0,

∂sv1+ ∂yP = 0,

∂s(lnP)+ ∂xu1+ ∂yv1= 0,

which is the same as (4.11) that leads to (4.12).

4.5. Pressureless Euler equations

With the pressure-gradient equations (4.11), the convection (i.e., transport) part of fluid
flow forms the pressureless Euler equations





∂tρ + ∂x(ρu)+ ∂y(ρv)= 0,

∂t (ρu)+ ∂x
(
ρu2

)
+ ∂y(ρuv)= 0,

∂t (ρv)+ ∂x(ρuv)+ ∂y
(
ρv2

)
= 0,

∂t (ρE)+ ∂x(ρuE)+ ∂y(ρvE)= 0.

(4.14)

This system also models the motion of free particles which stick under collision; see
[30,127,348]. In general, solutions of (4.14) become measure solutions.

System (4.14) has been analyzed extensively; for example, see [26,27,30,127,161,172,
210–212,273,296,335] and the references cited therein. In particular, the existence of mea-
sure solutions of the Riemann problem was first presented in [26] for the one-dimensional
case, and a connection of (4.14) with adhesion particle dynamics and the behavior of global
weak solutions with random initial data were discussed in [127]. It has also been shown that
δ-shocks and vacuum states do occur in the Riemann solutions even in the one-dimensional
case. Since the two eigenvalues of the transport equations coincide, the occurrence of
δ-shocks and vacuum states ast > 0 can be regarded as a result of resonance between
the two characteristic fields. Such phenomena can also be regarded as the phenomena of
concentration and cavitation in solutions to the Euler equations for compressible fluids as
the pressure vanishes. It has shown in [79] forγ > 1 and [209] forγ = 1 that, as the pres-
sure vanishes, any two-shock Riemann solution to the Euler equations tends to aδ-shock
solution to (4.14) and the intermediate densities between the two shocks tend to a weighted
δ-measure that forms theδ-shock. By contrast, any two-rarefaction-wave Riemann solu-
tion of the Euler equations has been shown in [79] to tend to a two-contact-discontinuity
solution to (4.14), whose intermediate state between the two contact discontinuities is a
vacuum state, even when the initial data stays away from the vacuum. Some numerical
results exhibiting the formation process ofδ-shocks and vacuum states have also been
presented in [79].
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4.6. Euler equations in nonlinear elastodynamics

The equations of nonlinear elastodynamics provide another excellent example of the rich
special structure one encounters when dealing with hyperbolic systems of conservation
laws. In three space dimensions, the state vector is(v,F), wherev ∈R

3 is the velocity vec-
tor andF is the 3× 3 matrix-valued deformation gradient constrained by the requirement
detF> 0. The system of conservation laws, which express the integrability conditions be-
tweenv andF and the balance of linear momentum, reads

{
∂tFiα − ∂xαvi = 0, i, α = 1,2,3,

∂tvj −
∑3

β=1 ∂xβSjβ(F )= 0, j = 1,2,3.
(4.15)

The symbolS stands for thePiola–Kirchhoff stress tensor, which is determined by the
(scalar-valued)strain energy functionσ(F),

Sjβ(F)=
∂σ (F)
∂Fjβ

.

System (4.15) is hyperbolic if and only if

3∑

i,j=1

3∑

α,β=1

∂2σ(F)
∂Fiα ∂Fjβ

ξiξjnαnβ > 0 (4.16)

for any vectorsξ ,n ∈ S3.
System (4.15) is endowed with an entropy–entropy flux pair

η= σ(F)+ 1

2
|v|2, qα =−

3∑

j=1

vjSjα(F).

However, the laws of physics do not allowσ(F), and therebyη, to be convex functions.
Indeed, convexity ofσ would violate the principle ofmaterial frame indifference

σ(OF)= σ(F) for all O ∈ SO(3),

and would also be incompatible with the natural requirement thatσ(F)→∞ as detF ↓ 0
or detF ↑∞ (see [106]). Consequently, the useful results on the local existence of classical
solutions to the Cauchy problem and the uniqueness of classical solutions in the context
of weak solutions that are available for hyperbolic systems of conservation laws endowed
with a convex entropy in Section 2.1 are not directly applicable to system (4.15).

The failure ofσ to be convex is also the main source of complication in elastostatics,
where one is seeking to determine equilibrium configurations of the body by minimizing
the total strain energy

∫
σ(F). The following alternative conditions, weaker than convexity

and physically reasonable, are relevant in that context [13]:
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(i) polyconvexity,

σ(F)= g
(
F,F∗,detF

)
,

where F∗ is the adjugate ofF (the matrix of cofactors ofF), F∗ = (detF)F−1, and
g(F,G,w) is a convex function of 19 variables,

(ii) quasiconvexityin the sense of Morrey [254],
(iii) rank-one convexity, expressed by (4.16).

It is known that convexity⇒ polyconvexity⇒ quasiconvexity⇒ rank-one convexity,
however, none of the converse statements is generally valid. It is important to investigate
the relevance of the above conditions in elastodynamics. A first start was made in [106]
where it was shown that rank-one convexity suffices for the local existence of classical
solutions, quasiconvexity yields the uniqueness of classical solutions in the context of the
class of entropy-admissible weak solutions, and polyconvexity renders the system sym-
metrizable (also see [275]).

To achieve this for polyconvexity, one of the main ideas is to enlarge system (4.15)
with the state vector(v,F) into a large, albeit equivalent, system for the new state vector
(v,F,F∗,w) with w = detF

∂tw =
3∑

α=1

3∑

i=1

∂xα
(
F ∗αivi

)
, (4.17)

∂tF
∗
γ k =

3∑

α,β=1

3∑

i,j=1

∂xα (εαβγ εijkFjβvi), γ, k = 1,2,3, (4.18)

whereεαβγ andεijk denote the standard permutation symbols. Then the enlarged system
with 21 equations, which consists of (4.15) augmented by (4.17) and (4.18), is endowed a
uniformly convex entropy

η= σ
(
F,F∗,w

)
+ 1

2
|v|2

so that the local existence of classical solutions and the stability of Lipschitz solutions may
be inferred directly from Theorem 2.3. See [111,113,275] for more details.

4.7. The Born–Infeld system in electromagnetism

The Born–Infeld system is a nonlinear version of Maxwell equations,

{
∂tB + curl ∂W

∂D
= 0,

∂tD− curl ∂W
∂B
= 0,

(4.19)
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whereW :R3×R
3→R is the given energy density. The Born–Infeld model corresponds

to the special case

WBI(B,D)=
√

1+ |B|2+ |D|2+ |P |2.

WhenW is strongly convex (i.e.,D2W > 0), system (4.19) is endowed with a strictly
convex entropy, which implies that the system is symmetric and hyperbolic and, therefore,
the Cauchy problem is locally well posed inH s for s > 5/2. However,WBI is not convex
for a large enough field.

As in Section 4.6, the Born–Infeld model is enlarged from 6 to 10 equations in [29], by
adjunction of the conservation laws satisfied byP := B ×D andW so that the augmented
system turns out to be a set of conservation laws in the unknowns

(h,B,D,P ) ∈R×R
3×R

3×R
3,

endowed with a strongly convex entropy, which is symmetric and hyperbolic,





∂th+ divP = 0,

∂tB + curl
(
P×B+D

h

)
= 0,

∂tD+ curl
(
P×D−B

h

)
= 0,

∂tP +Div
(
P⊗P−B⊗B−D⊗D−I

h

)
= 0,

whereI is the 3× 3 identity matrix. The physical region is

{
(h,B,D,P ): P =D ×B,h=

√
1+ |B|2+ |D|2+ |P |2 > 0

}
.

Also see [295] for another enlarged system consisting of 9 scalar evolution equations in
9 unknowns(B,D,P ), whereP stands for the relaxation of the expressionD×B.

4.8. Lax systems

Let f (u) be an analytic function of a single complex variableu= u+ vi. We impose on
the complex valued functionu= u(t, z), z = x + yi, and the real variablet the following
nonlinear partial differential equation

∂t ū+ ∂zf (u)= 0, (4.20)

where the bar denotes the complex conjugate and∂z = 1
2(∂x − i ∂y). Then we can express

this equation in terms of the real and imaginary parts ofu and 1
2f (u)= a(u, v)+ b(u, v)i.

Then (4.20) gives

{
∂tu+ ∂xa(u, v)+ ∂yb(u, v)= 0,

∂tv− ∂xb(u, v)+ ∂ya(u, v)= 0.
(4.21)
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In particular, whenf (u) = u2 = u2 + v2 + 2uvi, system (4.20) is called the complex
Burger equation, which becomes

{
∂tu+ 1

2 ∂x
(
u2+ v2

)
+ ∂y(uv)= 0,

∂tv− ∂x(uv)+ 1
2 ∂y

(
u2+ v2

)
= 0.

(4.22)

System (4.21) is a symmetric hyperbolic system of conservation laws with a strictly
convex entropy

η(u, v)= u2+ v2,

so that local well posedness of classical solutions can be inferred directly from The-
orem 2.3; see [202] for more details. For the one-dimensional case, this system is an
archetype of hyperbolic systems of conservation laws with umbilic degeneracy, which has
been analyzed in [72,286] and the references cited therein.

5. Multidimensional steady supersonic problems

Multidimensional steady problems for the Euler equations are fundamental in fluid dynam-
ics. In particular, understanding of these problems will help us to understand the asymp-
totic behavior of evolution solutions for large time, especially global attractors. One of the
excellent sources of steady problems is Courant–Friedrichs’ book [100].

In this section we first discuss some of recent developments in the study of two-
dimensional steady supersonic problems.

The two-dimensional steady Euler flows are governed by





∂x(ρu)+ ∂y(ρv)= 0,

∂x
(
ρu2+ p

)
+ ∂y(ρuv)= 0,

∂x(ρuv)+ ∂y
(
ρv2+ p

)
= 0,

∂x
(
u(E + p)

)
+ ∂y

(
v(E + p)

)
= 0,

(5.1)

where(u, v) is the velocity andE is the total energy, and the constitutive relations among
the thermodynamical variablesρ,p, e, θ and S are determined by (1.5)–(1.9). For the
barotropic (isentropic or isothermal) case

p = p(ρ)= κργ

γ
, γ � 1,

and then the first three equations in (5.1) form a self-contained system, the Euler system
for steady barotropic fluids. The quantity

c=
√
pρ(ρ,S)

is defined as the sonic speed and, for polytropic gases,c=√γp/ρ.
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System (5.1) governing a supersonic flow (i.e.,u2 + v2 > c2) has all real eigenvalues
and is hyperbolic, while system (5.1) governing a subsonic flow (i.e.,u2 + v2 < c2) has
complex eigenvalues and is both elliptic–hyperbolic mixed and composite.

5.1. Wedge problems involving supersonic shocks

The mathematical study of two-dimensional steady supersonic flows past wedges whose
vertex angles are less than the critical angle can date back to the 1940s since the stability
of such flows is fundamental in applications (cf. [100] and [336]). Local solutions around
the wedge vertex were first constructed in [162,219,285] and the references cited therein.
Global potential solutions have been constructed in [89–91] when the wedge has some
convexity or the wedge is a small perturbation of the straight wedge with fast decay in
the flow direction and in [353,354] for piecewise smooth curved wedges that are a small
perturbation of the straight wedge.

As indicated in Section 4.1, the potential flow equation is an excellent model for the
flow containing only weak shocks since it approximates to the isentropic Euler equations
up to third order in shock strength. For the flow containing shocks of large strength, the
full Euler equations (5.1) are required to govern the physical flow. For the wedge problem,
when the vertex angle is large, the flow contains a large shock front emanating from the
wedge vertex and, for this case, the Euler equations should take the position to describe the
physical flow. Thus it is important to study the two-dimensional steady supersonic flows
governed by the Euler equations for the wedge problem with a large vertex angle. When
a wedge is straight and the wedge vertex angle is less than the critical angleωcrit, there
exists a supersonic shock front emanating from the wedge vertex so that the constant states
on both sides of the shock are supersonic; the critical angle condition is necessary and
sufficient for the existence of the supersonic shock. This can be seen through the shock
polar (see Figures 1 and 2; also see [88,100]).

Consider two-dimensional steady supersonic Euler flows past two-dimensional Lip-
schitz curved wedges whose vertex angles are less than the critical angleωcrit, along which
the total variation of the tangent angle functions is suitably small. More specifically,

(i) there exists a Lipschitz functiong ∈ Lip(R+) with g′ ∈ BV(R+) andg(0)= 0 such
thatω0 := arctan(g′(0+)) < ωcrit,

TV
{
g′(·);R+

}
� ε for some constantε > 0,

(5.2)
Ω :=

{
(x, y): y > g(x), x � 0

}
, Γ :=

{
(x, y): y = g(x), x � 0

}

andn(x±) = (−g′(x±),1)/
√
(g′(x±))2+ 1 are the outer normal vectors toΓ at points

x±, respectively (see Figure 3);
(ii) the uniform upstream flowU− = (ρ−, u−,0,p−) satisfies

u− > c− :=
√
γp−
ρ−

so that a strong supersonic shock emanates from the wedge vertex.
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Fig. 1. Supersonic shock emanating from the wedge vertex.

Fig. 2. Shock polar in the(u, v)-plane.

Fig. 3. Supersonic flow past a curved wedge.

With this setup, the wedge problem can be formulated into the following problem of
initial–boundary value type for system (5.1)

Cauchy condition: U |x=0=U−; (5.3)

boundary condition: (u, v) · n= 0 on Γ. (5.4)
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DEFINITION 1 (Entropy solutions). A functionU =U(x, y) ∈ BV(Ω) is called an entropy
solution of problem (5.1) and (5.3)–(5.4) provided that

(i) U is a weak solution of (5.1):U satisfies the equations in the sense of distributions
and the Cauchy and boundary conditions (5.3) and (5.4) in the trace sense,

(ii) U satisfies the entropy inequality in the sense of distributions,

∂x(ρuS)+ ∂y(ρvS)� 0, (5.5)

that is, for anyϕ ∈ C∞0 (R2) with ϕ � 0,

∫

Ω

(ρuSϕx + ρvSϕy)dx dy �

∫ ∞

0
ρ−u−S−ϕ(0, y)dy. (5.6)

Then we have the following theorem.

THEOREM 5.1 (Existence and stability).There existε0 > 0 and C > 0 such that, if
(5.2)holds forε � ε0, there exists a pair of functions

U ∈ BV
(
R;R+ ×R

2
+ ×R+

)
, σ ∈ BV(R+;R)

with χ =
∫ x

0 σ(s)ds ∈ Lip(R+;R+) such that
(i) U is a global entropy solution of problem(5.1)and (5.3)–(5.4) in Ω with

TV
{
U(x, ·):

[
g(x),−∞

)}
�CTV

(
g′(·)

)
for everyx ∈R+,

(u, v) · n|y=g(x) = 0 in the trace sense;

(ii) the curvey = χ(x) is a strong shock front withχ(x) > g(x) for anyx > 0 and

U |{y>χ(x)} =U−,
√
u2+ v2

∣∣
{g(x)<y<χ(x)} < u−;

(iii) there exist constantsp∞ andσ∞ such that

lim
x→∞

sup
{∣∣p(x, y)− p∞

∣∣: g(x) < y < χ(x)
}
= 0,

lim
x→∞

∣∣σ(x)− σ∞
∣∣= 0

and

lim
x→∞

sup

{∣∣∣∣arctan

(
v(x, y)

u(x, y)

)
−ω∞

∣∣∣∣: g(x) < y < χ(x)

}
= 0,

whereω∞ = limx→∞ arctan(g′(x+)).
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This theorem has been established in [88]. It indicates that, under theBV perturbation
of the wedge boundary as long as the wedge vertex angle is less than the critical angle,
the strong shock front emanating from the wedge vertex is nonlinearly stable in structure
globally, although there may be many weak shocks and vortex sheets between the wedge
boundary and the strong shock front. This asserts that any supersonic shock for the wedge
problem is nonlinearly stable.

In order to establish this theorem, we first developed a modified Glimm scheme whose
mesh grids are designed to follow the slope of the Lipschitz wedge boundary, which are
not standard rectangle mesh grids, so that the lateral Riemann building blocks contain only
one shock or rarefaction wave emanating from the mesh points on the boundary. Such
a design makes theBV estimates more convenient for the Glimm approximate solutions.
Then careful interaction estimates were made. One of the essential estimates is the estimate
of the strengthδ1 of the reflected 1-waves in the interaction between the 4-strong shock
front and weak waves(α1, β2, β3, β4), that is,

δ1= α1+Ks1β4+O(1)|α1|
(
|β2| + |β3|

)
with |Ks1|< 1.

The second essential estimate is the interaction estimate between the wedge boundary and
weak waves.

Based on the construction of the modified Glimm scheme and interaction estimates, we
successfully identified a Glimm-type functional to incorporate the curved wedge boundary
and the strong shock front naturally and to trace the interactions not only between the
wedge boundary and weak waves but also between the strong shock front and weak waves.
In particular, the Glimm-type functional on the mesh curveJ is defined by

F(J )= C∗
∣∣σ J − σ0

∣∣+L(J )+KQ(J).

Here the linear part measuring the total variation is

L(J )=K0L0(J )+L1(J )+K2L2(J )+K3L3(J )+K4L4(J )

with

L0(J )=
∑{∣∣ω(Cl)

∣∣: Cl ∈ΩJ

}
,

Lj (J )=
∑{

|αj |: αj crossesJ
}
, 1� j � 4,

and the quadratic part measuring the potential wave interaction is

Q(J ) :=
∑{

|α||β|: α,β interacting waves crossingJ
}
,

whereΩJ is the set of the mesh corner points lying inJ and the boundary,σ J stands for
the speed of the strong shock crossingJ , the constantsK , C∗, K0,K2,K3 andK4 can be
appropriately chosen with the aid of the important fact that|Ks1|< 1 so that the identified
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Glimm functional monotonically decreases in the flow direction. Another essential esti-
mate is to trace the approximate strong shocks in order to establish the nonlinear stability
and asymptotic behavior of the strong shock emanating from the wedge vertex under the
BV wedge perturbation.

Condition (5.2) can be relaxed by combining the analysis in [88] with the argument
in [322,323]. The existence and stability of transonic flows past a curved wedge is under
investigation with the aid of free boundary approaches (see Section 6.3).

For the cone problem, the nonlinear stability of a self-similar three-dimensional gas flow
past an infinite cone with small vertex angle was established upon the perturbation of the
obstacle in [203]. It would be interesting to combine the analysis in [203] with the argument
in [88] to study the nonlinear stability of a self-similar three-dimensional gas flow past an
infinite cone with arbitrary vertex angle. Other related results and analysis for this problem
can be seen in [92,93] and the references cited therein.

5.2. Stability of supersonic vortex sheets

Another natural problem is the stability of supersonic vortex sheets above Lipschitz walls
along which the total variation of the tangent angle functions is suitably small. More pre-
cisely,

(i) there exists a Lipschitz functiong ∈ Lip(R+;R) with g(0) = 0, g′(0+) = 0,
limx→∞ arctan(g′(x+))= 0, andg′ ∈ BV(R+;R) such that

TV
(
g′(·)

)
� ε for some constantε > 0,

(5.7)
Ω =

{
(x, y): y > g(x), x � 0

}
, Γ =

{
(x, y): y = g(x), x � 0

}
,

andn(x±) = (−g′(x±),1)/
√
(g′(x±))2+ 1 are the outer normal vectors toΓ at points

x±, respectively (see Figure 4);
(ii) the upstream flow consists of one supersonic straight vortex sheety = y0 > 0 and

two constant vectorsU0= (ρ0, u0,0,p0) wheny > y0 > 0 andU1= (ρ1, u1,0,p0) when
0< y < y0 satisfying

u1 > u0 > 0, ui > ci, i = 0,1,

whereci =
√
γpi/ρi is the sonic speed of statesUi, i = 0,1.

With this setup, the vortex sheet problem can be formulated into the following problem
of initial–boundary value type for system (5.1):

Cauchy condition: U |x=0=
{
U0, 0< y < y0,

U1, y > y0;
(5.8)

boundary condition: (u, v) · n= 0 on Γ. (5.9)

The stability of supersonic vortex sheets has been studied by classical linearized sta-
bility analysis, large-scale numerical simulations, and asymptotic analysis. In particular,
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Fig. 4. Stability of the supersonic vortex sheet.

the nonlinear development of instabilities of supersonic vortex sheets has been predicted
at high Mach number as time evolves; see [11,339] and the references cited therein. Mo-
tivated by the phenomenon of evolution instabilities, we are interested in whether steady
supersonic vortex sheets, as time-asymptotics, are stable under aBV perturbation of the
Lipschitz walls. In contrast with the prediction of instability in time, it has been proved
that steady supersonic vortex sheets, as time-asymptotics, are stable in structure globally,
even under theBV perturbation of the Lipschitz walls in [87].

THEOREM 5.2 (Existence and stability).There existε0 > 0 and C > 0 such that, if
(5.7)holds forε � ε0, there exists a pair of functions

U ∈ BV(R+;R), χ ∈ Lip(R+;R+)

with χ(0)= y0 such that
(i) U is a global entropy solution of problem(5.1)and (5.8)–(5.9) in Ω with

TV
{
U(x, ·):

[
g(x),∞

)}
�CTV

(
g′(·)

)
for everyx ∈ [0,∞),

(u, v) · n|y=g(x) = 0 in the trace sense;

(ii) the curve{y = χ(x)} is a strong supersonic vortex sheet withχ(x) > g(x) for any
x > 0 and

∣∣U |{g(x)<y<χ(x)} −U0
∣∣� Cε,

∣∣U |{y>χ(x)} −U1
∣∣�Cε;

(iii) there exist constantsp∞ andχ∞ such that

lim
x→∞

sup
{∣∣p(x, y)− p∞

∣∣: g(x) < y < χ(x)
}
= 0,

lim
x→∞

∣∣χ(x)− χ∞
∣∣= 0

and

lim
x→∞

sup

{∣∣∣∣arctan

(
v(x, y)

u(x, y)

)∣∣∣∣: y > g(x)

}
= 0.
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This theorem indicates that the strong supersonic vortex sheets are nonlinearly stable in
structure globally under theBV perturbation of the Lipschitz wall, although there may be
many weak shocks and supersonic vortex sheets away from the strong vortex sheet.

In order to establish this theorem, as in Section 5.1, we first developed a modified Glimm
scheme whose mesh grids are designed to follow the slope of the Lipschitz boundary,
which are not standard rectangle mesh grids, so that the lateral Riemann building blocks
contain only one wave emanating from the mesh points on the boundary. For this case, one
of the essential estimates is the estimate of the strengthδ1 of the reflected 1-wave in the
interaction between the 4-weak waveα4 and the strong vortex sheet from below, that is,

δ1=K01α4, |K01|< 1.

Another essential estimate is the estimate of the strengthδ4 of the reflected 4-wave in the
interaction between the 1-weak waveβ1 and the strong vortex sheet from above is also less
than one, that is,

δ4=K11β1, |K11|< 1.

The third essential estimate is the interaction estimate between the boundary and weak
waves.

Based on the construction of the modified Glimm scheme and the new interaction es-
timates, we successfully identified a Glimm-type functional by both incorporating the
Lipschitz wall and the strong vortex sheet naturally and tracing the interactions not only
between the boundary and weak waves but also between the strong vortex sheet and weak
waves so that the Glimm-type functional monotonically decreases in the flow direction.
Another essential estimate is to trace the approximate supersonic vortex sheets in order to
establish the nonlinear stability and asymptotic behavior of the strong vortex sheet under
theBV boundary perturbation. For more details, see [87].

6. Multidimensional steady transonic problems

In this section we discuss another important class of multidimensional steady problems:
transonic problems. In the last decade, a program has been initiated on the existence and
stability of multidimensional transonic shocks, and some new analytical approaches in-
cluding techniques, methods and ideas have been developed. We focus here on the po-
tential flow equation for the velocity potentialϕ :Ω ⊂ Rd → R, which is a second-order
nonlinear equation of mixed elliptic–hyperbolic type,

div
(
ρ
(
|∇ϕ|2

)
∇ϕ
)
= 0, x ∈Ω ⊂R

d , (6.1)

where the densityρ(q2) is

ρ
(
q2)=

(
1− θq2)1/(γ−1)
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with adiabatic exponentγ > 1. Equation (6.1) is elliptic at∇ϕ with |∇ϕ| = q if

ρ
(
q2)+ 2q2ρ′

(
q2)> 0

and hyperbolic if

ρ
(
q2)+ 2q2ρ′

(
q2)< 0.

We are interested in compressible potential flows with shocks. LetΩ+ andΩ− be open
subsets ofΩ such that

Ω+ ∩Ω− = ∅, Ω+ ∪Ω− = 	Ω, S = ∂Ω+ ∩Ω.

Let ϕ ∈ C0,1(Ω) be a weak solution of (6.1) and inC1(Ω±) so that∇ϕ experiences a
jump acrossS that is a(d−1)-dimensional smooth surface. Thenϕ satisfies the following
Rankine–Hugoniot conditions onS

[ϕ]S = 0,
[
ρ
(
|∇ϕ|2

)
∇ϕ · n

]
S
= 0, (6.2)

wheren is the unit normal toS from Ω− to Ω+, and the bracket denotes the differ-
ence between the values of the function alongS on theΩ± sides. Moreover, a function
ϕ ∈ C1(Ω±), which satisfies|∇ϕ|�√2/(γ − 1), (6.2), and equation (6.1) inΩ±, respec-
tively, is a weak solution of (6.1) in the whole domainΩ . Setϕ± = ϕ|Ω± . Then we can
also write (6.2) as

ϕ+ = ϕ− onS (6.3)

and

ρ
(∣∣∇ϕ+

∣∣2)∇ϕ+ · n= ρ
(∣∣∇ϕ−

∣∣2)∇ϕ− · n onS. (6.4)

Note that the function

Φ(p) :=
(

1− γ − 1

2
p2
)1/(γ−1)

p (6.5)

is continuous on[0,√2/(γ − 1) ] and satisfies

Φ(p) > 0 for p ∈
(

0,

√
2

γ − 1

)
, Φ(0)=Φ

(√
2

γ − 1

)
= 0, (6.6)

0<Φ ′(p) < 1 on (0, c∗), Φ ′(p) < 0 on

(
c∗,

√
2

γ − 1

)
, (6.7)

Φ ′′(p) < 0 on (0, c∗], (6.8)
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where c∗ =
√

2/(γ + 1) is the sonic speed, for which a flow is called supersonic if
|∇ϕ|> c∗ and subsonic if|∇ϕ|< c∗.

Suppose thatϕ ∈ C1(Ω±) is a weak solution satisfying

|∇ϕ|< c∗ in Ω+, |∇ϕ|> c∗ in Ω−, ∇ϕ± · n|S > 0. (6.9)

Thenϕ is a transonic shock solutionwith transonic shockS dividingΩ into thesubsonic
regionΩ+ and thesupersonic regionΩ− and satisfying the physical entropy condition
(see [100])

ρ
(∣∣∇ϕ−

∣∣2)< ρ
(∣∣∇ϕ+

∣∣2) alongS. (6.10)

Note that (6.1) is elliptic in the subsonic region and hyperbolic in the supersonic region.
Let (x1,x′) be the coordinates inRd , wherex1 ∈ R andx′ = (x2, . . . , xd) ∈ R

d−1. Fix
V0 ∈R

d , and let

ϕ0(x) := V0 · x, x ∈R
d .

If |V0| ∈ (0, c∗) (resp.|V0| ∈ (c∗,
√

2/(γ − 1) )), thenϕ0(x) is a subsonic (resp. super-
sonic) solution inRd , andV0=∇ϕ0 is its velocity.

Let q−0 > 0 andV′0 ∈ R
d−1 be such that the vectorV−0 := (q−0 ,V

′
0) satisfies|V−0 |> c∗.

Then, using the properties of function (6.5), we conclude from (6.6)–(6.8) that there exists
a uniqueq+0 > 0 such that

(
1− γ − 1

2

(∣∣q+0
∣∣2+

∣∣V′0
∣∣2)
)1/(γ−1)

q+0

=
(

1− γ − 1

2

(∣∣q−0
∣∣2+

∣∣V′0
∣∣2)
)1/(γ−1)

q−0 . (6.11)

The entropy condition (6.10) impliesq+0 < q−0 . By denotingV+0 := (q+0 ,V
′
0) and defining

functions

ϕ±0 (x) := V ±0 · x onR
d ,

then ϕ+0 (resp.ϕ−0 ) is a subsonic (resp. supersonic) solution. Furthermore, from (6.4)
and (6.11), the function

ϕ0(x) :=min
(
ϕ−0 (x), ϕ

+
0 (x)

)

=
{

V+0 · x, x ∈Ω−
0 :=

{
x ∈R

d : x1 < 0
}
,

V−0 · x, x ∈Ω+
0 :=

{
x ∈R

d : x1 > 0
}
,

(6.12)

is a plane transonic shock solution inR
d ,Ω−

0 andΩ+
0 are respectively its subsonic and su-

personic regions, andS = {x1= 0} is a transonic shock. Note that, ifV′0= 0, the velocities
V ±0 are orthogonal to the shockS and, ifV′0 �= 0, the velocities are not orthogonal toS .
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In order to deal with multidimensional transonic shocks in an unbounded domainΩ , we
define the following weighted Hölder seminorms and norms in a domainD ⊂R

d .
Let x→ δx be a given nonnegative function defined onD, which will be specified in

each case we consider below. Letδx,y := min(δx, δy) for x,y ∈ D. For k ∈ R, α ∈ (0,1)
andm ∈Z+, we define

[u](k)
m,0,D =

∑

|β|=m
sup
x∈D

(
δm+kx

∣∣Dβu(x)
∣∣),

[u](k)
m,α,D =

∑

|β|=m
sup

x,y∈D,x�=y

(
δm+α+kx,y

|Dβu(x)−Dβu(y)|
|x− y|α

)
, (6.13)

‖u‖(k)
m,0,D =

m∑

j=0

[u](k)
j,0,D, ‖u‖(k)

m,α,D = ‖u‖
(k)

m,0,D + [u]
(k)

m,α,D,

where Dβ = ∂
β1
x1 · · · ∂

βd
xd , β = (β1, . . . , βd) is a multiindex withβj � 0, βj ∈ Z and|β| =

β1 + · · · + βd . We denote by‖u‖m,α,D the (nonweighted) Hölder norms in a domainD,
i.e., the norms defined as above withδx = δx,y = 1.

6.1. Transonic shock problems inRd

We now consider multidimensional perturbations of the uniform transonic shock solu-
tion (6.12) in the whole spaceRd with d � 3.

Since it suffices to specify the supersonic perturbationϕ− only in a neighborhood of the
unperturbed shock surface{x1= 0}, we introduce domains

Ω := (−1,∞)×R
d−1, Ω1 := (−1,1)×R

d−1.

Note that we expect the subsonic regionΩ+ to be close to the half-spaceΩ+
0 = {x1 > 0}.

We use the norms in (6.13) with the weight function

δx = 1+ |x|

and consider the following problem.

PROBLEM 6.1. Given a supersonic solutionϕ−(x) of (6.1) inΩ1 satisfying that, for some
α > 0,

∥∥ϕ− − ϕ−0
∥∥(d−1)

2,α,Ω1
� σ (6.14)

with σ > 0 small, find a transonic shock solutionϕ(x) in Ω such that

Ω− ⊂Ω1, ϕ(x)= ϕ−(x) in Ω−,
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whereΩ− :=Ω \Ω+ andΩ+ := {x ∈Ω: |∇ϕ(x)|< c∗}, and

ϕ = ϕ−, ∂x1ϕ = ∂x1ϕ
− on {x1=−1}, (6.15)

lim
R→∞

∥∥ϕ − ϕ+0
∥∥
C1(Ω+\BR(0)) = 0. (6.16)

Condition (6.15) determines that the solution has supersonic upstream, while condition
(6.16) determines, in particular, that the uniform velocity state at infinity in the downstream
direction is equal to the unperturbed downstream velocity state. The additional requirement
in (6.16) thatϕ→ ϕ+0 at infinity within Ω+ fixes the position of shock at infinity. This
allows us to determine the solution of Problem 6.1 uniquely.

Then we have the following theorem (see [62]).

THEOREM 6.1. Let |(q−0 ,V′0)| ∈ (c∗,
√

2/(γ − 1) ) and q+0 ∈ (0, c∗) satisfy(6.11),and
let ϕ0(x) be the transonic shock solution(6.12). Then there exist positive constantsσ0,
C1 andC2 depending only ond , γ , α, |V′0| andq−0 such that, for everyσ � σ0 and any
supersonic solutionϕ−(x) of (6.1) satisfying the conditions stated in Problem6.1, there
exists a unique solutionϕ(x) of Problem6.1satisfying

∥∥ϕ − ϕ+0
∥∥(d−2)

2,α,Ω+ � C1σ (6.17)

withΩ+ defined in Problem6.1.In addition,

Ω+ =
{
x1 > f

(
x′
)}
, (6.18)

wheref :Rd−1→R satisfies

‖f ‖(d−2)
2,α,Rd−1 �C2σ, (6.19)

that is, the shock surface

S =
{(
x1,x′

)
: x1= f

(
x′
)
,x′ ∈R

d−1}

is inC2,α and converges at infinity, with an appropriate algebraic rate, to the hyperplane

S0= {x1= 0}.

Moreover, there exist a nonnegative nondecreasing functionΨ ∈ C([0,∞)) satisfying
Ψ (0)= 0 and a constantσ0 depending only ond , γ , α, |V′0| andq−0 such that, if σ < σ0
and smooth supersonic solutionsϕ−(x) andϕ̂−(x) of (6.1)satisfy(6.14),the unique solu-
tionsϕ(x) and ϕ̂(x) of Problem6.1 for ϕ−(x) and ϕ̂−(x), respectively, satisfy

‖fϕ − fϕ̂‖(d−2)
2,α,Rd−1 � Ψ

(∥∥ϕ− − ϕ̂−
∥∥(d−1)

2,α,Ω1

)
, (6.20)

wherefϕ(x′) and fϕ̂(x′) are the free boundary functions ofϕ(x) and ϕ̂(x) in (6.18),re-
spectively.
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This existence result can be extended to the case that the regularity of the steady pertur-
bationϕ− is onlyC1,1. That is, (6.14) can be replaced by

∥∥ϕ− − ϕ−0
∥∥(d−1)

1,1,Ω1
� σ. (6.21)

Another related problem is the stability of transonic shocks near a spherical transonic
shock, which can be established by following similar arguments (see [60,62]).

6.2. Nozzle problems involving transonic shocks

We now consider multidimensional transonic shocks in the following infinite nozzleΩ

with arbitrary smooth cross-sections

Ω = Ψ (Λ×R)∩ {x1 >−1}, (6.22)

where Λ ⊂ R
d−1 is an open bounded connected set with a smooth boundary, and

Ψ :Rd →Rd is a smooth map, which is close to the identity map. For simplicity, we as-
sume that

∂Λ is inC[d/2]+3,α, ‖Ψ − I‖[d/2]+3,α,Rd � σ (6.23)

for someα ∈ (0,1) and smallσ > 0, where[s] is the integer part ofs, I :Rd →R
d is the

identity map, and∂lΩ := Ψ (R × ∂Λ) ∩ {x1 > −1}. Such nozzles especially include the
slowly varying de Laval nozzles [100,336]. For concreteness, we also assume that there
existsL> 1 such that

Ψ (x)= x for anyx=
(
x1,x′

)
with x1 >L, (6.24)

that is, the nozzle slowly varies in a bounded domain as the de Laval nozzles.
In the two-dimension case, the domainΩ defined above has the following simple form

Ω =
{
(x1, x2): x1 >−1, b−(x2) < x2 < b+(x2)

}
,

where‖b± − b±∞‖4,α,R � σ andb± ≡ b±∞ on [L,∞) for some constantsb±∞ satisfying
b+∞ > b−∞.

For the multidimensional case, the geometry of the nozzles is much richer.
Note that our setup implies that∂Ω = ∂oΩ ∪ ∂lΩ with

∂lΩ := Ψ
[
(−∞,∞)× ∂Λ

]
∩
{(
x1,x′

)
: x1 >−1

}
,

∂oΩ := Ψ
(
(−∞,∞)×Λ

)
∩
{(
x1,x′

)
: x1=−1

}
.

Then our transonic nozzle problem can be formulated into the following form.
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PROBLEM 6.2 (Transonic nozzle problem). Given the supersonic upstream flow at the
entrance∂oΩ ,

ϕ = ϕ−e , ϕx1 =ψ−e on∂oΩ, (6.25)

the slip boundary condition on the nozzle boundary∂lΩ ,

∇ϕ · n= 0 on ∂lΩ, (6.26)

and the uniform subsonic flow condition at the infinite exitx1=∞,

∥∥ϕ(·)−ωx1
∥∥
C1(Ω∩{x1>R})→ 0 asR→∞ for someω ∈ (0, c∗), (6.27)

find a multidimensional transonic flowϕ of problem (6.1) and (6.25)–(6.27) inΩ .

The standard local existence theory of smooth solutions for the initial–boundary value
problem (6.25) and (6.26) for second-order quasilinear hyperbolic equations implies that,
asσ is sufficiently small in (6.23) and (6.30), there exists a supersonic solutionϕ− of (6.1)
in

Ω2 := {−1� x1 � 1},

which is aCl+1 perturbation ofϕ−0 = q−0 x1: For anyα ∈ (0,1],
∥∥ϕ− − ϕ−0

∥∥
l,α,Ω2

� C0σ, l = 1,2, (6.28)

for some constantC0 > 0, and satisfies

∇ϕ− · n= 0 on ∂lΩ2, (6.29)

provided that(ϕ−e ,ψ
−
e ) on ∂oΩ satisfies

∥∥ϕ−e − q−0 x1
∥∥
H s+l +

∥∥ψ−e − q−0
∥∥
H s+l−1 � σ, l = 1,2, (6.30)

for some integers > d/2+ 1 and the compatibility conditions up to orders+ 1, where the
norm‖ · ‖H s is the Sobolev norm withH s =W s,2.

Then we have the following theorem (see [61]).

THEOREM 6.2. Let q−0 ∈ (c∗,
√

2/(γ − 1) ) andq+0 ∈ (0, c∗) satisfy(6.11),and letϕ0 be
the transonic shock solution(6.12)with V′ = 0. Then there existσ0 > 0, C1 andC2, de-
pending only ond , α, γ , q−0 ,Λ andL, such that, for everyσ ∈ (0, σ0), any mapΨ satisfy-
ing (6.23)and(6.24),and any supersonic upstream flow(ϕ−e ,ψ

−
e ) on∂oΩ satisfying(6.30)

with l = 1, there exists a solutionϕ ∈ C0,1(Ω) of Problem6.2satisfying

Ω+(ϕ)=
{
x1 > f

(
x′
)}
, Ω−(ϕ)=

{
x1 < f

(
x′
)}
, (6.31)

∥∥ϕ − ϕ−0
∥∥

1,α,Ω− � C1σ,
∥∥∇ϕ − q+0 e1

∥∥
0,0,Ω+ � C2σ.
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Moreover, this solution satisfiesϕ ∈ C0,1(Ω)∩C∞(Ω+) and the following properties.
(i) The constantω in (6.27)must beq+,

ω= q+, (6.32)

whereq+ is the unique solution in the interval(0, c∗) of the equation

ρ
((
q+
)2)

q+ =Q+ (6.33)

with

Q+ = 1

|Λ|

∫

∂oΩ

ρ
(∣∣∇x′ϕ

−
e

∣∣2+
(
ψ−e
)2)

ψ−e dHd−1.

Thus, ϕ andq+ satisfy

∥∥ϕ − q+x1
∥∥
C1(Ω∩{x1>R})→ 0 asR→∞ (6.34)

and

∣∣q+ − q+0
∣∣� C2σ. (6.35)

(ii) The functionf (x′) in (6.31)satisfies

‖f ‖1,α,Rd−1 � C2σ, (6.36)

and the surfaceS = {(f (x′),x′): x′ ∈R
d−1}∩Ω is orthogonal to∂lΩ at every intersection

point.
(iii) Furthermore, ϕ ∈ C1,α(Ω+) with

∥∥ϕ − q+x1
∥∥

1,α,Ω+ �C2σ. (6.37)

In addition, if the supersonic uniform flow(ϕ−e ,ψ
−
e ) on ∂oΩ satisfies(6.30)with l = 2,

then the solutionϕ ∈ C2,α(Ω+) with

∥∥ϕ − q+x1
∥∥

2,α,Ω+ � C2σ,

and the solution with a transonic shock is unique and stable with respect to the nozzle
boundary and the smooth supersonic upstream flow at the entrance.

When the initial data(ϕ−e ,ψ
−
e )≡ (−ψ−e ,ψ−e ) is constant and the nozzle

Ω ∩ {−1� x1 �−1+ ε} = [−1,−1+ ε] ×Λ for someε > 0

as the de Laval nozzles, then the compatibility conditions are automatically satisfied. In
fact, in this case,ϕ−(x)=ψ−e x1 is a solution nearx1=−1 in the nozzle.
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Whend = 2, condition (6.30) for the supersonic upstream flow(ϕ−e ,ψ
−
e ) on ∂oΩ in

Theorem 6.2 can be replaced by theC3-condition,

∥∥ϕ−e + q−0
∥∥
C3 +

∥∥ψ−e − q−0
∥∥
C2 � σ, (6.38)

which can be achieved by following the arguments in [216]. For the isothermal gasγ = 1,
the same results can be obtained by following similar arguments.

The techniques have been extended and applied to the nozzle problem for the full Euler
equations in [57].

Other transonic problems include the stability of transonic flows past infinite nonsmooth
wedges or cones which are under investigation with the aid of the approaches which will
be discussed in Section 6.3.

A further problem is subsonic flow past an airfoil or an obstacle. Shiffman [297],
Bers [18] and Finn and Gilbarg [136] studied subsonic (elliptic) solutions of (6.1) outside
an obstacle when the upstream flows are sufficiently subsonic; also see [125]. Morawetz
in [250] first showed that the flows of (6.1) past an obstacle may contain transonic shocks
in general. An important problem is to construct global entropy solutions of the airfoil
problem (see [251,253] and [141]).

6.3. Free boundary approaches

We now describe two of the free boundary approaches for Problems 6.1 and 6.2, developed
recently in [60–62].

6.3.1. Free boundary problems.The transonic shock problems can be formulated into a
one-phase free boundary problem for a nonlinear elliptic equation: Givenϕ− ∈ C1,α(	Ω),
find a functionϕ that is continuous inΩ and satisfies

ϕ � ϕ− in 	Ω, (6.39)

equation (6.1), the ellipticity condition in the noncoincidence setΩ+ = {ϕ < ϕ−}, the free
boundary condition (6.4) on the boundaryS = ∂Ω+ ∩Ω , as well as the prescribed condi-
tions on the fixed boundary∂Ω and at infinity. These conditions are different in different
problems, for example, conditions (6.15) and (6.16) for Problem 6.1 and (6.25)–(6.27) for
Problem 6.2.

The free boundary is the location of the shock, and the free boundary conditions
(6.3) and (6.4) are the Rankine–Hugoniot conditions in (6.2). Note that condition (6.39)
is motivated by the similar property (6.12) of unperturbed shocks; and (6.39), locally on
the shock, is equivalent to the entropy condition (6.10). Condition (6.39) transforms the
transonic shock problem, in which the subsonic regionΩ+ is determined by the gradient
condition|∇ϕ(x)|< c∗, into a free boundary problem in whichΩ+ is the noncoincidence
set.

In order to solve this free boundary problem, equation (6.1) is modified to be uniformly
elliptic and then the free boundary condition (6.4) is correspondingly modified. Then this
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modified free boundary problem is solved. Sinceϕ− is a smallC1,α perturbation ofϕ−0 ,
the solutionϕ of the free boundary problem is shown to be a smallC1,α perturbation of the
given subsonic shock solutionϕ+0 in Ω+. In particular, the gradient estimate implies that
ϕ in fact satisfies the original free boundary problem, hence the transonic shock problem,
Problem 6.1 (Problem 6.2, respectively).

The modified free boundary problem does not directly fit into the variational frame-
work of Alt and Caffarelli [4] and Alt, Caffarelli and Friedman [5], as well as the regu-
larization framework of Berestycki, Caffarelli and Nirenberg [16]. Also, the nonlinearity
of the free boundary problem makes it difficult to apply the Harnack inequality approach
of Caffarelli [38]. In particular, a boundary comparison principle for positive solutions of
nonlinear elliptic equations in Lipschitz domains is not available yet for the equations that
are not homogeneous with respect to∇2u,∇u andu, which, however, is our case.

6.3.2. Iteration approach. The first approach we developed in [60,61] is an iteration
scheme based on the nondegeneracy of the free boundary condition: the jump of the normal
derivative of a solution across the free boundary has a strictly positive lower bound. Our
iteration process is as follows: Suppose the domainΩ+

k is given so thatSk := ∂Ω+
k \ ∂Ω

is C1,α . Consider the oblique derivative problem inΩ+
k obtained by rewriting the (modi-

fied) equation (6.1) and free boundary condition (6.4) in terms of the functionu := ϕ−ϕ+0 .
Then the problem has the following form:

div A(x,∇u)= F(x) in Ω+
k := {u > 0},

(6.40)
A(x,∇u) · n=G(x,n) onS := ∂Ω+

k

∖
∂Ω,

plus the fixed boundary conditions on∂Ω+
k ∩ ∂Ω and the conditions at infinity. The equa-

tion is quasilinear, uniformly elliptic,A(x,0) ≡ 0, whileG(x,n) has a certain structure.

Let uk ∈ C1,α(Ω+
k ) be the solution of (6.40). Then‖uk‖1,α,Ω+k

is estimated to be small
if the perturbation is small, where appropriate weighted Hölder norms are actually needed
in the unbounded domains. The functionϕk := ϕ+0 + uk fromΩ+

k is extended toΩ so that
theC1,α norm ofϕk − ϕ+0 in Ω is controlled by‖uk‖1,α,Ω+k

. Define

Ω+
k+1 :=

{
x ∈Ω: ϕk(x) < ϕ−(x)

}

for the next step. Note that, since‖ϕk −ϕ+0 ‖1,α,Ω and‖ϕ−−ϕ−0 ‖1,α,Ω are small, we have

∣∣∇ϕ−
∣∣− |∇ϕk|� δ > 0 inΩ,

and this nondegeneracy implies thatSk+1 := ∂Ω+
k+1 \ ∂Ω isC1,α and its norm is estimated

in terms of the data of the problem.
The fixed pointΩ+ of this process determines a solution of the free boundary problem

since the corresponding solutionϕ satisfiesΩ+ = {ϕ < ϕ−} and the Rankine–Hugoniot
condition holds onS := ∂Ω+ ∩Ω .
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On the other hand, the elliptic estimates alone are not sufficient to get the existence
of a fixed point, because the right-hand side of the boundary condition in problem (6.40)
depends on the unit normaln of the free boundary. One way is to require the orthogonality
of the flat shocks so that

ρ
(∣∣∇ϕ+0

∣∣2)∇ϕ+0 = ρ
(∣∣∇ϕ−0

∣∣2)∇ϕ−0 in Ω (6.41)

to obtain better estimates for the iteration and to prove the existence of a fixed point. Note
that (6.41) is a vector identity, and the Rankine–Hugoniot condition (6.4) is the normal part
of (6.41) on the unperturbed free boundaryS0.

The uniqueness and stability of solutions for the transonic shock problems are obtained
by using the regularity and nondegeneracy of solutions.

For more details, see [60,61].

6.3.3. Partial hodograph approach. The second approach we developed in [60,62] is a
partial hodograph procedure, with which we can handle the existence and stability of mul-
tidimensional transonic shocks that are not nearly orthogonal to the flow direction. One of
the main ingredients in this new approach is to employ a partial hodograph transform to re-
duce the free boundary problem to a co-normal boundary value problem for the correspond-
ing nonlinear second-order elliptic equation of divergence form in unbounded domains and
then develop techniques to solve the co-normal boundary value problem in the unbounded
domain. To achieve this, the strategy is to construct first solutions in the intersection do-
mains between the physical unbounded domain under consideration and a series of half-
balls with radiusR, then make uniform estimates inR, and finally sendR→∞. It requires
delicate a priori estimates to achieve this. A uniform bound in a weightedL∞ norm can be
achieved by both employing a comparison principle and identifying a global function with
the same decay rate as the fundamental solution of the elliptic equation with constant co-
efficients which controls the solutions. Then, by scaling arguments, the uniform estimates
can be obtained in a weighted Hölder norm for the solutions, which lead to the existence
of a solution in the unbounded domain with some decay rate at infinity. For such decaying
solutions, a comparison principle holds, which implies the uniqueness for the co-normal
problem. Finally, by the gradient estimate, the limit function can be shown to be a solu-
tion of the multidimensional transonic shock problem, and then the existence result can
be extended to the case that the regularity of the steady perturbation is onlyC1,1. We can
further prove that the multidimensional transonic shock solution is stable with respect to
theC2,α supersonic perturbation.

When the regularity of the steady perturbation isC3,α or higher, that is,

∥∥ϕ− − ϕ−0
∥∥(d−1)

3,α,Ω1
� σ, (6.42)

we introduced another simpler approach to deal with the existence and stability problem.
We also extend the approach by using the partial hodograph transform in the radial di-

rection in the polar coordinates to establish the existence and stability of multidimensional
transonic shocks near spheres inR

d , d � 3. The cased = 2 can also be handled with simi-
lar approaches.

Another approach can be found in [40,41,357].
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7. Multidimensional unsteady problems

In this section, we introduce some sample multidimensional time-dependent problems with
a simplifying feature that the data (domain and/or the initial data) coupled with the structure
of the underlying equations obey certain geometric structure so that the multidimensional
problems can be reduced to lower dimensional problems with more complicated couplings.
Different types of geometric structure call for different techniques.

The Euler equations for compressible fluids with geometric structure describe many
important fluid flows, including spherically symmetric flow and self-similar flow. Such
geometric flows are motivated by many physical problems, such as shock diffraction, su-
pernovae formation in stellar dynamics, inertial confinement fusion, and underwater ex-
plosions. For the initial data with large amplitude having geometric structure, the physical
insight we seek is

(a) whether the solution has the same geometric structure globally,
(b) whether the solution blows up to infinity in a finite time, for example, the density

near the origin for spherically symmetric flow.
These questions are not easily understood in physical experiments and numerical simula-
tions, especially for the blow-up, because of the limited capacity of available instruments
and computers.

7.1. Spherically symmetric solutions

The first problem is the study of singularity at the origin for the Euler equations for isen-
tropic or adiabatic fluids under spherical symmetry inR

d , d � 2. The singularity at the
origin makes the problem truly multidimensional. The central difficulty of this problem
in the unbounded domain is the singularity at the origin and the reflection of waves from
infinity and their strengthening as they move radially inwards.

Consider the Cauchy problem for (1.11),

(ρ,m)|t=0=
(
ρ0(x),m0(x)

)
(7.1)

with the following geometric structure,

(
ρ0(x),m0(x)

)
=
(
ρ0
(
|x|
)
,m0

(
|x|
) x
|x|

)
, (7.2)

wherem0(x) is a scalar function ofx = |x|� 0. Such a problem describes dynamic behav-
ior of many physical problems with spherically symmetric initial structure such as explo-
sion waves in air and other media [100,336]. Motivated by the physical experiments, we
look for the solutions with spherical symmetry

ρ(t,x)= ρ
(
t, |x|

)
, m(t,x)=m

(
t, |x|

) x
|x| . (7.3)
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The function(ρ,m)(t, x), x = |x|, is determined by the one-dimensional isentropic Euler
equations with geometric source terms

{
∂tρ + ∂xm=− d−1

x
m, x > 0,

∂tm+ ∂x
(
m2

ρ
+ p(ρ)

)
=− d−1

x
m2

ρ
.

(7.4)

It is evident that the densityρ blows up as|x| → 0 in general, for instance, for the fo-
cusing case. One of the challenging open problems is to understand the order of singularity

ρ
(
t, |x|

)
∼ |x|−α

for bounded Cauchy data.
On the other hand, a criterion was observed in [54] forL∞ Cauchy data functions of

arbitrarily large amplitude to guarantee the global existence ofL∞ spherically symmetric
solutions which model outgoing blast waves and large-time asymptotic solutions.

THEOREM 7.1. Consider the Cauchy problem for the Euler equations(1.11)with spheri-
cally symmetric initial data(7.1)and (7.2).Assume that the initial data satisfies

0�

∫ ρ0(x)

0

√
p′(s)
s

ds �
|m0(x)|
ρ0(x)

� C0 <∞ (7.5)

for some constantC0 > 0. Then there exists a global entropy solution(ρ,m)(t,x) ∈ L∞
of the Cauchy problem(1.11)and (7.1)–(7.3)satisfying

0� ρ(t,x)�C, 0�
∣∣m(t,x)

∣∣� Cρ(t,x), x ∈R
d , (7.6)

for some constantC > 0 and

1

T

∫ T

0
(ρ,m)(t,x)dt→ 0 for a.e. x ∈R

d whenT →∞. (7.7)

PROOF. This theorem was established in [54] by developing the fractional Godunov
scheme through system (7.4). The proof is divided into five steps, and we now briefly
describe them for the case of polytropic gases withp = κργ ,1< γ � 2.

Step1. Construction of approximate solutions via the fractional-step Godunov scheme.
PartitionR+ by the sequencetk = kh, k ∈Z+, with mesh sizeh and partitionR+ into cells
with thej th cell centered atxj = j l, j ∈ Z+, with mesh sizel. Denoteuh = (ρh,mh) as
the approximate solutions satisfying the inequality

Λ≡ max
i=1,2

(
sup

∣∣λi
(
uh
)∣∣)�

l

4h
� 2Λ. (7.8)
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We will prove thatuh(t, x) have a uniform bound with respect toh so that it is possible to
constructuh(t, x) satisfying (7.8).

Assume thatuh(t, x) have been defined fort < kh. Then we define

uh(kh+ 0, x)= unj ≡
1

l

∫ (j+1/2)l

(j−1/2)l
uh(kh− 0, x)Xh(x)dx,

(
j − 1

2

)
l � x �

(
j + 1

2

)
l, (7.9)

whereXh(x) is the characteristic function on[Nl, 1
h
], whereN = N(C0) > 0 is some

large constant depending only onC0 > 0, which is solely determined by the initial data
(see (7.18)).

In the stripkh� t < (k + 1)h, j l < x � (j + 1)l, j, k ∈Z+, we define





ρh(t, x)= ρh0(t, x)
(
1− d−1

x

mh
0(t,x)

ρh0 (t,x)
(t − kh)

)
+,

mh(t, x)=mh
0(t, x)

(
1− d−1

x

mh
0(t,x)

ρh0 (t,x)
(t − kh)

)
+,

(7.10)

whereuh0(t, x) are the Riemann solutions of (1.16) with initial data(ukj ,u
k
j+1) with respect

to x = (j + 1/2)l at t = kh.
From this, we define the fractional step Godunov scheme

uk+1
j = 1

l

∫ (j+1/2)l

(j−1/2)l
uh(kh− 0, x)Xh(x)dx. (7.11)

In this way, forkh� t < (k + 1)h, k � 0 integers, we have





wh
1(t, x)

= mh
0(t,x)

ρh0 (t,x)
+
(
ρh0(t, x)

)(γ−1)/2(1− d−1
x

mh
0(t,x)

ρh0 (t,x)
(t − kh)

)(γ−1)/2
+ ,

wh
2(t, x)

= mh
0(t,x)

ρh0 (t,x)
−
(
ρh0(t, x)

)(γ−1)/2(1− d−1
x

mh
0(t,x)

ρh0 (t,x)
(t − kh)

)(γ−1)/2
+ ,

(7.12)

where(w1,w2) are the Riemann invariants introduced in (3.6).

Step2. L∞ estimate for the approximate solutions.There existsC = C(C0) > 0, inde-
pendent ofh, such that

0� ρh(t, x)� C, 0�mh(t, x)� Cρh(t, x), (t, x) ∈R
2
+. (7.13)
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In order to show this estimate, we first need some properties of the Riemann solutions
for the homogeneous Euler equations (1.16) with initial Riemann data

u=
{

u− ≡ (ρ−,m−), x < x0, x0 > 0,

u+ ≡ (ρ+,m+), x > x0,
(7.14)

and lateral Riemann data

{
u|t=0= u+, x > 0,

m|x=0= 0, t > 0,
(7.15)

whereρ± � 0 andm± are the constants with|m±/ρ±|<∞. The discontinuity in the weak
solutions of (1.16) satisfies the Rankine–Hugoniot condition

σ(u− u0)= f(u)− f(u0), (7.16)

whereσ is the propagation speed of the discontinuity,u0 andu are the corresponding left
and right state, respectively. A discontinuity is a shock if it satisfies the entropy condition

σ
(
η(u)− η(u0)

)
−
(
q(u)− q(u0)

)
� 0 (7.17)

for any convex entropy–entropy flux pair(η, q).
For the Riemann problems (7.14) and (7.15) for system (1.16), the Riemann solutions

generally contain rarefaction waves and shocks satisfying the following facts.

FACT (i). There exists a unique piecewise smooth entropy solution(ρ,m)(t, x) containing
vacuum states on the quartert � 0, x � 0 for each problem of (7.14) and (7.15), at least
locally in time.

FACT (ii). The regions

Σ =
{
(ρ,m): w1 �w0,w2 � z0,w1−w2 � 0

}

and

Σ =
{
(ρ,m): w1 �w0,w2 � z0,w1−w2 � 0

}
, z0 � 0�

w0+ z0

2
,

are invariant for the Riemann problems (7.14) and (7.15) for system (1.16), respectively.
More precisely, if the Riemann data lies inΣ , the corresponding Riemann solution lies
in Σ and its corresponding integral average inx over[a, b] also lies inΣ . �

With these properties of the Riemann solutions to (1.16), we can now establish esti-
mate (7.13).
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First we have from assumption (7.5) that

0�

∫ ρh0 (x)

0

√
p′(s)
s

ds �
mh

0(x)

ρh0(x)
� C0 <∞.

This means that there existsw0=w0(C0) > 0 such that

{
w1
(
ρh0(x),m

h
0(x)

)
�w0, w2

(
ρh0(x),m

h
0(x)

)
� 0,

w1
(
ρh0(x),m

h
0(x)

)
−w2

(
ρh0(x),m

h
0(x)

)
� 0.

Fact (ii) indicates that, for 0� t � h, (ρh0 ,m
h
0)(t, x) satisfy

{
w1
(
ρh0(t, x),m

h
0(t, x)

)
�w0, w2

(
ρh0(t, x),m

h
0(t, x)

)
� 0,

w1
(
ρh0(t, x),m

h
0(t, x)

)
−w2

(
ρh0(t, x),m

h
0(t, x)

)
� 0,

which means that there existŝC = Ĉ(C0) such that

ρh0(t, x)� 0, 0�
mh

0(t, x)

ρh0(t, x)
� Ĉ <∞.

ChooseN =N(C0) such that

(d − 1)Ĉ(C0)

4Λ(C0)N
= 1, that is, N =N(C0)≡

(d − 1)Ĉ(C0)

4Λ(C0)
. (7.18)

Then, fort ∈ [0, h), we have





ρh(t, x)= ρh0(t, x)
(
1− d−1

x

mh
0(t,x)

ρh0 (t,x)
t
)
� 0,

mh(t,x)

ρh(t,x)
= mh

0(t,x)

ρh0 (t,x)
� 0.

For 0� t < h, we have

{
w1
(
ρh(t, x),mh(t, x)

)
�w0, w2

(
ρh(t, x),mh(t, x)

)
� 0,

w1
(
ρh(t, x),mh(t, x)

)
−w2

(
ρh(t, x),mh(t, x)

)
� 0.

Suppose that the above inequality holds fort < kh. Then, att = kh, we similarly have
from Fact (ii) that





w1
(
ρh(kh+ 0, x),mh(kh+ 0, x)

)
�w0,

w2
(
ρh(kh+ 0, x),mh(kh+ 0, x)

)
� 0,

w1
(
ρh(kh+ 0, x),mh(kh+ 0, x)

)
−w2

(
ρh(kh+ 0, x),mh(kh+ 0, x)

)
� 0.
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It follows from Fact (ii) that, forkh� t < (k + 1)h,

{
w1
(
ρh0(t, x),m

h
0(t, x)

)
�w0, w2

(
ρh0(t, x),m

h
0(t, x)

)
� 0,

w1
(
ρh0(t, x),m

h
0(t, x)

)
−w2

(
ρh0(t, x),m

h
0(t, x)

)
� 0.

Therefore, we have

{
w1
(
ρh(t, x),mh(t, x)

)
�w0, w2

(
ρh(t, x),mh(t, x)

)
� 0,

w1
(
ρh(t, x),mh(t, x)

)
−w2

(
ρh(t, x),mh(t, x)

)
� 0

from the fact




ρh(t, x)= ρh0(t, x)
(
1− d−1

x

mh
0(t,x)

ρh0 (t,x)
(t − kh)

)
+,

mh(t,x)

ρh(t,x)
= mh

0(t,x)

ρh0 (t,x)
.

Then we have again

0� ρh(t, x)� Ĉ, 0�mh(t, x)� Ĉρh(t, x),

whereĈ = Ĉ(C0) is solely determined by the initial data.

Step3. H−1-compactness of entropy dissipation measures for the approximate solutions.
The measure sequence

η
(
uh
)
t
+ q

(
uh
)
x

is compact inH−1
loc

(
R

2
+
)

(7.19)

for any weak entropy–entropy flux pair(η, q).
Without loss of generality, we assume that the initial data has compact support because

of the finiteness of propagation speed of approximate solutions, hence one can assume

∫ ∞

0
ρ0(x)dx +

∫ ∞

0
m0(x)dx +

∫ ∞

0
η∗
(
ρ0(x),m0(x)

)
dx <∞,

where

η∗ =
1

2

m2

ρ
+ κ

γ − 1
ργ

with corresponding entropy flux

q∗ =m

(
m2

2ρ2
+ κγ

γ − 1
ργ−1

)
.
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For any functionφ ∈ C∞(ΠT ) with ΠT = [0, T ] ×R+, the entropy dissipation measures
can be calculated in the form

∫ ∫

ΠT

(
η
(
uh
)
φt + q

(
uh
)
φx
)
dx dt

=Mh(φ)+Nh(φ)+Lh(φ)+Σh(φ), (7.20)

where

Mh(φ)=
∫ ∞

0
φ(T , x)η

(
uh0(T , x)

)
dx −

∫ ∞

0
φ(0, x)η

(
uh0(0, x)

)
dx,

Nh(φ)=
∫ ∫

ΠT

((
η
(
uh
)
− η

(
uh0
))
φt +

(
q
(
uh
)
− q

(
uh0
))
φx
)
dx dt,

Lh(φ)=
∑

j,k

∫ (j+1/2)l

(j−1/2)l

(
η
(
uhk0−

)
− η

(
ukj
))
φ(kh, x)dx,

Σh(φ)=
∫ T

0

∑{
σ [η]0− [q]0

}
φ
(
t, x(t)

)
dt,

whereuhk− = uh(kh − 0, x), φkj = φ(kh, j l), the summation is taken over all the shocks
in uh0 at a fixed timet , σ is the propagating speed of the shock, and[η]0 and[q]0 denote
the jumps ofη(uh0(t, x)) andq(uh0(t, x)) across the shock inuh0(t, x) from the left to right,
respectively.

Noting that(ρh,mh) have compact support inΠT , one can substitute

(η, q,φ)= (ρ,m,1) and

(
m,

m2

ρ
+ p(ρ),1

)

in (7.20). We conclude

∑

j,k

∫ (j+1/2)l

(j−1/2)l

d − 1

x
mh(kh− 0, x)dx h� C <∞, (7.21)

∑

j,k

∫ (j+1/2)l

(j−1/2)l

d − 1

x

(mh(kh− 0, x))2

ρh(kh− 0, x)
dx h�C <∞, (7.22)

using the Rankine–Hugoniot condition (7.16) and noting that





∑
k�1

∫∞
0

(
ρhk0− − ρkj

)
dx =∑j,k

∫ (j+1/2)l
(j−1/2)l

d−1
x
mh(kh− 0, x)dx h,

∑
k�1

∫∞
0

(
mhk

0− −mk
j

)
dx =∑j,k

∫ (j+1/2)l
(j−1/2)l

d−1
x

(mh(kh−0,x))2

ρh(kh−0,x)
dx h.
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Then we choose(η, q)= (η∗, q∗) andφ = 1 in (7.20) and use estimates (7.21) and (7.22)
to obtain

∫ T

0

∑{
σ [η∗]0− [q∗]0

}
dt � C, (7.23)

∑

j,k

∫ (j+1/2)l

(j−1/2)l

∫ 1

0
(1− θ)

(
uhk0− − ukj

)⊤

×∇2η∗
(
ukj + θ

(
uhk0− − ukj

))(
uhk0− − ukj

)
dθ dx � C. (7.24)

In particular, since∇2η∗ � c0 > 0, we obtain

∑

j,k,0�j l�L

∫ (j+1/2)l

(j−1/2)l

∣∣uhk0− − ukj
∣∣2 dx � C(L). (7.25)

Noting thatuh0(t, x) are of the formV ( x−j l
t−kh ), then there existsC(L) <∞ such that

∑

j,k,0�j l�L

∫ kh

(k−1)h

∫ (j+1/2)l

(j−1/2)l

∣∣uh0(t, x)− uh0(kh− 0, x)
∣∣2 dx dt � C(L)h.

(7.26)

Then, similarly to the proof of Ding, Chen and Luo [116], we use (7.21)–(7.26) to con-
clude (7.19).

Step4. Convergence and consistency.Applying Theorem 3.1 with (7.13) and (7.19), we
see that there exist a subsequence (still denoted by)uh(t, x) and anL∞ functionu(t, x)≡
(ρ,m)(t, x) such that

uh(t, x)→ u(t, x) a.e. whenh→ 0,

and

0� ρ(t, x)� C,
∣∣m(t, x)

∣∣� Cρ(t, x) a.e. (7.27)

It now suffices to check the consistency of the limit function(ρ,m)(t, x) with (7.4).
For any nonnegative functionψ(t, x) ∈ C∞0 (R2

+), setφ(t, x) = xd−1ψ(t, x) anda(x) =
(d − 1)/x. Then we have

∫ ∫

R
2
+

(
η
(
uh
)
φt + q

(
uh
)
φx − a(x)∇η

(
uh
)
g
(
uh
)
φ
)
dx dt

+
∫ ∞

0
η
(
uh(0, x)

)
φ(0, x)dx

≡ Ih1 + Ih2 , (7.28)



72 G.-Q. Chen

where

Ih1 =
∫ ∫

R
2
+

(
η
(
uh0
)
φt + q

(
uh0
)
φx + a(x)∇η

(
uh0
)
g
(
uh0
)
φ
)
dx dt

−
∫ ∞

0
η
(
uh0(0, x)

)
φ(0, x)dx.

Notice that|uh − uh0|� a(x)|g(uh0)|h anduh are uniformly bounded. We have

∣∣Ih2
∣∣ � C

(
h+

∫ ∫

suppφ

∣∣g
(
uh
)
− g

(
uh0
)∣∣dx dt

+
∫ ∫

suppφ

∣∣∇η
(
uh
)
−∇η

(
uh0
)∣∣dx dt

)
→ 0 (7.29)

whenh→ 0. Furthermore,

Ih1 =
∑

k�1

∫ ∞

0

(
η
(
uhk0−

)
− η

(
ukj
))
φ(kh, x)dx

−
∫ ∫

R
2
+
a(x)∇η

(
uh0
)
g
(
uh0
)
φ dx dt

≡ Ih11+ Ih12. (7.30)

Notice that

∣∣Ih11

∣∣ =
∣∣∣∣
∑

j,k

∫ (j+1/2)l

(j−1/2)l

(
φ − φkj

)(
η
(
uhk0−

)
− η

(
ukj
))

dx

∣∣∣∣

� C
√
h‖φ‖C1

0

( ∑

j,k,0�j l�L

∫ (j+1/2)l

(j−1/2)l

∣∣uhk0− − ukj
∣∣2 dx

)1/2

� C
√
h→ 0 (7.31)

whenh→ 0 and

Ih12 � −
∣∣∣∣
∑

j,k

∫ kh

(k−1)h
dt
∫ (j+1/2)l

(j−1/2)l
a(x)

(
φ∇η

(
uh0
)
g
(
uh0
)

− φkj∇η
(
uhk0−

)
g
(
uhk0−

))
dx

∣∣∣∣

� −
(
J h1 + J h2

)
, (7.32)



Euler equations and related hyperbolic conservation laws 73

where

J h1 =
∣∣∣∣
∑

j,k

∫ kh

(k−1)h
dt
∫ (j+1/2)l

(j−1/2)l
a(x)

(
φ − φkj

)
∇η
(
uhk0−

)
g
(
uhk0−

)
dx

∣∣∣∣

� Ch‖φ‖C1 → 0 (7.33)

whenh→ 0 and

J h2 �

∫ ∫

{suppφ}∩Ωh

a(x)
∣∣∇η

(
uhk0−

)
g
(
uhk0−

)
−∇η

(
uh0
)
g
(
uh0
)∣∣dx dt

+
∫ ∫

{suppφ}∩Ωc
h

a(x)
∣∣∇η

(
uhk0−

)
g
(
uhk0−

)
−∇η

(
uh0
)
g
(
uh0
)∣∣dx dt

with Ωh = {(t, x): ρ0(t, x)� h1/4}, and thus

J h2 �C

(
h−1/4

(∫ ∫

suppφ

∣∣uh0 − uhk0−
∣∣2 dx dt

)1/2

+ h1/4
)

� Ch1/4→ 0 (7.34)

whenh→ 0, by using the Hölder inequality.
Since(ρh,mh)→ (ρ,m) a.e., then it is routine to use the dominated convergence theo-

rem to show that the function(ρ,m)(t,x) determined by the function(ρ,m)(t, x),

(ρ,m)(t,x)=
(
ρ
(
t, |x|

)
,m
(
t, |x|

) x
|x|

)
, (7.35)

satisfies the standard notion of entropy solutions.
Finally, notice that the pairs±(ρ,m) and±(m,m2/ρ + p(ρ)) are all convex entropy–

entropy flux pairs. It follows that(ρ,m) satisfies (7.4) in the sense of distributions.
For (7.4), we take the test functionφ(t, x)= α(t)Xk(x) with

α(t) ∈ C∞0 (0,∞), α(t)� 0,

and

{
Xk(x) ∈ C∞0 (0,∞), Xk

∣∣
[0,x0/2] ≡ 1, 0�Xk(x)� 1,

Xk(x)→ χ[0,x0](x) ask→∞

for Lebesgue pointsx0 ∈ (0,∞), x0→ 0, of the function

∫ ∞

0

(
m(t, x)+ m(t, x)2

ρ(t, x)
+ p

(
ρ(t, x)

))
α(t)dt.
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Then, adding the two identities and settingk→∞, we have

∫ ∞

0

(
m(t, x0)+

m(t, x0)
2

ρ(t, x0)
+ p

(
ρ(t, x0)

))
α(t)dt

� C

(
TV
(
α(·)

)
x0+

∫ ∞

0

∫ x0

0

d − 1

x

(
m(t, x)+ m(t, x)2

ρ(t, x)

)
α(t)dx dt

)

since
∫∞

0 (ρ(t, x)+m(t, x))dx � C <∞.

Therefore, we have

lim
x0→0

∫ ∞

0

(
m(t, x0)+

m(t, x0)
2

ρ(t, x0)
+ p

(
ρ(t, x0)

))
α(t)dt = 0

for anyα(t) ∈ C∞0 (0,∞) by using

∫ ∞

0

∫ ∞

0

d − 1

x
m(t, x)dx dt +

∫ ∞

0

∫ ∞

0

d − 1

x

m(t, x)2

ρ(t, x)
dx dt � C <∞.

Similarly, we take(η, q) = (ρ,m) and (m, m
2

ρ
+ p(ρ)) in (5.3), respectively, and take

φ(t, x)= αl(t)Xk(x) with





αl(t) ∈ C∞0 (0,∞), αl
∣∣
[0,T−ε] ≡ 1, 0� αl(t)� 1,

αl(t)→ χ[0,T ](t) asl→∞,

TV
(
αl(·)

)
� C, C independent ofl,

and

{
Xk(y) ∈ C∞0 (0,∞), Xk

∣∣
[x0/2,x/2] ≡ 1, 0�Xk(y)� 1,

Xk(y)→ χ[x0,x](y) ask→∞ for x ∈ [x0,∞).

Adding the two identities and lettingk→∞, we have

1

T

∫ T

0

(
m(t, x)+ m(t, x)2

ρ(t, x)
+ p

(
ρ(t, x)

))
αl(t)dt

�
1

T
TV
(
αl(·)

)
sup

0�t�T

∫ ∞

0

(
ρ(t, y)+m(t, y)

)
dy

+ 1

T

∫ ∞

0

∫ x

x0

d − 1

x

(
m(t, y)+ m(t, y)2

ρ(t, y)

)
dy dt
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+ 1

T

∫ T

0

(
m(t, x0)+

m(t, x0)
2

ρ(t, x0)
+ p

(
ρ(t, x0)

))
dt

� C

(
1

T
+ 1

T

∫ T

0

(
m(t, x0)+

m(t, x0)
2

ρ(t, x0)
+ p

(
ρ(t, x0)

))
dt

)
.

Setx0→ 0 and thenl→∞. We obtain

1

T

∫ T

0

(
m(t, x)+ m(t, x)2

ρ(t, x)
+ p

(
ρ(t, x)

))
dt �

C

T
for a.e.x ∈R+.

This implies that

1

T

∫ T

0
(ρ,m)(t, x)dt→ (0,0) for a.e.x ∈R+ asT →∞,

which arrives at (7.7). This completes the proof. �

7.2. Self-similar solutions

The second type of geometric structure is self-similarity. One of the most challenging
problems is to study solutions with data that give rise to self-similar solutions (such so-
lutions especially include Riemann solutions) and to develop a unifying framework to treat
hyperbolic–elliptic mixed problems with mixed boundary conditions that are derived from
compressible flows.

Compressible flow equations in two space dimensions with one or more linearly de-
generate modes of wave propagation have additional difficulties. In that case, the global
flow is governed by a reduced (self-similar) system which is of both (hyperbolic–elliptic)
mixed and composite type in the subsonic region. The linearly degenerate waves give rise
to one or more families of degenerate characteristics which remain real in the subsonic re-
gion. The reduced equations typically couple a hyperbolic–elliptic mixed problem for the
density and/or the pressure with a hyperbolic (transport) equation for the vorticity.

For the Euler equations (1.4) forx ∈R
2, self-similar solutions

(ρ,u1, u2,p)= (ρ,u1, u2,p)(ξ, η), (ξ, η)= x
t
,

are determined by





∂ξ (ρU)+ ∂η(ρV )=−2ρ,

∂ξ
(
ρU2+ p

)
+ ∂η(ρUV )=−3ρU,

∂ξ (ρUV )+ ∂η
(
ρV 2+ p

)
=−3ρV,

∂ξ
(
U(E + p)

)
+ ∂η

(
V (E + p)

)
=−2(E + p),

(7.36)

where(U,V )= (u1− ξ,u2− η) is the pseudovelocity andE = ρ(e+ (U2+ V 2)/2).
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It is straightforward to calculate and obtain four eigenvalues

λ0=
V

U
(two multiplicity)

and

λ± =
UV ± c

√
U2+ V 2− c2

U2− c2
,

wherec is the sonic speed.
WhenU2+V 2 > c2, system (7.36) is hyperbolic with four real eigenvalues and the flow

is called pseudosupersonic.
WhenU2+V 2 < c2, system (7.36) is hyperbolic–elliptic composite type (two repeated

eigenvalues are real and the other two are complex): two equations are hyperbolic and the
other two are elliptic.

The regionU2+V 2= c2 in the(ξ, η) plane is called the pseudosonic region in the flow.
In general, system (7.36) is both hyperbolic–elliptic mixed and composite type, and the

flow is pseudotransonic.
For a bounded solution(ρ,u1, u2,p), the flow must be pseudosupersonic whenξ2 +

η2→∞.
An important prototype problem for both practical applications and the theory of multi-

dimensional complex wave patterns is the problem of diffraction of a shock wave which is
incident along an inclined ramp. When a plane shock hits a wedge head on, a self-similar
reflected shock moves outward as the original shock moves forward (e.g., [15,43,100,150,
252,291,328]). The computational and asymptotic analysis shows that various patterns of
reflected shocks may occur, including regular and Mach reflections. The reflected shock
is a transonic shock in the self-similar coordinates, for which the corresponding equation
changes its type from hyperbolic to elliptic across the shock. There has been no rigorous
mathematical result on theglobalexistence and structure of shock reflections for the poten-
tial flow equation and the full Euler equations. Some results were recently obtained for sim-
plified models. The transonic small-disturbance (TSD) equation in Section 4.3 was derived
and used in [173,177,187,252] and the references cited therein for asymptotic analysis of
shock reflections; and some steps of this analysis have been justified in [40]. Zheng [357]
made an effort on the existence of a regular reflection solution for the pressure gradient
equation when the wedge is close to a flat wall.

It is important to establish the existence and stability of shock reflection solutions and
clarify the transition among regular reflection, simple Mach reflection, double Mach re-
flection, and complex Mach reflection.

A good starting point is the potential flow equation (4.4) for this problem. A self-similar
solution is a solution of the form

Ψ = tφ(ξ, η), (ξ, η)= x
t
.
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By introducing the function

ϕ(ξ, η)=−ξ
2+ η2

2
+ φ(ξ, η),

the system can be rewritten in the form of a second-order equation of mixed hyperbolic–
elliptic type

div(ξ,η)
(
ρ
(
|∇ϕ|2, ϕ

)
∇ϕ
)
+ 2ρ

(
|∇ϕ|2, ϕ

)
= 0 (7.37)

with

ρ(q2, z)=
(

1− q2+ 2z

2

)1/(γ−1)

.

Similar to (6.1), equation (7.37) at|∇ϕ| = q is hyperbolic (pseudosupersonic) if

ρ
(
q2, z

)
+ qρq

(
q2, z

)
< 0

and elliptic (pseudosubsonic) if

ρ
(
q2, z

)
+ qρq

(
q2, z

)
> 0.

The nature of the shock reflection pattern has been explored in [252] for weak inci-
dent shocks (strengthb) and small wedge angles 2θw by a number of different scalings,
a study of mixed equations, and matching asymptotics for the different scalings, where the
parameterβ = c1θ

2
w/b(γ + 1) ranges from 0 to∞ andc1 is the sound speed behind the

incident shock. It was shown that, forβ > 2, regular reflection of both strong and weak
kinds is possible as well as Mach reflection; forβ < 1/2, Mach reflection occurs and the
flow behind the reflection is subsonic and can be constructed in principle (with an open
elliptic problem) and matched; and for 1/2< β < 2, the flow behind a Mach reflection
may be transonic and the corresponding nonlinear boundary value problem of mixed type
has been discussed. The basic pattern of reflection was shown to be an almost semicircular
shock, for regular reflection, emanating from the reflection point on the wedge and, for
Mach reflection, matched with a local interaction flow. It is important to establish some
rigorous proofs for this problem with the aid of free boundary approaches as discussed
in Section 6.3. Such a rigorous proof for the existence of shock reflection solutions has
successfully been established in [63] when the wedge angle is large.

7.3. Global solutions with special Cauchy data

Several cases of initial data for the Cauchy problem may be solved for constructing global
solutions for the compressible Euler equations (1.11) or (1.4).
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CASE 1. Initial data of the form

(ρ,u1, u2)|t=0=
{
(ρ−, u1−, u2−) if L(x) < 0, x ∈R

2,

(ρ+, u1+, u2+) if L(x) > 0,
(7.38)

for (1.11). The initial discontinuityL(x)= 0 is a smooth curve which separates thex-plane
into two unbounded parts, and∇xL is continuous. This Cauchy problem (1.11) and (7.38)
can be considered as a multidimensional generalization of the one-dimensional Riemann
problem. It is also a natural problem from the viewpoint of physics. Conventional self-
similarity transformations or symmetric transformations are not available to such a prob-
lem.

Certain preliminary observations have shown in the case where the global solutions are
connected by two-dimensional rarefaction waves, with the discontinuityL(x) = 0 being
convex or concave, and two initial constants(ρ−, u1−, u2−) and(ρ+, u1+, u2+) satisfying
a natural relation. A natural strategy is to develop the so-called envelope method and some
particular implicit functions which may enable the construction of the two-dimensional
rarefaction waves to be possible. It has also been observed that the state functions inside the
rarefaction waves and the intermediate state functions between the two rarefaction waves
must be smooth. It is interesting to obtain a complete global solution. For the pressureless
Euler equations, some results have been obtained by Yang and Huang [343].

CASE 2. Initial data of the form

(ρ,u1, u2)|t=0=
{
(ρ−, u1−, u2−) if L(x) < 0,

(ρ−, u1+, u2+)(x) if L(x) > 0,

where(ρ−, u1−, u2−) is a constant state and(ρ+, u1+, u2+)(x) is a smooth initial function.
It is important to determine the class of initial functions(ρ+, u1+, u2+)(x) which leads to
the existence of two-dimensional global solutions that have only a single shock for such
special initial data. In this regard, see [159] and [160].

CASE 3. Initial data consists of four different constant statesui = (ρi, u
i
1, u

i
2),

i = 1,2,3,4, corresponding to four quadrants with a special relationship among the states,
so that the unfolding solution at infinity consists of only one rarefaction wave along the
direction of each semiaxis. Chang, Chen and Yang [44,45] and Lax and Liu [203] have sim-
ilar numerical results for this case. The contour curve of the densityρ is simple: the two
groups of planar rarefaction waves,R12 (along theη+ axis) andR41 (along theξ+ axis),
R34 (along theη− axis) andR23 (along theξ− axis), are connected by a family of straight
linesξ + η= α, whereα is a constant parameter. Hence,ρ is symmetric aboutξ − η= α̃

for a particularα̃, while the contour curve of the self-Mach number is relatively complex
but follows some rules.

It is interesting to construct two-dimensional global solutions to the Euler equa-
tions (1.11) with this type of initial data. The idea is first to estimate the solution ofρ

from its contour curve, then to plugρ into equations (1.11), according to the symmetry
of ρ, so as to constructu1 andu2.
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8. Divergence-measure fields and hyperbolic conservation laws

Naturally, we want to approach the questions of existence, stability, uniqueness, and long-
time behavior of entropy solutions for multidimensional compressible flows for fluids
(as represented by the Euler equations of inviscid flows such as system (1.4) and sys-
tem (1.11)) and solids (as represented by the equations of nonlinear elastodynamics such
as system (4.15), (4.17) and (4.18)) with as much generality as possible. In this section,
we discuss some recent efforts in developing a theory of divergence-measure fields to con-
struct a global framework for studying solutions of multidimensional compressible flows
and, more generally, hyperbolic systems of conservation laws.

8.1. Connections

Consider a system of hyperbolic conservation laws ind space dimensions in (1.1). As men-
tioned earlier, the main feature of nonlinear hyperbolic conservation laws (1.1), especially
(1.4) or (1.11), is that, no matter how smooth the initial data is, solutions may develop
singularities and form shock waves and vorticity waves, among others, in finite time. For
the one-dimensional problem of (1.1), in particular, for the one-dimensional version of
the Euler equations (1.15) or (1.17) in Lagrangian coordinates, one may expect solutions
in BV; this is indeed the case by Glimm’s theorem [145] which indicates that there exists a
global entropy solution inBV when the initial data has sufficiently small total variation and
stays away from vacuum. On the other hand, when the initial data is large, even away from
vacuum, solutions may develop vacuum instantaneously ast > 0 or approach the vacuum
states indefinitely. In this case, the specific volumeτ = 1/ρ may become a Radon measure
or anL1 function, rather than aBV function (cf. [332]).

In particular, we emphasize again that, as discussed in Section 2.6, theBV bound gener-
ically fails for multidimensional hyperbolic conservation laws. In general, for multidimen-
sional conservation laws, especially the Euler equations, because of complex interactions
among shocks, rarefaction waves, vortex sheets, and vorticity waves, solutions of (1.1) are
expected to be in the following class of entropy solutions:

(i) u(t,x) ∈M(Rd+1
+ ) orLp(Rd+1

+ ),1� p �∞,
(ii) u(t,x) satisfies the Lax entropy inequality

µη := ∂tη
(
u(t,x)

)
+∇x · q

(
u(t,x)

)
� 0 in the sense of distributions, (8.1)

for any convex entropy–entropy flux pair(η,q) :Rn → R × R
d so thatη(u(t,x)) and

q(u(t,x)) are distributions.
One of the main issues in conservation laws is to study the behavior of solutions in

this class to explore all possible information on solutions, including large-time behavior,
uniqueness, stability, and existence of traces,with neither specific reference to any partic-
ular method for constructing the solutions nor additional regularity assumptions.

The Schwartz lemma infers from (8.1) that the distributionµη is in fact a Radon mea-
sure,

div(t,x)
(
η
(
u(t,x)

)
,q
(
u(t,x)

))
∈M

(
R
d+1
+
)
.
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Furthermore, whenu ∈ L∞, this is also true for anyC2 entropy–entropy flux pair(η,q)
(η not necessarily convex) if (1.1) has a strictly convex entropy, which was first observed
in [51].

More generally, we have the following definition.

DEFINITION. Let D ⊂ R
N be open. For 1� p � ∞, F is called aDMp(D) field if

F ∈ Lp(D;RN ) and

‖F‖DMp(D) := ‖F‖Lp(D;RN ) + ‖divF‖M(D) <∞, (8.2)

and the fieldF is called aDMext(D)-field if F ∈M(D;RN ) and

‖F‖DMext(D) :=
∥∥(F,div F)

∥∥
M(D)

<∞. (8.3)

Furthermore, for any bounded open setD ⊂ R
N , F is called aDMp

loc(R
N ) field if

F ∈DMp(D), andF is called aDMext
loc(R

N ) if F ∈DMext(D). A field F is simply called
aDM field in D if F ∈DMp(D),1 � p �∞, or F ∈DMext(D).

It is easy to check that these spaces, under the respective norms‖F‖DMp(D) and
‖F‖DMext(D) are Banach spaces. These spaces are larger than the space ofBV fields. The
establishment of the Gauss–Green theorem, traces, and other properties ofBV functions
in the 1950s (cf. [133]; also [8,144,330]) has significantly advanced our understanding of
solutions of nonlinear partial differential equations and related problems in the calculus of
variations, differential geometry and other areas, especially for the one-dimensional theory
of hyperbolic conservation laws. A natural question is whether theDM fields have similar
properties, especially the normal traces and the Gauss–Green formula to deal with entropy
solutions for multidimensional conservation laws. At a first glance, it seems impossible
due to the Whitney paradox [338].

EXAMPLE 8.1 (Whitney paradox [338]). The field

F(y1, y2)=
( −y2

y2
1 + y2

2

,
y1

y2
1 + y2

2

)

belongs toDM1
loc(R

2); however, forΩ = (0,1)× (0,1),

∫

Ω

divF= 0 �=
∫

∂Ω

F · n dH1= π

2
,

if one understandsF · n in the classical sense. This implies that the classical Gauss–Green
theorem fails.

EXAMPLE 8.2. For anyµi ∈M(R), i = 1,2, with finite total variation,

F(y1, y2)=
(
µ1(y2),µ2(y1)

)
∈DMext(

R
2).
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A nontrivial example of such fields is provided by the Riemann solutions of the one-
dimensional Euler equations in Lagrangian coordinates for which vacuum generally de-
velops (see [69]).

On the other hand, motivated by various nonlinear problems from conservation laws, as
well as for rigorous derivation of systems of balance laws with measure source terms from
the physical principle of balance law and the recovery of Cauchy entropy flux through the
Lax entropy inequality for entropy solutions of hyperbolic conservation laws by capturing
entropy dissipation, a suitable notion of normal traces and corresponding Gauss–Green
formula for divergence-measure fields are required.

Some earlier efforts were made on generalizing the Gauss–Green theorem for some
special situations, and relevant results can be found in [9] for an abstract formulation
for F ∈ L∞, Rodrigues [283] forF ∈ L2, and Ziemer [358] for a related problem for
divF ∈ L1; also see [12,36] and [359]. In [67], an explicit way to calculate the suitable nor-
mal traces was first observed forF ∈DM∞, under which a generalized Gauss–Green the-
orem was shown to hold, which has motivated the establishment of a theory of divergence-
measure fields in [67,69,83,84].

8.2. Basic properties of divergence-measure fields

Now we list some basic properties of divergence-measure fields.

PROPOSITION8.1. (i)Let {Fj } be a sequence inDMp(D) such that

Fj ⇀ F in Lploc

(
D;RN

)
for 1� p <∞, (8.4)

Fj
∗
⇀ F in L∞loc

(
D;RN

)
for p =∞. (8.5)

Then

‖F‖Lp(D) � lim inf
j→∞

‖Fj‖Lp(D), |div F|(D)� lim inf
j→∞

|div Fj |(D).

(ii) Let {Fj } be a sequence inDMext(D) such that

Fj ⇀ F in Mloc
(
D;RN

)
.

Then

|F|(D)� lim inf
j→∞

|Fj |(D), |div F|(D)� lim inf
j→∞

|divFj |(D).

In particular, if F has compact support inD, then

|divFj |(D)→ |divF|(D) asj→∞.
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This proposition immediately implies that spacesDMp(D),1 � p �∞, andDMext(D)

are Banach spaces under norms (8.2) and (8.3), respectively.

PROPOSITION8.2. Let {Fj } be a sequence inDM(D) satisfying

lim
j→∞

|div Fj |(D)= |div F|(D)

and one of the following three conditions

Fj ⇀ F in Lploc

(
D;RN

)
for 1� p <∞,

Fj
∗
⇀ F in L∞loc

(
D;RN

)
for p =∞,

Fj ⇀ F in Mloc
(
D;RN

)
.

Then, for every open setΩ ⊂D,

|divF|
(	Ω ∩D

)
� lim sup

j→∞
|div Fj |

(	Ω ∩D
)
. (8.6)

In particular, if |divF|(∂Ω ∩D)= 0, then

|divF|(Ω)= lim
j→∞

|divFj |(Ω). (8.7)

We now use the standard positive symmetric mollifiersω :RN →R satisfying

ω(y) ∈ C∞0
(
R
N
)
, ω(y)� 0, ω(y)= ω

(
|y|
)
,

∫

RN

ω(y)dy= 1,

suppω(y)⊂ B1≡
{
y ∈R

N : |y|< 1
}
.

We denote

ωε(y)= ε−Nω
(

y
ε

)
, Fε = F ∗ωε, (8.8)

that is,

Fε(y)= ε−N
∫

RN

F(x)ω
(

y− x
ε

)
dx=

∫

RN

F(y+ εx)ω(x)dx. (8.9)

ThenFε ∈ C∞(Ω;RN ) for anyΩ ⋐ D whenε is sufficiently small. We recall that, for any
f,g ∈ L1(RN ),

∫

RN

f εg dx=
∫

RN

fgε dx. (8.10)

The following fact forDM fields is analogous to a well-known property ofBV functions.



Euler equations and related hyperbolic conservation laws 83

PROPOSITION8.3. Let F ∈DM(D). LetΩ ⋐ D be open and|div F|(∂Ω)= 0. Then, for
anyϕ ∈ C(D;R),

lim
ε→0

〈
divFε, ϕχΩ

〉
= 〈divF, ϕχΩ 〉.

Furthermore, if F ∈DMext(D) and |F|(∂Ω)= 0, then, for anyϕ ∈ C(D;RN ),

lim
ε→0

〈
Fε, ϕχΩ

〉
= 〈F, ϕχΩ 〉.

Now we discuss some product rules for divergence-measure fields.

PROPOSITION8.4. Let F= (F1, . . . ,FN ) ∈DM(D). Letg ∈ BV∩L∞(D) be such that
(i) ∂yj g(y) is |Fj |-integrable, for eachj = 1, . . . ,N ,

(ii) the set of non-Lebesgue points of∂yj g(y) has|Fj |-measure zero,
(iii) g(y) is (|F| + |div F|)-integrable,
(iv) the set of non-Lebesgue points ofg(y) has(|F| + |divF|)-measure zero.

ThengF ∈DM(D) and

div(gF)= g divF+ F · ∇g. (8.11)

In particular, if F ∈DM∞(D), thengF ∈DM∞(D) for anyg ∈ BV∩L∞(D); moreover,
if g is also Lipschitz over any compact set inD, then

div(gF)= g divF+ F · ∇g. (8.12)

In fact, for F ∈ DM∞(D), one may refine the above result to yield that (8.12) holds
a.e. in a more general case, not only for local Lipschitz functions. In this case, we must
take the absolutely continuous part of∇g. Forg ∈ BV, let (∇g)ac and(∇g)sing denote the
absolutely continuous part and the singular part of the Radon measure∇g, respectively.
Then we have the proposition.

PROPOSITION8.5. GivenF ∈DM∞(D) andg ∈ BV∩L∞(D), the identity

div(gF)= ḡ div F+ F · ∇g

holds in the sense of Radon measures inD, whereḡ is the limit of a mollified sequence forg
through a positive symmetric mollifier, andF · ∇g is a Radon measure, absolutely contin-
uous with respect to|∇g|, whose absolutely continuous part with respect to the Lebesgue
measure inD coincides withF · (∇g)ac almost everywhere inD.

8.3. Normal traces and the Gauss–Green formula

We now discuss the Gauss–Green formula forDM fields overΩ ⊂D by introducing a suit-
able notion of normal traces over the boundary∂Ω of a bounded open set with Lipschitz
deformable boundary, established in [67,69].
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DEFINITION 8.1. LetΩ ⊂ R
N be an open bounded subset. We say that∂Ω is a de-

formable Lipschitz boundary, provided that
(i) for anyx ∈ ∂Ω , there existr > 0 and a Lipschitz mapγ :RN−1→R such that, after

rotating and relabeling coordinates if necessary,

Ω ∩Q(x, r)=
{
y ∈R

N : γ (y1, . . . , yN−1) < yN
}
∩Q(x, r),

whereQ(x, r)= {y ∈R
N : |yi − xi |� r, i = 1, . . . ,N},

(ii) there existsΨ : ∂Ω × [0,1] → 	Ω such thatΨ is a homeomorphism, bi-Lipschitz
over its image, andΨ (ω,0)= ω for anyω ∈ ∂Ω . The mapΨ is called a Lipschitz defor-
mation of the boundary∂Ω .

Denote∂Ωs ≡ Ψ (∂Ω × {s}), s ∈ [0,1], and denoteΩs the open subset ofΩ whose
boundary is∂Ωs .

REMARK 8.1. The domains with deformable Lipschitz boundaries clearly include
bounded domains with Lipschitz boundaries, the star-shaped domains and the domains
whose boundaries satisfy the cone property. It is also clear that, ifΩ is the image through
a bi-Lipschitz map of a domain	Ω with a Lipschitz deformable boundary, thenΩ itself
possesses a Lipschitz deformable boundary.

ForDMp fields with 1<p �∞, we have the following theorem.

THEOREM 8.1. Let F ∈ DMp(D), 1< p �∞. LetΩ ⊂ D be a bounded open set with
Lipschitz deformable boundary. Then there exists a continuous linear functionalF · n over
Lip(∂Ω) such that, for anyφ ∈ Lip(RN ),

〈F · n, φ〉∂Ω = 〈divF, φ〉Ω +
∫

Ω

∇φ · F dx. (8.13)

Moreover, let n :Ψ (∂Ω × [0,1])→R
N be such thatn(x) is the unit outer normal to∂Ωs

at x ∈ ∂Ωs , defined for a.e. x ∈ Ψ (∂Ω × [0,1]). Let h :RN → R be the level set function
of ∂Ωs , that is,

h(y) :=





0 for y ∈R
N − 	Ω,

1 for y ∈Ω −Ψ
(
∂Ω × [0,1]

)
,

s for y ∈ ∂Ωs,0� s � 1.

Then, for anyψ ∈ Lip(∂Ω),

〈F · n,ψ〉∂Ω =− lim
s→0

1

s

∫

Ψ (∂Ω×(0,s))
E(ψ)∇h · F dx, (8.14)

whereE(ψ) is any Lipschitz extension ofψ to the whole spaceRN .
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In the casep =∞, the normal traceF · n is a function inL∞(∂Ω) satisfying

‖F · n‖L∞(∂Ω) � C‖F‖L∞(Ω)

for some constantC independent ofF. Furthermore, for any fieldF ∈DM∞(Ω),

〈F · n,ψ〉∂Ω = ess lim
s→0

∫

∂Ωs

(F · n)
(
ψ ◦Ψ−1

s

)
dHN−1 for anyψ ∈ L1(Ω).

(8.15)

Finally, for F ∈ DMp(Ω) with 1< p <∞, F · n can be extended to a continuous linear
functional overW1−1/p,p ∩L∞(∂Ω).

EXAMPLE 8.3. The field

F(y1, y2)=
(

sin

(
1

y1− y2

)
,sin

(
1

y1− y2

))

belongs toDM∞(R2). It is impossible to define any reasonable notion of traces over the
line y1 = y2 for the component sin(1/(y1− y2)). Nevertheless, the unit normalnτ to the
line y1 − y2 = τ is the vector(− 1√

2
, 1√

2
) so that the scalar productF(y1, y1 − τ) · nτ is

identically zero over this line. Hence, we find that

F · n≡ 0 over the liney1= y2

and the Gauss–Green formula implies that, for anyφ ∈ C1
0(R

2),

0= 〈divF|y1>y2, φ〉 = −
∫

y1>y2

F · ∇φ dy.

This identity could also be directly obtained by applying the dominated convergence theo-
rem to the analogous identity obtained from the classical Gauss–Green formula.

As indicated by Examples 8.1 and 8.2, it is more delicate for fields inDM1 andDMext.
Then we have to define the normal traces as functionals over the spaces Lip(γ, ∂Ω) with
γ > 1 (see [309]).

For 1< γ � 2, the elements of Lip(γ, ∂Ω) are (N + 1)-components vectors, where
the first component is the function itself, and the otherN components are its “first-order
partial derivatives”. In particular, as a functional over Lip(γ, ∂Ω), the values of the normal
trace of a field inDM1 or DMext on ∂Ω depend on not only the values of the respective
functions over∂Ω but also the values of their first-order derivatives over∂Ω . To define the
normal traces forF ∈DM1(Ω) or DMext(Ω), we resort to the properties of the Whitney
extensions of functions in Lip(γ, ∂Ω) to Lip(γ,RN ).

We have the following analogue of Theorem 8.1 which covers fields inDM1 andDMext.
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THEOREM 8.2. Let F ∈DM1(D) or DMext(D). LetΩ ⊂D be a bounded open set with
Lipschitz deformable boundary. Then there exists a continuous linear functionalF · n over
Lip(γ, ∂Ω) for anyγ > 1 such that, for anyφ ∈ Lip(γ,RN ),

〈F · n, φ〉∂Ω = 〈divF, φ〉Ω + 〈F,∇φ〉Ω . (8.16)

Moreover, let h :RN → R be the level set function as defined in Theorem8.1; and in
the case thatF ∈ DMext(D), we also assume that∂xih is |Fi |-measurable and its set of
non-Lebesgue points has|Fi |-measure zero, i = 1, . . . ,N . Then, for anyψ ∈ Lip(γ, ∂Ω),
γ > 1,

〈F · n,ψ〉∂Ω =− lim
s→0

1

s

〈
F,E(ψ)∇h

〉
Ψ (∂Ω×(0,s)), (8.17)

whereE(ψ) ∈ Lip(γ,RN ) is the Whitney extension ofψ on ∂Ω to R
N .

REMARK 8.2. In general, forF ∈ DM1(D) or DMext(D), the normal traceF · n may
be no longer a function. This can be seen in Example 8.1 forF ∈ DM1

loc(R
2) with Ω =

{y: y2
1 + y2

2 < 1, y2 > 0}, for whichF · n is a measure over∂Ω .

As a corollary of the Gauss–Green formula forDM∞ fields, we have the following
proposition.

PROPOSITION8.6. LetΩ ⊂RN be a bounded open set with Lipschitz boundary and

F1 ∈DM∞(Ω), F2 ∈DM∞(
R
N − 	Ω

)
.

Then

F(y)=
{

F1(y), y ∈Ω,

F2(y), y ∈R
N − 	Ω,

(8.18)

belongs toDM∞(RN ), and

‖F‖DM∞(RN ) � ‖F1‖DM∞(Ω) + ‖F2‖DM∞(RN−	Ω)

+ ‖F1 · n− F2 · n‖L∞(∂Ω)H
N−1(∂Ω).

The analysis above over sets with Lipschitz boundary has been extended to the analysis
over sets of finite perimeter forF ∈DM∞(D).

DEFINITION 8.2. LetE be anLN -measurable subset ofRN . For any open setD ⊂ RN ,
we say thatE is a set of finite perimeter inD if the characteristic function ofE,χE , belongs
to BV(D). We refer to a set of finite perimeter inRN simply as a set of finite perimeter.
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REMARK 8.3. If E is a set of finite perimeter inD ⊂ R
N , then∇χE (the gradient ofχE

in the sense of distributions) is a vector-valued Radon measure inD. We denote the total
variation of∇χE as|∇χE |. It can be shown (cf. [8,132]) that

∇χE = nE |∇χE |,

wherenE is the measure-theoretic inward unit normal toE.

DEFINITION 8.3. LetE be a set of finite perimeter inD ⊂ R
N . The reduced boundary

of E, denoted as∂∗E, is the set of all pointsy ∈ supp(|∇χE |)∩D such that
(i)
∫
B(y,r) |∇χE |> 0 for all r > 0;

(ii) lim r→0(
∫
B(y,r)∇χE/

∫
B(y,r) |∇χE |)= nE(y);

(iii) |nE(y)| = 1.

We recall that the space of functions of bounded variation,BV, in fact represents an
equivalence class of functions so that changing the value of a function in this class on a set
of LN -measure zero does not change the function itself. From Definition 8.2, it follows that
the same is true for sets of finite perimeter. Since we are concerned with only equivalence
classes of sets,we assume here that a set of finite perimeterE is the representative given
by the following proposition, which can be found in [144].

PROPOSITION8.7. If E ⊂ R
N is a Borel set, then there exists a Borel set̃E equivalent

toE, which differs only by a set ofLN -measure zero, such that

0<
∣∣Ẽ ∩B(y, r)

∣∣<ωN r
N (8.19)

for all y ∈ ∂Ẽ and all smallr > 0, whereωN is the measure of the unit ball inRN .

DEFINITION 8.4. For everyα ∈ [0,1] and everyLN -measurable setE ⊂RN , define

Eα :=
{

y ∈R
N : lim

r→0

|E ∩B(y, r)|
|B(y, r)| = α

}
, (8.20)

the set of all points with densityα ∈ [0,1]. We now define theessential boundaryof E,
∂sE, as

∂sE =R
N
∖(
E0∪E1). (8.21)

The setsE0 andE1 may be considered as the measure-theoretic exterior and interior ofE,
which motivate the definition of essential boundaries.

REMARK 8.4. IfE is a set of finite perimeter inD ⊂R
N , it has been shown (cf. [8]) that

∂∗E ⊂E1/2⊂ ∂sE, (8.22)

HN−1(∂sE
∖
∂∗E

)
= 0, (8.23)
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and

|∇χE | =HN−1⌊∂∗E. (8.24)

DEFINITION 8.5. Letf ∈ L1(D) anda∈R
N . We say thatfa(y0) is the approximate limit

of f at y0 ∈D restricted toΠa := {y ∈R
N : y · a � 0} if, for any δ > 0,

lim
r→0

|{y ∈RN : |f (y)− fa(y0)|< δ} ∩B(y0, r)∩Πa|
|B(y0, r)∩Πa|

= 1. (8.25)

DEFINITION 8.6. We say thaty0 ∈D is a regular point of a functionf ∈ BV(D) if there
exists a vectora ∈ R

N such that the approximate limitsfa(y0) andf−a(y0) exist. The
vectora is called adefining vector.

If y0 is a regular point off ∈ BV(D), then there are two possibilities

either fa(y0)= f−a(y0) or fa(y0) �= f−a(y0).

It can be proved (cf. [330]) that, in the first case, anyb ∈ R
N is a defining vector and

fb(y0) = fa(y0); in the second case,a is unique up to the sign, i.e., the only defining
vectors area and−a.

REMARK 8.5. A classical result in theBV theory says thatHN−1 almost everyy ∈D is a
regular point off ∈ BV(D); see [8,132,330].

DEFINITION 8.7. Givenf ∈ L1
loc(D), we define

f̄ (y) := lim
ε→0

f ε(y), (8.26)

wheref ε := f ∗ωε with ωε(y)= ε−Nω(y/ε) for the standard positive symmetric mollifier
ω defined in (8.8).

REMARK 8.6. It can be proved that, iff ∈ BV(D), thenf̄ is defined at each regular point.
Moreover, ify0 is a regular point off , then

f̄ (y0)=
1

2

(
fa(y0)+ f−a(y0)

)
,

wherea is a defining vector (cf. [330]).

If E is a set of finite perimeter inD, we have from Remark 8.6 that̄χE is defined
HN−1-almost everywhere. In fact, we have

χ̄E(y)=





1
2 if y ∈ ∂∗E,

1 if y ∈E1,

0 if y ∈E0.

(8.27)
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We recall here thatHN−1(∂sE \ ∂∗E)= 0.
As Proposition 8.8 indicates,

divF≪HN−1 for F ∈DM∞(D).

Thus, the values of̄χE on the set∂sE \ ∂∗E can be ignored. This fact is essential in the
proof of the Gauss–Green formula forDM∞ fields over sets of finite perimeter.

PROPOSITION8.8. Let F ∈DM∞(D). Then the Radon measurediv F in D is absolutely
continuous with respect to the(N − 1)-Hausdorff measureHN−1. That is, if A⊂D be a
Borel measurable set such thatHN−1(A)= 0, then|div F|(A)= 0.

PROOF. Since there are Borel measurable setsD+ andD−, D+ ∪ D− = D, such that
divF is a nonnegative measure overD+ and a nonpositive measure overD−, one may
assumeA⊂D+ and hence|divF|(A)= (div F)+(A)= divF(A). Also, since(div F)+ is
a Radon measure, it suffices to prove the assertion for any compactA.

Now, for anyδ > 0, we can find a finite numberJ of balls of radius less thanδ such that

A⊂
J⋃

i=1

B(yi; ri),
J∑

i=1

rN−1
i < δ,

sinceHN−1(A)= 0. Then we may apply the Gauss–Green formula forDM∞ fields over
the set

Ω =Ωδ ≡
J⋃

i=1

B(yi; ri)

with Lipschitz deformable boundary and any functionφ ∈ C1
0(R

N ) that is identically equal
to one over	Ωδ . Then

∣∣div F(Ωδ)
∣∣� ‖F‖∞HN−1(∂Ωδ)� C‖F‖∞

J∑

i=1

rN−1
i � δC‖F‖∞.

Now, sinceχΩδ → χA pointwise inD asδ→ 0 (recall thatA is compact), one has

|divF|(A)= divF(A)= 0.

This completes the proof. �

Now, Proposition 8.5 immediately implies the following proposition.

PROPOSITION8.9. Let F ∈DM∞(D). If E ⋐ D is a set of finite perimeter inD, then

div(χEF)= χ̄E divF+ F · ∇χE, (8.28)
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whereF · ∇χE =w− limε→0 F · ∇(χE)ε for (χE)ε = χE ∗ωε. Furthermore, the measure
F · ∇χE is absolutely continuous with respect to the measure|∇χE |.

THEOREM 8.3. Let F ∈ DM∞(D). If E ⋐ D is a bounded set of finite perimeter, then
there exists anHN−1-integrable function(denoted by) F · n ∈ L∞(∂sE;HN−1) such that

∫

E1
div F=−

∫

∂sE

F · ∇χ =−
∫

∂sE

F · n dHN−1. (8.29)

Then we have the following Gauss–Green formula.

THEOREM 8.4 (Gauss–Green formula).Let F ∈DM∞(D). LetE ⋐ D be a bounded set
of finite perimeter. Then there exists anHN−1-integrable function

F · n on ∂sE

such that, for anyφ ∈ C1
0(R

N ),

∫

E1
φ divF=−

∫

∂sE

F · nφ dHN−1−
∫

E1
F · ∇φ dy.

THEOREM 8.5. LetΩ ⋐E ⋐ D be bounded open sets whereE is a set of finite perimeter
in R

N . Let F1 ∈DM∞(D) andF2 ∈DM∞(RN − 	Ω ). Then

F(y)=
{

F1(y), y ∈E,

F2(y), y ∈R
N − 	E,

(8.30)

belongs toDM∞(RN ), and

‖F‖DM∞(RN )

� ‖F1‖DM∞(E) + ‖F2‖DM∞(RN−	E) + ‖F1 · n− F2 · n‖L1(∂sE;HN−1).

The normal trace over a surface of finite perimeter, introduced by Chen and Torres [83],
can be understood as the weak-star limit of the normal traces in Theorem 8.1 by Chen
and Frid [67] over the Lipschitz deformation surfaces of the surface, which implies their
consistency.

Some entropy methods based on the theory of divergence-measure fields presented
above have been developed and applied for solving various nonlinear problems for con-
servation laws and related nonlinear equations. These problems especially include

(1) stability of Riemann solutions, which may contain rarefaction waves, contact dis-
continuities, and/or vacuum states, in the class of entropy solutions of the Euler equations
for gas dynamics in [69,70,86],

(2) decay of periodic entropy solutions for hyperbolic conservation laws in [65],
(3) initial and boundary layer problems for hyperbolic conservation laws in [67,82,

83,329],
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(4) rigorous derivation of systems of balance laws from the physical principle of balance
law and the recovery of Cauchy entropy flux through the Lax entropy inequality for entropy
solutions of hyperbolic conservation laws by capturing entropy dissipation in [84],

(5) nonlinear degenerate parabolic–hyperbolic equations in [37,73,81,248].
One of the entropy methods is to identify Lyapunov-type functionals and employ the

Gauss–Green formula to establish the uniqueness and stability of entropy solutions; see
[69,70,86]. In this regard, some related Lyapunov-type functionals have been identified
for small BV solutions obtained by the Glimm scheme, the wave-front tracking scheme,
and the vanishing viscosity method; see [20,33,111,167,204,210] and the references cited
therein for the details. It would be interesting to apply the theory of divergence-measure
fields to developing more efficient entropy methods for solving more various problems
in partial differential equations and related areas whose solutions are only measures or
Lp functions.

For more details, see [67,69,83,84].
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[247] J. Málek, J. Něcas, M. Rokyta and M. R˚užička,Weak and Measure-Valued Solutions to Evolutionary PDEs,
Chapman and Hall, London (1996).

[248] C. Mascia, A. Porretta and A. Terracina,Nonhomogeneous Dirichlet problems for degenerate parabolic-
hyperbolic equations, Arch. Ration. Mech. Anal.163(2002), 87–124.

[249] G. Métivier,Stability of multi-dimensional weak shocks, Comm. Partial Differential Equations15 (1990),
983–1028.

[250] C.S. Morawetz,On the non-existence of continuous transonic flows past profiles I, II, III, Comm. Pure
Appl. Math.9 (1956), 45–68;10 (1957), 107–131;11 (1958), 129–144.

[251] C.S. Morawetz,On a weak solution for a transonic flow problem, Comm. Pure Appl. Math.38 (1985),
797–818.

[252] C.S. Morawetz,Potential theory for regular and Mach reflection of a shock at a wedge, Comm. Pure Appl.
Math.47 (1994), 593–624.

[253] C.S. Morawetz,On steady transonic flow by compensated compactness, Methods Appl. Anal.2 (1995),
257–268.

[254] C.B. Morrey,Quasiconvexity and the lower semicontinuity of multiple integrals, Pacific J. Math.2 (1952),
25–53.

[255] C.B. Morrey,Multiple Integrals in the Calculus of Variations, Springer-Verlag, Berlin (1966).
[256] J. Moser,A rapidly convergent iteration method and non-linear partial differential equations I, Ann. Sc.

Norm. Sup. Pisa (3)20 (1966), 265–315.
[257] I. Müller and Y. Ruggeri,Extended Thermodynamics, Springer-Verlag, New York (1993).
[258] F. Murat,Compacité par compensation, Ann. Sc. Norm. Pisa Cl. Sci. (4)5 (1978), 489–507.



Euler equations and related hyperbolic conservation laws 101

[259] F. Murat,The injection of the positive cone ofH−1 in W−1,q is completely continuous for allq < 2,
J. Math. Pures Appl. (9)60 (1981), 309–322.

[260] F. Murat,Compacité par compensation, condition nécessaire et suffisante de continuité faible sous une
hypothèse de range constant, Ann. Sc. Norm. Sup. Pisa Cl. Sci. (4)8 (1981), 69–102.

[261] F. Murat, A survey on compensated compactness, Contributions to Modern Calculus of Variations,
Bologna, 1985, Pitman Res. Notes Math. Ser., Vol. 148, Longman, Harlow (1987), 145–183.

[262] T. Nishida,Global solution for an initial–boundary value problem of a quasilinear hyperbolic systems,
Proc. Japan Acad.44 (1968), 642–646.

[263] T. Nishida and J. Smoller,Solutions in the large for some nonlinear hyperbolic conservation laws, Comm.
Pure Appl. Math.26 (1973), 183–200.

[264] T. Nishida and J. Smoller,Mixed problems for nonlinear conservation laws, J. Differential Equations23
(1977), 244–269.

[265] M. Okada and T. Makino,Free boundary problem for the equation of spherically symmetrical motion of
viscous gas, Japan J. Appl. Math.10 (1993), 219–235.

[266] O. Oleinik,Some Asymptotic Problems in the Theory of Partial Differential Equations, Lezioni Lincee
[Lincei Lectures], Cambridge University Press, Cambridge (1996).

[267] S. Osher,Shock modelling in transonic and supersonic flow, Advances in Computational Transonics, Re-
cent Adv. Numer. Methods Fluids, Vol. 4, Pineridge, Swansea (1985), 607–643.

[268] Y.-J. Peng,Solutions faibles globales pour l’èquation d’Euler d’un fluide compressible avec de grandes
données initiales, Comm. Partial Differential Equations17 (1992), 161–187.

[269] B. Perthame,Time decays: An analogy between kinetic transport, Schrödinger and gas dynamics equa-
tions, Nonlinear Partial Differential Equations and Their Applications, Collège de France Seminar,
Vol. XIII, Paris, 1994/1996, Pitman Res. Notes Math. Ser., Vol. 391, Longman, Harlow (1998), 281–293.

[270] B. Perthame,Kinetic Formations of Conservation Laws, Oxford Lecture Ser. Math. Appl., Vol. 21, Oxford
University Press, Oxford (2002).

[271] W.F. Pfeffer,Derivation and Integration, Cambridge Tracts in Math., Vol. 140, Cambridge University
Press, Cambridge (2001).

[272] S.D. Poisson,Mémoire sur l’intégration des equations linéaires aux derivées partielles, J. l’Ecole Poly-
technique12 (1823), 19.

[273] F. Poupaud and M. Rascle,Measure solutions to the linear multi-dimensional transport equation with
non-smooth coefficients, Comm. Partial Differential Equations22 (1997), 337–358.

[274] F. Poupaud, M. Rascle and J.-P. Vila,Global solutions to the isothermal Euler–Poisson system with arbi-
trarily large data, J. Differential Equations123(1995), 93–121.

[275] T. Qin,Symmetrizing the nonlinear elastodynamic system, J. Elasticity50 (1998), 245–252.
[276] M.A. Rammaha,Formation of singularities in compressible fluids in two-space dimensions, Proc. Amer.

Math. Soc.107(1989), 705–714.
[277] M.A. Rammaha,On the formation of singularities in magnetohydrodynamic waves, J. Math. Anal. Appl.

188(1994), 940–955.
[278] J. Rauch,BV estimates fail for most quasilinear hyperbolic systems in dimension great than one, Comm.

Math. Phys.106(1986), 481–484.
[279] A.D. Rendall,The initial value problem for self-gravitating fluid bodies, Mathematical Physics X, Leipzig,

1991, Springer-Verlag, Berlin (1992), 470–474.
[280] H.K. Rhee, R. Aris and N.R. Amundsen,First-Order Differential Equations, Theory and Application of

Hyperbolic Systems of Quasilinear Equations, I, II , Prentice Hall Internat. Ser., Prentice Hall, Englewood
Cliffs, NJ (1986); (1989).

[281] B. Riemann,Uber die Fortpflanzung ebener Luftwellen von endlicher Schwingungsweite, Abh. Koenig.
Gesell. Wiss. Goettingen8 (1860), 43–65.

[282] N.H. Risebro,A front-tracking alternative to the random choice method, Proc. Amer. Math. Soc.117
(1993), 1125–1139.

[283] J.-F. Rodrigues,Obstacle Problems in Mathematical Physics, North-Holland Math. Stud., Vol. 134, Else-
vier, Amsterdam, The Netherlands (1987).

[284] T. Ruggeri and A. Strumia,Main field and convex covariant density for quasilinear hyperbolic systems,
Ann. Inst. H. Poincaré34 (1981), 65–84.

[285] D.G. Schaeffer,Supersonic flow past a nearly straight wedge, Duke Math. J.43 (1976), 637–670.



102 G.-Q. Chen

[286] D. Schaeffer and M. Shearer,The classification of2× 2 systems of nonstrictly hyperbolic conservation
laws, with application to oil recovery, Comm. Pure Appl. Math.40 (1987), 141–178;Riemann prob-
lems for nonstrictly hyperbolic2× 2 systems of conservation laws, Trans. Amer. Math. Soc.304 (1987),
267–306.

[287] S. Schochet,Sufficient conditions for local existence via Glimm’s scheme for large BV data, J. Differential
Equations89 (1991), 317–354.

[288] C.W. Schulz-Rinne, J.P. Collins and H.M. Glaz,Numerical solution of the Riemann problem for two-
dimensional gas dynamics, SIAM J. Sci. Comput.14 (1993), 1394–1414.

[289] L. Schwartz,Théorie des distributions, Actualites scientifiques et industrielles 1091, 1122, Herman, Paris
(1950–1951).

[290] D. Serre,La compacité par compensation pour les systèmes hyperboliques non linéaires de deux équations
à une dimension d’espace, J. Math. Pures Appl. (9)65 (1986), 423–468.

[291] D. Serre,Écoulements de fluides parfaits en deux variables indépendantes de type espace. Rèflexion d’un
choc plan par un dièdre compressif, Arch. Ration. Mech. Anal.132(1995), 15–36.

[292] D. Serre,Spiral waves for the two-dimensional Riemann problem for a compressible fluid, Ann. Fac. Sci.
Toulouse Math. (6)5 (1996), 125–135.

[293] D. Serre,Solutions classiques globales des équations d’Euler pour un fluide parfait compressible, Ann.
Inst. Fourier (Grenoble)47 (1997), 139–153.

[294] D. Serre,Systems of Conservation Laws I, II, Cambridge University Press, Cambridge (1999).
[295] D. Serre,Hyperbolicity of the nonlinear models of Maxwell’s equations, Arch. Ration. Mech. Anal.172

(2004), 309–331.
[296] W.-C. Sheng and T. Zhang,The Riemann Problem for the Transportation Equations in Gas Dynamics,

Mem. Amer. Math. Soc., Vol. 654, Amer. Math. Soc., Providence, RI (1999).
[297] M. Shiffman,On the existence of subsonic flows of a compressible fluid, J. Ration. Mech. Anal.1 (1952),

605–652.
[298] T.C. Sideris,Global behavior of solutions to nonlinear wave equations in three dimensions, Comm. Partial

Differential Equations8 (1983), 1291–1323.
[299] T.C. Sideris,Formation of singularities in solutions to nonlinear hyperbolic equations, Arch. Ration.

Mech. Anal.86 (1984), 369–381.
[300] T.C. Sideris,Formation of singularities in three-dimensional compressible fluids, Comm. Math. Phys.101

(1985), 475–485.
[301] T.C. Sideris,The lifespan of smooth solutions to the three-dimensional compressible Euler equations and

the incompressible limit, Indiana Univ. Math. J.40 (1991), 535–550.
[302] T.C. Sideris,Delayed singularity formation in2D compressible flow, Amer. J. Math.119(1997), 371–422.
[303] T.C. Sideris, B. Thomases and D. Wang,Long time behavior of solutions to the3D compressible Euler

equations with damping, Comm. Partial Differential Equations28 (2003), 795–816.
[304] M. Slemrod,Resolution of the spherical piston problem for compressible isentropic gas dynamics via a

self-similar viscous limit, Proc. Roy. Soc. Edinburgh Sect. A126(1996), 1309–1340.
[305] J. Smith,The Riemann problem in gas dynamics, Trans. Amer. Math. Soc.249(1979), 1–50.
[306] J. Smoller, Shock Waves and Reaction–Diffusion Equations, 2nd Edition, Springer-Verlag, New York

(1994).
[307] J. Smoller and B. Temple,Global solutions of the relativistic Euler equations, Comm. Math. Phys.156

(1993), 67–99.
[308] K. Song,The pressure-gradient system on non-smooth domains, Comm. Partial. Differential Equations28

(2003), 199–221.
[309] E. Stein,Singular Integrals and Differentiability Properties of Functions, Princeton University Press,

Princeton, NJ (1970).
[310] B. Sturtevant and V.A. Kulkarny,The focusing of weak shock waves, J. Fluid Mech.73(1976), 1086–1118.
[311] E. Tabak and R. Rosales,Focusing of weak shock waves and the von Neumann paradox of oblique shock

reflection, Phys. Fluids6 (1994), 1874–1892.
[312] E. Tadmor,A minimum entropy principle in the gas dynamics equations, Appl. Numer. Math.2 (1986),

211–219.



Euler equations and related hyperbolic conservation laws 103

[313] E. Tadmor,Approximate solutions of nonlinear conservation laws and related equations, Recent Advances
in Partial Differential Equations, Venice, 1996, Proc. Sympos. Appl. Math., Vol. 54, Amer. Math. Soc.,
Providence, RI (1998).

[314] E. Tadmor, M. Rascle and P. Bagnerini,Compensated compactness for2D conservation laws, Preprint
(2005).

[315] S. Takeno,Initial-boundary value problems for isentropic gas dynamics, Proc. Roy. Soc. Edinburgh Sect. A
120(1992), 1–23;Free piston problem for isentropic gas dynamics, Japan J. Indust. Appl. Math.12(1995),
163–194.

[316] D. Tan and T. Zhang,Two dimensional Riemann problem for a hyperbolic system of nonlinear conserva-
tion laws I: Four-J cases, J. Differential Equations111 (1994), 203–254;II: Initial data involving some
rarefaction waves, J. Differential Equations111(1994), 255–283.

[317] D. Tan, T. Zhang and Y. Zheng,Delta-shock waves as limits of vanishing viscosity for hyperbolic system
of conservation laws, J. Differential Equations112(1994), 1–32.

[318] L. Tartar,Une nouvelle méthode de resolution d’equations aux derivées partielles nonlinéaires, Lecture
Notes in Math., Vol. 665, Springer-Verlag, Berlin (1977), 228–241.

[319] L. Tartar,Compensated compactness and applications to partial differential equations, Nonlinear Analysis
and Mechanics, Heriot–Watt Symposium IV, Res. Notes in Math., Vol. 39, Pitman, Boston–London (1979),
136–212.

[320] L. Tartar,The compensated compactness method applied to systems of conservation laws, Systems of
Nonlinear P.D.E., J.M. Ball, ed., NATO Series, Reidel, Dordrecht (1983), 263–285.

[321] B. Temple,Solutions in the large for the nonlinear hyperbolic conservation laws of gas dynamics, J. Dif-
ferential Equations41 (1981), 96–161.

[322] B. Temple and R. Young,The large time existence of periodic solutions for the compressible Euler equa-
tions, Mat. Contemp.11 (1996), 171–190.

[323] B. Temple and R. Young,The large time stability of sound waves, Comm. Math. Phys.179 (1996),
417–466.

[324] A. Tesdall and J.K. Hunter,Self-similar solutions for weak shock reflection, SIAM J. Appl. Math.63
(2002), 42–61.

[325] R. Timman,Unsteady motion in transonic flow, Symposium Transsonicum, IUTAM, Aachen, Septem-
ber 1962, K. Oswatitsch, ed., Springer-Verlag, Berlin (1964), 394–401.

[326] C. Truesdell,Rational Thermodynamics, 2nd Edition, Springer-Verlag, New York (1984).
[327] A. Tzavaras,Materials with internal variables and relaxation to conservation laws, Arch. Ration. Mech.

Anal. 146(1999), 129–155.
[328] M. Van Dyke,An Album of Fluid Motion, The Parabolic Press, Stanford (1982).
[329] A. Vasseur,Strong traces for solutions to multidimensional scalar conservation laws, Arch. Ration. Mech.

Anal. 160(2001), 181–193.
[330] A. Volpert, The space BV and quasilinear equations, Mat. Sb.73 (1967), 255–302 (in Russian); Math.

USSR-Sb.2 (1967), 225–267.
[331] V. Volterra,Sulle vibrazioni luminose nei mezzi isotropi, Rend. Accad. Naz. Lincel1 (1892), 161–170.
[332] D.H. Wagner,Equivalence of Euler and Lagrangian equations of gas dynamics for weak solutions, J. Dif-

ferential Equations68 (1987), 118–136.
[333] D. Wang,Global solutions and stability for self-gravitating isentropic gases, J. Math. Anal. Appl.229

(1999), 530–542.
[334] Z. Wang and X. Ding,Uniqueness of generalized solutions for the Cauchy problem of transportation

equations, Acta Math. Sci. (English Ed.)17 (1997), 341–352.
[335] Z. Wang, F. Huang and X. Ding,On the Cauchy problem of transportation equations, Acta Math. Appl.

Sinica (English Ser.)13 (1997), 113–122.
[336] G.B. Whitham,Linear and Nonlinear Waves, Wiley, New York (1973).
[337] H. Whitney,Analytic extensions of differentiable functions defined in closed sets, Trans. Amer. Math. Soc.

36 (1934), 63–89.
[338] H. Whitney,Geometric Integration Theory, Princeton University Press, Princeton, NJ (1957).
[339] P. Woodward,Simulation of the Kelvin–Helmholtz instability of a supersonic slip surface with the

piecewise-parabolic method (PPM), Numerical Methods for the Euler Equations of Fluid Dynamics, Roc-
quencourt, 1983, SIAM, Philadelphia, PA (1985), 493–508.



104 G.-Q. Chen

[340] P. Woodward and P. Colella,The numerical simulation of two-dimensional fluid flow with strong shocks,
J. Comput. Phys.54 (1984), 115–173.

[341] X.-M. Wu, Equations of Mathematical Physics, Chinese Advanced Education Publishing Co., Beijing
(1956) (in Chinese).

[342] G.-J. Yang,The Euler–Poisson–Darboux Equations, Yuannan University Press, Yuannan (1989) (in Chi-
nese).

[343] X. Yang and F. Huang,Two-dimensional Riemann problems of simplified Euler equation, Chinese Sci.
Bull. 43 (1998), 441–444.

[344] L. Ying and Z. Teng,Hyperbolic Systems of Conservation Laws and Difference Methods, Chinese Scien-
tific Publishing Co., Beijing (1991) (in Chinese).

[345] L.C. Young,Lectures on the Calculus of Variations and Optimal Control Theories, Saunders, Philadelphia,
PA (1969).

[346] G.I. Zabolotskaya and R.V. Khokhlov,Quasi-plane waves in the nonlinear acoustics of confined beams,
Soviet Phys. Acoustics15 (1969), 35–40.

[347] A.R. Zakharian, M. Brio, J.K. Hunter and G.M. Webb,The von Neumann paradox in weak shock reflection,
J. Fluid Mech.422(2000), 193–205.

[348] Ya.B. Zeldovich,Gravitational instability: An approximate theory for large density perturbations, Astro-
naut. Astrophys.5 (1970), 84–89.

[349] T. Zhang and Y.-F. Guo,A class of initial-value problem for systems of aerodynamic equations, Acta Math.
Sinica (N.S.)15 (1965), 386–396.

[350] T. Zhang and Y. Zheng,Conjecture on the structure of solutions of the Riemann problem for two-
dimensional gas dynamics, SIAM J. Math. Anal.21 (1990), 593–630.

[351] T. Zhang and Y. Zheng,Exact spiral solutions of the two-dimensional Euler equations, Discrete Contin.
Dyn. Syst.3 (1997), 117–133.

[352] T. Zhang and Y. Zheng,Axisymmetric solutions of the Euler equations for polytropic gases, Arch. Ration.
Mech. Anal.142(1998), 253–279.

[353] Y.-Q. Zhang,Global existence of steady supersonic potential flow past a curved wedge with a piecewise
smooth boundary, SIAM J. Math. Anal.31 (1999), 166–183.

[354] Y.-Q. Zhang,Steady supersonic flow past an almost straight wedge with large vertex angle, J. Differential
Equations192(2003), 1–46.

[355] Y. Zheng,Systems of Conservation Laws: Two-Dimensional Riemann Problems, Birkhäuser, Boston
(2001).

[356] Y. Zheng,A global solution to a two-dimensional Riemann problem involving shocks as free boundaries,
Acta Math. Appl. Sinica (English Ser.)19 (2003), 559–572.

[357] Y. Zheng,Two-dimensional regular shock reflection for the pressure gradient system of conservation laws,
Preprint (2004).

[358] W.P. Ziemer,Cauchy flux and sets of finite perimeter, Arch. Ration. Mech. Anal.84 (1983), 189–201.
[359] W.P. Ziemer,Weakly Differentiable Functions: Sobolev Spaces and Functions of Bounded Variation,

Springer-Verlag, New York (1989).



CHAPTER 2

Blow-up of Solutions of Supercritical
Parabolic Equations

Marek Fila
Institute of Applied Mathematics, Comenius University, 842 48 Bratislava, Slovakia

E-mail: fila@fmph.uniba.sk

Contents
Introduction . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
1. Beyond blow-up . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

1.1. GlobalL1-solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
1.2. Complete blow-up . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

2. Self-similar solutions . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
2.1. Backward self-similar solutions for the power . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
2.2. Forward self-similar solutions for the power . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
2.3. Backward self-similar solutions for the exponential . . . . . . . . . . . . . . . . . . . . . . . . . 113
2.4. Forward self-similar solutions for the exponential . . . . . . . . . . . . . . . . . . . . . . . . . . 114

3. Examples of peaking solutions for the Cauchy problem . . . . . . . . . . . . . . . . . . . . . . . . . . 114
4. Boundedness of global solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
5. Blow-up rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

5.1. Definition of type I and type II blow-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
5.2. Type I blow-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
5.3. Type II blow-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

6. Convergence to backward self-similar solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
7. Connecting equilibria by blow-up solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
8. Immediate regularization after blow-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

8.1. Statement and remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
8.2. Singular stationary solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
8.3. Zero number properties for singular solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
8.4. Rescaled equations . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
8.5. Singular stationary solutions for the rescaled equation . . . . . . . . . . . . . . . . . . . . . . . 135
8.6. Proof of Theorem 8.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
8.7. Example of a peaking solution on a ball . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

9. Multiple blow-up . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
10. Grow-up rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

10.1. Grow-up rate for Dirichlet problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
10.2. Grow-up rate for a Cauchy problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

HANDBOOK OF DIFFERENTIAL EQUATIONS
Evolutionary Equations, volume 2
Edited by C.M. Dafermos and E. Feireisl
© 2005 Elsevier B.V. All rights reserved

105



106 M. Fila

10.3. Inner expansion . . . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
10.4. Outer expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150
10.5. Matching of inner and outer expansions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
10.6. An optimal upper bound .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

11. Oscillating grow-up solutions and grow-up set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154



Blow-up of solutions of supercritical parabolic equations 107

Introduction

For some nonlinear parabolic equations, solutions may not exist globally fort � 0 but may
become unbounded in finite time. This phenomenon is called “blow-up” and it has been
intensively studied in connection with various fields of science such as plasma physics,
combustion theory and population dynamics.

Early studies of blow-up problems, including the pioneering works of Kaplan [58],
Fujita [29,30] and Levine [66], were mainly devoted to finding sufficient conditions under
which blow-up occurs. Since the middle of 1980s, researchers started to pay more attention
to the structure of singularities that appear as solutions blow up (see [28,33,34,39,40,110]
for earlier works in this direction).

The equation which has been studied most extensively is

ut =�u+ |u|p−1u, p > 1,

wherex ∈Ω andΩ is a bounded domain inRN or Ω = R
N . If Ω is bounded then the

Dirichlet boundary conditionu= 0 is usually imposed on∂Ω . By blow-up in finite time
we mean that there is aT ∈ (0,∞) such that

lim
t→T

∥∥u(·, t)
∥∥
L∞(Ω)

=∞.

The critical Sobolev exponent,

pS=
{
N+2
N−2 if N > 2,

∞ if N � 2,

plays a crucial role here. The blow-up behavior is much better understood in the subcritical
casep < pS, see, for example, [49–54,105–108] for results on the blow-up profile. In
the critical and supercritical cases (p = pS andp > pS, respectively), many important
questions are still open although this has been a very active area of research recently. Our
main aim here is to review these recent results, many of which have not appeared in journals
yet (at the time of writing).

Let us briefly point out the differences in blow-up behavior in the subcritical and super-
critical cases.

(i) If p < pS andΩ is bounded then blow-up of positive solutions is complete in the
sense that there is no weak continuation beyond blow-up, see Section 1.2. On the
other hand, forp > pS there are many examples of solutions which blow up in
finite time but continue to exist globally in the weak sense, see Sections 1.1, 3, 7,
8.7 and 9. Continuation beyond blow-up is the main theme of this chapter.

(ii) In the casep < pS, solutions blow up with the same rate (in time) as solutions of
the corresponding ordinary differential equation (ODE)u′ = |u|p−1u, while for

p > 1+ 4

N − 4− 2
√
N − 1

, N > 10,
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there are counterexamples, and forp = pS there are formal counterexamples, see
Section 5.

(iii) Global solutions are bounded by a constant which depends only on theL∞ norm of
initial data ifΩ is bounded andp < pS, see [97]. This is not true ifp � pS andΩ is
star shaped. We shall discuss global unbounded solutions in Sections 10.1 and 10.2.

It is well known that the critical Sobolev exponent plays also a crucial role in the ex-
istence of positive stationary solutions and in the existence of nonconstant backward self-
similar solutions, see Section 2.

Since the embedding of the Sobolev spaceW1,2(Ω) in the Lebesgue spaceLp+1(Ω) is
not valid if p > pS, it is hard to apply functional analysis. The maximum principle and its
more sophisticated one-dimensional version – intersection comparison or “zero number”
play a very important role in the study of supercritical blow-up. We shall illustrate that in
Section 8 in detail. Because of the use of the intersection comparison method, most results
reviewed here are restricted to radially symmetric solutions. Another fruitful technique is
the method of matched asymptotics, see Section 10.2. It yields the correct result formally
but it also serves as a reliable guiding principle in finding a rigorous proof.

For the exponential equation

ut =�u+ λeu, λ > 0,

the casesN � 2,N > 2 are in some sense similar top < pS, p > pS, respectively. A sig-
nificant part of this chapter is devoted to this equation whenN > 2.

1. Beyond blow-up

1.1. GlobalL1-solutions

We begin with the definition ofL1-solutions of the problem





ut =�u+ f (u), x ∈Ω, t > 0,

u= 0, x ∈ ∂Ω, t > 0,

u(·,0)= u0, x ∈Ω,

(1.1)

hereΩ is a bounded domain inRN .

DEFINITION 1.1. By anL1-solution of (1.1) on[0, T ] we mean a functionu ∈ C([0, T ];
L1(Ω)) such thatf (u) ∈ L1(QT ), QT :=Ω × (0, T ), and the equality

∫

Ω

[uΨ ]tτ dx −
∫ t

τ

∫

Ω

uΨt dx ds =
∫ t

τ

∫

Ω

(
u�Ψ + f (u)Ψ

)
dx ds

holds for any 0� τ < t � T andΨ ∈ C2(	QT ), Ψ = 0 on ∂Ω × [0, T ]. By a global
L1-solution we mean anL1-solution which exists on[0, T ] for everyT > 0.
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For f (u) = up it was shown in [88] that a global unbounded (inL∞) positive
L1-solution exists ifΩ is convex and(N − 2)p � N + 2. We now explain the reason
why such a solution exists. By the Pohozaev identity (cf. [92]), there is no positive equilib-
rium. The equilibriumu= 0 is stable. If we choose an initial functionu0 ∈ C(	Ω), u0 � 0,
u0 �≡ 0, and denote byu(·, t;λu0) the solution of (1.1) withu(·,0)= λu0 then

λ∗ := sup
{
λ > 0: u(·, t;λu0) is a global classical solution

such thatu(·, t;λu0)→ 0 ast→∞
}

is positive and finite since forλ large the solutionu(·, t;λu0) blows up in finite time.
Now, u(·, t;λ∗u0) cannot be global and bounded since otherwise itsω-limit set would
have to contain a nonnegative equilibrium. But the only nonnegative equilibrium is zero
and its domain of attraction is open in any reasonable topology. Henceu(·, t;λ∗u0) cannot
converge to zero ast →∞. On the other hand, if we take a sequence{λn} such that
λnր λ∗ thenu(·, t;λnu0) is a monotone sequence of global solutions, and the monotone
convergence theorem can be used in order to pass to the limit in a suitable weak formulation
of (1.1) and show thatu(·, t;λ∗u0) is a globalL1-solution (see [88] for more details).

For a long time it had been an open problem whether or notu(·, t;λ∗u0) is classical for
all t > 0 and becomes unbounded only ast→∞. An answer was given in [35] in the case
whenΩ = BR(0) := {x ∈ R

N : |x|< R} andu0 is radially symmetric. It is shown in [35]
that if (N −2)p =N +2 andu0 is radially decreasing thenu(·, t;λ∗u0) is indeed classical
for all t > 0; while for

N + 2

N − 2
<p

(
< 1+ 6

N − 10
if N > 10

)
, (1.2)

u(·, t;λ∗u0) blows up in finite time and continues to exist globally only as anL1-solution.
It follows from [35] and a recent result in [83] thatu(·, t;λ∗u0) blows up in finite time for
all p > (N + 2)/(N − 2), N > 2.

1.2. Complete blow-up

Under several circumstances a solution that blows up at a finite timeT cannot be continued
as anL1-solution beyondT . This phenomenon is called complete blow-up. To describe it,
let us recall a result from [2], as applied to (1.1) withf (u)= up.

Let fn(u) :=min{up, n}. Let un be the unique global classical solution of

(un)t =�un + fn(un), x ∈Ω, t > 0,

un = 0, x ∈ ∂Ω, t > 0,

un(·,0)= u0 � 0, x ∈Ω,u0 ∈ L∞(Ω).

Suppose that one of the following holds:
(a) u0 ∈W1,1

0 (Ω) and�u0+ f (u0)� 0 in D′(Ω),
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(b) (N − 2)p <N + 2.
Assume that the solutionu of (1.1) with f (u) = up blows up at the timeT ∈ (0,∞).
Thenu blows up completely in the sense that

(i) limn→∞ un(x, t)= u(x, t) for all (x, t) ∈Ω × [0, T ),
(ii) lim n→∞ un(x, t)=∞ for all (x, t) ∈Ω × (T ,∞).
It was shown later in [35] that ifΩ = BR(0) andu0 is radially symmetric then blow-up

is complete in the above sense also forp = (N + 2)/(N − 2), N > 2. Other results on
complete blow-up can also be found, for example, in [35,62,68].

The notion of complete blow-up can be defined in the same manner for a more general
nonlinearityf (u), including the casef (u)= eu, see [68].

A different but equivalent definition of complete blow-up was used in [62]. There prob-
lem (1.1) was reformulated by seeking the minimal solution to the integral equation

u(x, t)= λ

∫ t

0

∫

Ω

G(x,y, t − τ)f
(
u(y, τ )

)
dτ dy +

∫

Ω

G(x,y, t)u0(y)dy,

(1.3)

whereG is the Green function for the heat equation inΩ with the Dirichlet boundary
condition on∂Ω . The true time of existencetc (tc � T ) is defined as

tc := sup
{
t : u(·, t) <∞ almost everywhere inΩ

}
.

Blow-up is then called complete iftc = T . It was observed in [2] that limn→∞ un is the
minimal solution of (1.3).

2. Self-similar solutions

2.1. Backward self-similar solutions for the power

By a backward self-similar solution of the equation

ut = urr +
N − 1

r
ur + |u|p−1u, r > 0,p > 1, (2.1)

we mean a solution of the form

u(r, t)= (T − t)−1/(p−1)ψ(y), y = r√
T − t

, T ∈R, t < T ,

whereψ is a solution of the ODE

ψyy +
(
N − 1

y
− y

2

)
ψy + |ψ |p−1ψ − 1

p− 1
ψ = 0, y > 0. (2.2)

Bounded solutions of this equation satisfy the initial conditions

ψ(0)= α, ψy(0)= 0. (2.3)
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In the casep � pS, the only bounded solutions of (2.2) are the constants

ψ ≡ 0, ψ ≡±κ, κ := (p− 1)−1/(p−1),

see [39]. On the other hand, forpS<p < p∗,

p∗ :=
{∞ if N � 10,

1+ 4
N−4−2

√
N−1

if N > 10, (2.4)

there exists an increasing sequence{α}∞n=1, αn → ∞, such that the solutionψn of
(2.2), (2.3) withα = αn satisfies

ψn(y) > 0 for y > 0, ψn(y)→ 0 asy→∞,

see [6,64,103]. For

p∗ � p < pL := 1+ 6

N − 10
,

there are at least finitely many solutions of (2.2), (2.3), see [65]. IfpS < p < pL then all
nonconstant positive bounded solutions of (2.2) intersect the explicit singular solution

ϕ∞(y) :=Ky−2/(p−1), K :=
(

2

p− 1

(
N − 2− 2

p− 1

))1/(p−1)

, (2.5)

at least twice, see [6,64,103] and [65].
Forp = 2, 6<N < 16, there is an explicit solution of (2.2), (2.3) of the form

ψ(y)= A

(a + y2)2
+ B

a + y2
,

where

a := 2
(
10D− (N + 14)

)
> 0,

A := 24a,

B := 24(D − 2) > 0, D :=
√

1+ N

2
,

see [32].
Matos [72] showed that for every solution of (2.2), (2.3) there is a constantC > 0 such

that

ψ(y)=±Cy−2/(p−1)(1−C1y
−2−C2y

−4+ o
(
y−4)) asy→∞,
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where

C1 := Cp−1− 2

p− 1

(
N − 2− 2

p− 1

)
, C2 := −pC1

(
2

p− 1
+ C1

2

)
.

Matano and Merle gave a classification of all solutions of (2.2) satisfying

∣∣ψ(y)
∣∣�C0

(
1+ y−2/(p−1)), y > 0,

whereC0 > 0 may depend onψ . They proved in [69] that forp > pS every such solutionψ
either satisfies (2.3) for someα > 0 orψ(y)=±ϕ∞(y).

In [78], Mizoguchi showed the nonexistence of positive bounded solutions of (2.2)
which intersectϕ∞ at least twice for

p > 1+ 7

N − 11
, N > 11.

A numerical study of Plecháč and Šverák [91] suggests that this is true ifp > pL , N > 10.

2.2. Forward self-similar solutions for the power

By a forward self-similar solution of (2.1) we mean a solution of the form

u(r, t)= (t − T )−1/(p−1)θ(y), y = r√
t − T

,T ∈R, t > T ,

whereθ is a solution of the ODE

θyy +
(
N − 1

y
+ y

2

)
θy + |θ |p−1θ + 1

p− 1
θ = 0, y > 0. (2.6)

Equation (2.6) with the initial conditions

θ(0)= β, θy(0)= 0, (2.7)

was first studied by Haraux and Weissler in [47]. It was shown there that ifθβ is the solution
of (2.6), (2.7) then

L(β) := lim
y→∞

y2/(p−1)θβ(y)

exists and is a locally Lipschitz continuous function ofβ ∈ R, if p � 1+ 2/N then there
is no positive solution, ifp � pS andβ > 0 thenθβ(y) > 0 for y > 0 andL(β) > 0.

The main goal of [47] was to prove that if 1+ 2/N < p < pS thenL(β0)= 0 for some
β0 > 0 such thatθβ0(y) > 0 for y > 0. Moreover, for suchp there exist infinitely many
pairsβ1, β2 such that 0< β1 < β2 < β0, L(β1) = L(β2) and bothθβ1, θβ2 are positive
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everywhere. Also,θβ(y) > 0 for y > 0 if 0 < β < β0. Furthermore,L(β) > 0 if β > 0 is
sufficiently small.

Dohmen and Hirose [12] proved that ifN/(N − 2) � p < pS andβ > β0 thenθβ as-
sumes negative values. In fact, they showed uniqueness ofβ0, see [112] for the same result
in the caseN = 1 and [113] in the casep �N/(N − 2).

Souplet and Weissler showed in [102] thatL(β) oscillates aroundK (see (2.5)) infinitely
many times asβ→∞ if pS < p < p∗, while L(β) = K for at least two values ofβ if
N/(N − 2) < p � pS.

2.3. Backward self-similar solutions for the exponential

By a backward self-similar solution of the equation

ut = urr +
N − 1

r
ur + eu, r > 0,p > 1, (2.8)

we mean a solution of the form

u(r, t)= log(T − t)+ψ(y), y = r√
T − t

, T ∈R, t < T ,

whereψ is a solution of the ODE

ψyy +
(
N − 1

y
− y

2

)
ψy + eψ − 1= 0, y > 0. (2.9)

We are interested in solutions of (2.9) which satisfy

ψ(0)= α � 0, ψy(0)= 0 (2.10)

and

lim
y→∞

(
1+ y

2
ψy(y)

)
= 0. (2.11)

Condition (2.11) arises naturally for formal (physical) reasons (see [4]) and it means in
particular that ifu is a backward self-similar solution of (2.8) withψ satisfying (2.11) then
limt→T u(r, t) exists and is finite forr > 0.

In the caseN = 1,2, there is no solution of (2.9)–(2.11), see [4,15]. On the other hand,
for 3 � N � 9, there exists an increasing sequence{α}∞n=1, αn→∞, such that the solu-
tionψn of (2.9), (2.10) satisfies (2.11), see [16]. Lacey and Tzanetis [63] proved that there
is a solutionψα of (2.9)–(2.11) such that

lim
y→∞

(
ψα(y)+ log

y2

2

)
=−C, C > 0. (2.12)
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2.4. Forward self-similar solutions for the exponential

Forward self-similar solutions of (2.8) are solutions of the form

u(r, t)= log(t − T )+ θ(y), y = r√
t − T

,T ∈R, t > T ,

whereψ is a solution of the ODE

θyy +
(
N − 1

y
+ y

2

)
θy + eθ + 1= 0, y > 0. (2.13)

ForN = 3 it was shown by Lacey and Tzanetis [63] that ifθβ is a solution of (2.9) with
initial conditions

θ(0)= β, θy(0)= 0, (2.14)

then

L(β) := − lim
y→∞

(
θβ(y)+ log

y2

2

)

exists and is a continuous function ofβ ∈R; L(β)→∞ asβ→−∞ and there existsβ0
such thatL(β0) = 0. It is easy to see that the results from [63] can be generalized to
3�N � 9. Vázquez proved in [104] that−∞<minL(β) < 0.

3. Examples of peaking solutions for the Cauchy problem

It was shown in [63] that for the equation

ut =�u+ eu

in R
3 there exist backward and forward self-similar solutions which coincide at the timeT

where single point blow-up occurs. Namely, if we chooseα such that (2.12) holds then
there existsβ such thatL(β)= C. Thusψα andθβ can be glued together to form a “peak-
ing solution” for t ∈R. The uniqueness of the continuation was left open. The above con-
struction of a global peaking solution yields anL1-solution. It was shown in [35] that a
similar construction can be done for

ut =�u+ up

in R
N providedN > 2 andp satisfies (1.2). For each positive integerk there isα large

enough such thatψα has at leastk different forward self-similar continuations beyond
blow-up, see [20].
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In [80], Mizoguchi constructed forp > p∗ minimalL1-solutionsui , i = 1,2,3, of

{
ut =�u+ |u|p−1u, x ∈R

N , t > 0,

u(x,0)= u0(x), x ∈R
N ,

(3.1)

which blow up att = Ti <∞, become regular fort > Ti and behave as follows:
(i) ‖u1(·, t)‖L∞→ 0 ast→∞,

(ii) 0 < lim inf t→∞ ‖u2(·, t)‖L∞ � lim supt→∞ ‖u2(·, t)‖L∞ <∞,

(iii) ‖u3(·, t)‖L∞→∞ ast→∞.
Ideas from [56] and [96] play an important role in this construction.

An explicit example of a solution which blows up arbitrarily many times was given by
Pierre [90]. He observed that

u(x, t) := 1

|x|2+ψ(t)

is anL1-solution of the equation

ut =�u+ g
(
|x|, t

)
u2, g(r, t) := 2N −ψ ′(t)− 8r2

r2+ψ(t)
,

providedψ is a nonnegativeC1-function andN > 4. Obviously,u blows up at each timet
such thatψ(t)= 0.

4. Boundedness of global solutions

Consider problem (1.1) withf (u)= |u|p−1u, wherep > 1 andu0 ∈ L∞(Ω).
The study of boundedness of global solutions was initiated by Ni, Sacks and

Tavantzis [88]. Their result can be expressed roughly in the following way. Ifp <

(N + 2)/N , Ω is convex,u0 � 0 andu is a global (classical) solution then

u(x, t)�C(u0,Ω,p), x ∈Ω, t > 0,

where the constantC(u0,Ω,p) > 0 depends on the shape ofu0 near∂Ω .
An improvement of the result from [88] was given by Cazenave and Lions [7]. They

removed the assumptions on convexity ofΩ and nonnegativity ofu0 and showed that
global solutions are uniformly bounded ifp < pS (without giving any explicit dependence
of the bound on the data). An a priori bound of the form

∣∣u(x, t)
∣∣� C

(
‖u0‖L∞(Ω),Ω,p

)
, x ∈Ω, t > 0, (4.1)

for any global solutionu was established in [7] forp(3N − 4) < 3N + 8.
Later Giga [38] derived an a priori bound of the form

u(x, t)�C
(
‖u0‖L∞(Ω),Ω,p

)
, x ∈D, t > 0,
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for any nonnegative global solutionu whenp < pS.
The results from [7] and [38] were improved by Quittner [97] who proved that (4.1)

holds for the whole subcritical rangep < pS.
The first universal bound (independent of initial data) was established in [24]. More

precisely, if(N − 1)p <N + 1, τ > 0 andu is a global nonnegative solution then

u(x, t)� C(τ,Ω,p), x ∈Ω, t � τ. (4.2)

Slightly later, Quittner derived a universal bound of this kind in [98] forp < pS and
N � 3. Recently, Quittner, Souplet and Winkler have obtained (4.2) in [99] if eitherp < pS
andN � 4 or (N − 3)p <N − 1. They also studied the dependence ofC(τ,Ω,p) on τ .

Using intersection comparison with a backward self-similar solution, Galaktionov and
Vázquez showed in [35] that ifΩ is a ball then any global classical radial solution is
uniformly bounded ifpS<p < pL . For a recent result in the casep > p∗ see Theorem 4.1.

Consider next problem (3.1). Whenp < pS andu is a global solution withu0 satisfying

∫

RN

(
u2

0(x)+
∣∣∇u0(x)

∣∣2)e|x|2/4 dx <∞,

then the estimate

∥∥u(·, t)
∥∥
L∞(RN )

� Ct−1/(p−1), t > 0, (4.3)

was obtained by Kavian [59] with a constantC depending onu0. In [101], Souplet proved
that whenp < pS, any global nonnegative solution of (3.1) withu0 ∈ L2 ∩L∞ satisfies

lim
t→∞

∥∥u(·, t)
∥∥
L∞(RN )

= 0.

In [74], Matos and Souplet showed that (4.3) holds with a constantC independent ofu0
providedp < pS, N � 3, u0(x) = U0(|x|) � 0 andU0 is a bounded nonincreasing func-
tion.

Mizoguchi proved in [77] that ifpS< p < pL , u0(x)= U0(|x|) � 0, U0 ∈ C1([0,∞))

is compactly supported, the set of strict local minima ofU0 is bounded away from zero and
u is a global (classical) solution thenu(·, t)→ 0 locally uniformly ast→∞.

The main result of [83] is the following theorem.

THEOREM 4.1. Letp > p∗.
(i) Letu be a global classical solution of(1.1),whereΩ is a ball, f (u)= up, u0(x)=

U0(|x|)� 0. Thenu is uniformly bounded.
(ii) Assumeu is a global classical solution of(3.1),u0(x)=U0(|x|)� 0 and there are

c,R > 0, c <K , such that

U0(r)� cr−2/(p−1), r > R.

Thenu is uniformly bounded.
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Consider problem (1.1) withf (u) = λeu, λ > 0. ForN = 1,2 it was shown in [18]
that every global classical solution is uniformly bounded. On the other hand, forN � 10,
λ = 2(N − 2), global unbounded classical solutions do exist (cf. [61,89]) whenΩ =
B1(0) = {x ∈ RN : |x| < 1}. In [23] it was shown that every global classical solution is
uniformly bounded if 3�N � 9, λ > 0,Ω = B1(0) andu0(x)=U0(|x|).

5. Blow-up rate

5.1. Definition of type I and type II blow-up

Let u be a solution of the equation

ut =�u+ |u|p−1u

which blows up at a finite timeT . A simple comparison argument (cf. [28]) shows that

∥∥u(·, t)
∥∥
L∞ �

(
(p− 1)(T − t)

)−1/(p−1) for 0� t < T .

Here ((p − 1)(T − t))−1/(p−1) is a solution of the corresponding ordinary differential
equationu′ = |u|p−1u.

DEFINITION 5.1. We say that blow-up is of type I if(T − t)1/(p−1)‖u(·, t)‖L∞ stays
bounded ast → T . Blow-up is called type II if it is not of type I. This means that
blow-up is of type II if and only if there is a sequence{tn}, tn → T , such that(T −
tn)

1/(p−1)‖u(·, tn)‖L∞→∞.

Type II blow-up is sometimes called “fast blow-up” but as pointed out in [69], there
is also a “slow” aspect of type II blow-up. Namely, if we denotem(t) = ‖u(·, t)‖L∞
thenm′(t)=O(mp(t)) for type I blow-up, whilem′(tn)= o(mp(tn)) for type II blow-up.
Hence, type II blow-up solutions frequently grow at a rate slower thanmp .

For the exponential equation

ut =�u+ λeu, λ > 0,

blow-up is of type I if log(T − t)+ ‖u(·, t)‖L∞ is bounded and of type II otherwise.

5.2. Type I blow-up

Let us consider problem (1.1) withf (u)= |u|p−1u, p > 1, or problem (3.1). We assume
thatu0 ∈ L∞.

The first result on type I blow-up was established by Weissler in [111] under the as-
sumptions thatp < pS, Ω is a ball,u is radially decreasing,u,ut � 0 andut (·, t) achieves
its maximum at zero. An earlier example of type I blow-up can be found in [110].
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Using the maximum principle, Friedman and McLeod showed in [28] that blow-up is of
type I if Ω is bounded andu,ut � 0.

Giga and Kohn proved in [39,40] that blow-up is of type I providedΩ is a bounded con-
vex domain orΩ =R

N and eitheru0 � 0,p < pS or (3N−4)p < 3N+8. Recently, Giga,
Matsui and Sasayama have replaced the technical assumption(3N − 4)p < 3N + 8 by
p < pS in [42,43]. All these results were established by energy methods. In [34],
Galaktionov and Posashkov obtained that blow-up is of type I forN = 1 using a differ-
ent method. Merle and Zaag [75,76] refined the above results by proving that

(
(p− 1)(T − t)

)1/(p−1)∥∥u(·, t)
∥∥
L∞→ 1 as t→ T .

In the critical casep = pS, Filippas, Herrero and Velázquez proved in [27] that blow-up
is of type I if the initial function is positive, radially symmetric and decreasing inr . In [69],
Matano and Merle removed the assumption that the initial function is decreasing inr .

In the casepS< p < p∗, it was shown in [69] that blow-up is of type I providedΩ is
a ball andu is radially symmetric. A similar result forΩ = R

N can also be found in [69]
under the additional assumption that there is somet0 ∈ [0, T ) such that the functions
|u(·, t0)| − ϕ∞ andut (·, t0) change sign only finitely many times in[0,∞).

In [71], Matos proved that unfocused blow-up of radially symmetric solutions (Ω is a
ball orΩ =R

N ) is of type I for anyp > 1. By unfocused blow-up at timeT > 0 we mean
that there existr0 > 0, rn→ r0, tn→ T such that|u(rn, tn)| →∞.

For the exponential equation, blow-up is of type I ifΩ is bounded andu,ut � 0,
see [28].

5.3. Type II blow-up

In [55,56], Herrero and Velázquez gave an example of a positive radial solutionu of (3.1)
with type II blow-up forp > p∗.

To indicate how type II blow-up occurs in [55,56], and to explain the role of the assump-
tion p > p∗, we first introduce the change of variables

w(y, s)= (T − t)1/(p−1)u(r, t), y = r√
T − t

, s =− log(T − t). (5.1)

Thenw satisfies the equation

ws =wyy +
(
N − 1

y
− y

2

)
wy +wp − 1

p− 1
w, y > 0,

and ifw(·, s) converges to the singular stationary solutionϕ∞ ass→∞ thenu exhibits
type II blow-up. To show that such solutionw exists one linearizes aroundϕ∞ by setting

Ψ (y, s) :=w(y, s)− ϕ∞(y).



Blow-up of solutions of supercritical parabolic equations 119

ThenΨ satisfies (fory > 0) the equation

Ψs = Ψyy +
(
N − 1

y
− y

2

)
Ψy + p

Kp−1

y2
Ψ − Ψ

p− 1

+
((
ϕ∞(y)+Ψ

)p −
(
ϕ∞(y)

)p − p
Kp−1

y2
Ψ

)

=: −AΨ + f (Ψ ).

Let

L2
w =

{
g ∈ L2

loc:
∫ ∞

0
g2(y)yN−1e−y

2/4 dy <∞
}

and

H 1
w =

{
g ∈H 1

loc: g,g
′ ∈ L2

w

}
.

To prove thatΨ (s, y)→ 0 ass→∞ in a suitable way, a key point consists in showing
that the linear operatorA with domainD(A) = {g ∈ H 1

w: Ag ∈ L2
w} has a self-adjoint

extension. This can only be done ifp > p∗.
A new shorter proof of the existence of a type II blow-up solution forp > p∗ can be

found in [79]. The main ideas in [79] are similar as in [56].
In [78], Mizoguchi used her result on nonexistence of positive bounded backward self-

similar solutions intersectingϕ∞ at least twice (cf. Section 2.1) to show that forN � 24
there ispN > 1 such that type II blow-up of a positive radial solution occurs providedΩ is
a ball andp � pN .

Using her result on boundedness of global solutions (Theorem 4.1(i)), Mizoguchi es-
tablished in [83] the existence of a type II blow-up solution whenΩ is a ball and
p > 1+ 7/(N − 11), N > 11.

In the critical casep = pS, 3 � N � 6, Filippas, Herrero and Velázquez constructed
formal examples of type II blow-up for sign-changing solutions by matched asymptotics
in [27].

No examples of type II blow-up are available for the exponential equation.

6. Convergence to backward self-similar solutions

Let us consider problem (1.1) withf (u)= |u|p−1u, p > 1, or problem (3.1).
By the blow-up setB(u0) of a solutionu which blows up att = T <∞ we mean the set

of all x ∈ 	Ω such that there exist sequences{xn} ⊂Ω , {tn} ⊂ (0, T ), xn→ x, tn→ T , for
which |u(xn, tn)| →∞.

Assume thatΩ is a ball centered at the origin orΩ =R
N andu0 is radially symmetric.

If Ω = R
N assume further thatu0 ∈H 1(RN ). Let u exhibit type I blow-up. Then one of
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the following holds (see [69,71]):
(1) B(u0)= {0},
(2) B(u0) is the union of finitely many spheres centered at the origin,
(3) B(u0) is the union of finitely many spheres centered at the origin and{0}.
If u0 /∈ H 1(RN ) whenΩ = R

N thenB(u0) may contain infinitely many spheres or it
may be empty. (Blow-up may occur only at|x| =∞, see [44].)

Concerning the local blow-up profile near a pointa ∈ B(u0), Matano and Merle proved
the following theorem in [69].

THEOREM 6.1. Let Ω = {x ∈ R
N | |x| < R}, R > 0, let u0 be radially symmetric and

p > pS, N > 2.
(i) If a ∈ B(u0), a �= 0, then

lim
t→T

(T − t)1/(p−1)u
(
a + y

√
T − t, t

)

=±(p− 1)−1/(p−1) locally uniformly iny ∈R
N .

(ii) If 0∈ B(u0) and if blow-up is of type I then

lim
t→T

(T − t)1/(p−1)u
(
a + y

√
T − t, t

)

=ψ
(
|y|
)

locally uniformly iny ∈R
N , (6.1)

whereψ is a solution of(2.2), (2.3)with α �= 0.
(iii) If 0∈ B(u0) and if blow-up is of type II then

lim
t→T

(T − t)1/(p−1)u
(
a + y

√
T − t, t

)
= ψ̃

(
|y|
)

locally uniformly iny ∈R
N ,

whereψ̃ is as in(ii) or ψ̃ =±φ∗.

Giga and Kohn [39–41] showed that forp < pS one has

lim
t→T

(T − t)1/(p−1)u
(
a + y

√
T − t, t

)

= (p− 1)−1/(p−1) locally uniformly iny ∈R
N ,

providedΩ is a convex bounded domain inRN orΩ =R
N andu0 � 0.

Part (i) of Theorem 6.1 was proved earlier in [71] under the additional assumption that
blow-up is of type I and part (ii) in [72] for positive solutions. In [73] it was shown that if a
solution blows up at a finite timeT but continues to exist as anL1-solution fort > T then
either blow-up is of type II or (6.1) holds with a nonconstant solution of (2.2), (2.3). By
the result from [69] mentioned in Section 5.2, blow-up is of type I ifpS< p < p∗. There-
fore, for solutions which can be continued beyond blow-up (6.1) holds with a nonconstant
solution of (2.2), (2.3) whenpS<p < p∗.
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For solutions of

ut = uxx + eu, |x|< 1, t > 0,

u(±1, t)= 0, t > 0,

u(x,0)= u0(x), |x|� 1,

which blow up atx = 0 andt = T it was shown in [3] that

lim
t→T

(
u
(
y
√
T − t, t

)
+ log(T − t)

)
= 0 locally uniformly iny ∈R,

under suitable assumptions onu0.
The same is true for solutions of

ut = uxx + eu, x ∈R, t > 0,

u(x,0)= u0(x), x ∈R,

if u0 is continuous nonnegative and bounded, see [52].
In higher space dimension, analogous results are known for radial solutions which are

decreasing in|x| = r and nondecreasing int , see [4].

7. Connecting equilibria by blow-up solutions

In the qualitative theory of one-dimensional parabolic equations, much effort has been de-
voted to the study of the connection problem – determining which equilibria are connected
by heteroclinic orbits (see [17] for recent results and references).

A traditional notion of a connection from an equilibriumφ−(x) to an equilibriumφ+(x)
means a classical solutionu(x, t) of an underlying parabolic equation which is defined for
t ∈ (−∞,∞) and satisfies

u(·, t)→ φ± ast→±∞. (7.1)

However, the paper [23] revealed the possibility of connecting equilibria by nonclassical
solutions which we callL1-connections. ConsideringL1-connections as well as classical
ones may provide more comprehensive understanding of the global dynamics of the un-
derlying parabolic equation. By anL1-connection we mean a functionu(·, t) which is a
classical solution on the interval(−∞, T ) for someT ∈ R and blows up att = T , but
continues to exist as a weak solution on[T ,∞) and satisfies (7.1) in a suitable sense.
The termL1-connections that we adopt here, is derived from the notion of anL1-solution,
which is conventionally used (cf. [88]) for weak solutions that can be viewed as continu-
ousL1(Ω)-valued functions oft (see Definition 7.2). Abusing the language slightly, we
exclude classical solutions when using this term: by anL1-connection we always mean a
nonclassicalL1-connection.
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The study ofL1-connections was initiated in [23] and further developed in [19] and [21].
We consider the problem





ut =�u+ λeu, x ∈ B1(0), t > 0,

u= 0, x ∈ ∂B1(0), t > 0,

u(x,0)= u0
(
|x|
)
, x ∈ B1(0),

(E)

whereB1(0)= {x ∈R
N : |x|< 1}, u0 is a continuous function on[0,1] vanishing atr = 1,

λ is a positive parameter and

3�N � 9.

To describe the results onL1-connections we have to recall some known properties of
equilibria of (E). The stationary problem corresponding to (E) is equivalent to

{
φrr + N−1

r
φr + λeφ = 0, r ∈ (0,1),

φr(0)= 0, φ(1)= 0.
(SE)

Note that even without the assumption on the radial symmetry ofu(·,0), problem (SE)
describes all equilibrium solutions of (E), since they are positive hence radially symmetric
due to the general result of [37]. By the same result, each equilibriumφ is decreasing inr .
In particular, we have

‖φ‖∞ = φ(0)

for theL∞ norm ofφ.

THEOREM 7.1 ([36,57], see Figure 1).Denote byS the solution set of the parameterized
problem(SE),

S =
{
(φ,λ): λ ∈R

+ andφ is a solution of(SE)
}
.

There exists a smooth curve

s �→
(
φ(s), λ(s)

)
: (0,∞)→ C

(	B1(0)
)
× (0,∞)

such thatS = {(φ(s), λ(s)): s > 0} and

sup
x∈B1(0)

φ(s)(x)= φ(s)(0)= s.

Moreover, the following holds:
(a) lims→0λ(s)= 0, lims→∞ λ(s)= λ∞ := 2(N − 2);
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Fig. 1. Bifurcation diagram for equilibria.

(b) lims→0φ(s)= 0 in C2([0,1]) and

lim
s→∞

φ(s)(r)= φ∞(r) := −2 lnr in C2
loc

(
(0,1]

)
; (7.2)

(c) λ(s) is a Morse function, that is,

if λ′(s)= 0 thenλ′′(s) �= 0;

(d) the set of all zeros ofλ′(·) is given by a sequence0< s1 < s2 < s3 < · · · →∞ and
the critical valuesλj = λ(sj ), j = 1,2,3, . . . , satisfy

λ1 > λ3 > · · ·> λ2j+1ց λ∞, λ2 < λ4 < · · ·< λ2j+2ր λ∞;

(e) for eachλ� λ1 define

φλi = φ(s̃i), i = 0,1, . . . ,

wheres̃0 < s̃1 < · · · is the sequence of all pointss with λ(s)= λ. This sequence is finite if
λ �= λ∞ and infinite ifλ= λ∞. In the latter case we have

φλi (r)→ φ∞(r) asi→∞.

By using standard bifurcation techniques and transversality arguments, it is not difficult
to establish classical connections between these equilibria. As shown in [23] (see also
Proposition 3.3 in [21]), ifλ is different from any of the critical valuesλ1, λ2, . . . , then a
classical connection fromφλk to φλj exists if and only ifk > j .

Now we introduce the notion of anL1-connection.
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DEFINITION 7.2. By a (nonclassical)L1-connection fromφλk to φλj we mean a function
u∗(r, t) such that

(i) u∗ is a classical solution of

ut =�u+ λeu, x ∈ B1(0),∞< t < T,

u= 0, x ∈ ∂B1(0),−∞< t < T,

for someT ∈R;
(ii) u∗ blows up att = T which means that

lim
t→T

∥∥u(·, t)
∥∥
L∞(B1(0))

=∞;

(iii) for any τ < T , u∗(x, t + τ) is a globalL1-solution of (E) withu0= u∗(·, τ );
(iv) u∗(·, t)→ φλk in C1([0,1]) ast→−∞;
(v) u∗(·, t)→ φλj in C1

loc((0,1]) ast→∞;
(vi) for any τ < T andu0 = u∗(·, τ ) there is a sequence{u0,n} ⊂ C([0,1]) such that

u0,n(1) = 0, u0,n → u0 in C([0,1]), and{u(r, t;u0,n)} is a sequence of global classical
solutions.

The last condition (vi) in this definition requires some explanation. It implies that
u∗ can be approximated, in the sense of pointwise convergence, by global classical so-
lutions on(0,1] × (−∞,∞). Thanks to this approximation property, we can derive vari-
ous useful properties ofu∗. It is known that condition (vi) is automatically satisfied if the
L1-continuation beyond the blow-up timeT is unique, but whether this latter property
always holds or not remains an open question.

Note also that condition (vi) is slightly weaker than the corresponding condition
in [19], where it is required that{u0,n} be an increasing sequence. It follows that the
L1-continuation beyond the blow-up time in the sense of [19] is minimal among all possi-
bleL1-continuations. As mentioned above, we do not yet know whether the continuation
beyond the blow-up time is unique. If it is not unique, it is an intriguing question to ask
whether all the possible continuations connectφλk to the same equilibriumφλj .

In [23] we found anL1-connection fromφλ2 to φλ0 and in [19] we proved that
anL1-connection fromφλk to φλ0 exists provided that eitherk � 2 is an even integer and
λ ∈ (λk, λk+1) or k > 2 is odd andλ ∈ (λk+1, λk).

We have the following necessary condition on the existence ofL1-connections.

THEOREM 7.3. If there exists anL1-connection fromφλk to φλj , thenk � j + 2.

Although this was proved in [19] under the more restrictive definition ofL1-connections,
the proof is easily seen to extend to the present more general definition. However, the proof
of nonexistence of a homoclinicL1-connection fromφλk to φλk was not completely correct
in [19] but it can be fixed easily. In Lemma 5.4 there, one should replaceφ∞ by φλn with
n large enough and show that the number of intersections withφλn drops before the blow-up
time. An alternative proof is offered by Lemma 2.3(ii) in [21].
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We conjectured in [19] that the converse of Theorem 7.3 is also true and we proved the
following theorem in [21].

THEOREM 7.4. AnL1-connection fromφλk to φλj exists providedk � j + 2.

We thus gave a complete answer to the question of determining which classical equilibria
are connected byL1-solutions. Note that no information is lost by restricting our consider-
ations to radial solutions. In fact, any solution that is classical on an interval(−∞, T ) and
approaches an equilibrium ast→−∞ must be radially symmetric in space (see [94]).

8. Immediate regularization after blow-up

In this section we review the main results and ideas from [22]. We consider the problem





ut =�u+ f (u), x ∈ B1, t > 0,

u= 0, x ∈ ∂B1, t > 0,

u(x,0)= u0(x)
(
=U0

(
|x|
))
, x ∈ B1,

(P)

whereB1= {x ∈R
N : |x|< 1}, U0 ∈ C([0,1]), U0 � 0 withU0(1)= 0, and either

f (u)= λeu, λ > 0,3�N � 9, (8.1)

or

f (u)= up,
N + 2

N − 2
<p < p∗,N � 3, (8.2)

wherep∗ is defined in (2.4).
In the case of the exponential nonlinearity (8.1), we shall further assume thatU0(r) is a

nonincreasing function on[0,1].
We shall show that if a solution blows up in a finite timet = T <∞ but continues to

exist as a weak solution fort > T , then this extended solution becomes regular immediately
after the blow-up timeT , that is, it possesses no singularity in the time intervalT < t < T ∗

for someT ∗ ∈ (T ,∞]. Here, by an extended solution we mean the minimalL1-solution in
the sense of the following definition.

DEFINITION 8.1. By alimit L1-solutionwe mean a globalL1-solution (cf. Definition 1.1)
which can be approximated by global classical solutions in the following way: There is a
sequence{u0,n} in C(	B1) such that

u0,n→ u0 in C
(	B1

)
(8.3)
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and that the solutionun of (P) withu(·,0)= u0,n exists globally fort � 0 and satisfies

un(·, t)→ u(·, t) in L1(B1) for everyt > 0,

f (un)→ f (u) in L1(B1× (0, t)
)

for everyt > 0.
(8.4)

We refer to any such sequence{un} as anapproximating sequencefor u. We call a limit
L1-solution aminimalL1-solutionif it has an approximating sequence that is nondecreas-
ing in n.

Now, given a minimalL1-solutionu, we define the set ofregular time momentsby

R := {t0 > 0: u is a classical solution on some time interval aroundt = t0}

and theset of singular time momentsby S = (0,∞) \R. By Lemma 2.16 in [22], we see
thatS = B, where

B :=
{
t0 > 0: lim

t→t0

∥∥u(·, t)
∥∥
L∞(B1)

=∞
}
.

Our main aim is to show thatB is a finite set. This in particular implies that the solution
recovers smoothness immediately after blow-up, and it remains smooth untilt = ∞ or
until the next blow-up occurs. We also give an example of a limitL1-solution for which
B is a singleton.

The next propositions show that the convergence of approximating classical solutions to
a limit L1-solution takes place in a much stronger topology than (8.4).

PROPOSITION8.2. Assume that

f (u)= λeu, N > 2,

and thatu0(x)=U0(|x|) with

U0 ∈ C1([0,1]
)
, U ′0 � 0, U0(1)= 0.

Letu be a limitL1-solution and let{un} be an approximating sequence foru. Then
(i) for eacht > 0,

un(·, t)→ u(·, t) in H 1
0 (B1), eun(·,t)→ eu(·,t) in Lq(B1)

for any 1 � q < N/2. Moreover, for each1 � q < N/2 there is a constantMq > 0 such
that

‖u‖Lq (B1) �Mq ,
∥∥λeu

∥∥
Lq (B1)

�Mq ,

and for eachδ > 0 there is a constantCδ > 0 such that
∥∥u(·, t)

∥∥
H1

� Cδ, δ � t <∞;
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(ii) u ∈ C((0,∞);H 1
0 (B1));

(iii) for eacht > 0,

un(·, t)→ u(·, t) in C2
loc

(	B1 \ {0}
)
;

(iv) J [un]→ J [u] asn→∞,

henceJ [u(·, t)] is monotone nonincreasing int , where

J [u] =
∫

B1

(
1

2
|∇u|2− λeu

)
dx.

For the power nonlinearity we have the following proposition.

PROPOSITION8.3. Assume

f (u)= up, N > 2,p >
N + 2

N − 2
,

and thatU0 ∈ C[0,1]. Let u be a limit L1-solution and let{un} be an approximating
sequence foru. Then for eacht > 0,

un(·, t)→ u(·, t) in H 1
0 (B1)∩Lq(B1)∩C2

loc

(	B1 \ {0}
)

for any1� q <N(p− 1)/2. Furthermore,

u ∈ C
(
(0,∞);H 1

0 (B1)
)

andJ [u(·, t)] is monotone nonincreasing int , where

J [u] =
∫

B1

(
1

2
|∇u|2− 1

p+ 1
|u|p+1

)
dx.

8.1. Statement and remarks

Let I be an interval (open, halfopen or closed) with endpointsa, b, −∞ � a < b �∞,
and letf be a continuous function onI . We define thezero numberof f by

ZI (f )= sup
{
n ∈N: there area < x0 < x1 < · · ·< xn < b

such thatf (xi)f (xi+1) < 0 for 0� i < n
}

if f changes sign inI andZI (f )= 0 otherwise.
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THEOREM 8.4. Let u be a minimalL1-solution of problem(P) which blows up in a fi-
nite timeT , and let either(8.1) or (8.2) be satisfied. Assume that the initial dataU0(|x|)
satisfies

U0 ∈ C
(
[0,1]

)
, U0(r)� 0, 0� r � 1.

In the case(8.1),assume further thatU0(r) is nonincreasing in0� r � 1.Then there exists
a positive integerk such that

B = {ti}ki=1, t1= T < t2 < · · ·< tk <∞.

Consequently, the solution is regular except att = ti , i = 1,2, . . . , k. Moreover, the follow-
ing estimate holds

2k− 1� j := min
0<t<T

Z[0,1]
(
ut (·, t)

)
. (8.5)

In particular, if U0 ∈ C2([0,1]) then

2k− 1� j0 :=Z[0,1]

(
U ′′0 +

N − 1

r
U ′0+ f (U0)

)
. (8.6)

REMARK 8.5. Sincew := ut satisfies a parabolic equation of the form

wt =wrr +
N − 1

r
wr + a(r, t)w,

andw(1, t)= 0, the zero numberZ[0,1](ut (·, t)) is nonincreasing int and is finite for every
0< t < T . See [10] for details. Consequently, the minimum on the right-hand side of (8.5)
is well defined and is a finite integer. It is also clear thatj � j0.

REMARK 8.6. In order for the solutionu to be a globalL1-solution, it should necessar-
ily hold that j > 0. Indeed, ifj = 0, this means that the solution satisfiesut (r, t) � 0,
0 � r � 1, for t close toT . By the result of [2], this means a complete blow-up, therefore
the solution cannot be continued as anL1-solution beyond the blow-up timeT .

REMARK 8.7. The above theorem means that the solution recovers smoothness immedi-
ately after the blow-up time. Note that this result does not follow from standard parabolic
estimates. Indeed, at the time of blow-up, some of the solutions may have a singularity of
the form log(1/|x|2)+C (in the case (8.1)) or of the formC|x|−2/(p−1) (in the case (8.2)),
as exemplified by certain self-similar solutions. When such singularities occur, the solution
profile u(x,T ) does no longer belong to the space where (P) is well posed (for example,
Lq(B1) with q > (N − 1)p/2 in the case (8.2)), therefore parabolic regularization alone
cannot bring the solution back to the space where (P) is well posed. Thus smoothness
does not follow automatically. Indeed the singular stationary solutionϕ∞ defined below
is an example of a weak solution that never becomes regular. (Sinceϕ∞ is not a minimal
L1-solution, there is no contradiction with the above theorem.)
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REMARK 8.8. We have that limtրt0 ‖u(·, t)‖L∞ =∞ for every t0 ∈ B. However we do
not know whether or not this always implies that‖u(·, t0)‖L∞ =∞. Since our equation
has a supercritical nonlinearity, some subtle behavior may occur near the origin at the time
of blow-up.

8.2. Singular stationary solutions

In the proof of Theorem 8.4, a singular stationary solution plays an important role. The
equation

urr +
N − 1

r
ur + f (u)= 0, r > 0, (8.7)

has an explicit singular solutionϕ∞ if either f (u) = λeu, N � 3, or f (u) = up, N � 3,
p >N/(N − 2). Namely,

ϕ∞(r)= log
2(N − 2)

λr2
(8.8)

in the former case, andϕ∞ was defined in (2.5) in the latter case. The assumption that
N � 9 in (8.1) orp < p∗ in (8.2) guarantees the existence of a forward self-similar solution
of the problem





ut = urr + N−1
r
ur + f (u), r, t > 0,

ur(0, t)= 0, t > 0,

u(r,0)= ϕ∞(r), r > 0,

(S)

which is regular forr � 0, t > 0 (cf. [35,102,104]). This forward self-similar solution is
needed in our proof of Theorem 8.4.

Another notable feature of the critical dimensionN = 9 for f (u)= λeu and the critical
powerp = p∗ for f (u)= up is that under the assumption (8.1) or (8.2), it is well known
that the graph of any smooth solution of (8.7) intersects with the graph of the singular solu-
tion ϕ∞ infinitely many times, while this is not the case ifN > 9 (in the exponential case)
orp > p∗ (in the power case). This property will also be used in our proof of Theorem 8.4.

8.3. Zero number properties for singular solutions

It is well known that ifu andv are classical solutions of (P), thenZ[0,1](u(·, t)− v(·, t)) is
a nonincreasing function oft . This is becausew := u− v satisfies a parabolic equation of
the form

wt =wrr +
N − 1

r
wr + a(r, t)w.
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Moreover, each time the functionr �→ u(r, t)− v(r, t) develops a degenerate zero some-
where in[0,1], the above zero number drops at least by 1. See [10] for details. It is easily
seen that the same is true ifu is a classical solution andv = ϕ∞, sinceu(r, t) − ϕ∞(r)
always have the same sign (i.e., negative) nearr = 0. However, ifu is anL1-solution, then
both u andϕ∞ may have a singularity atr = 0, and this makes the situation a bit more
complicated. Nonetheless, a slightly weaker version of the above property still holds.

LEMMA 8.9. Let u(r, t) be a limitL1-solution of (P) and letϕ∞(r) be the singular sta-
tionary solution. Let t∗ > 0 and suppose that there exists a sequence0< τ1 < · · ·< τk < t∗

such thatu(r, τi)− ϕ∞(r) has a degenerate zero in(0,1] for i = 1,2, . . . , k. Then

Z[0,1]
(
u
(
·, t∗

)
− ϕ∞

)
� Z[0,1]

(
u(·,0)− ϕ∞

)
− k. (8.9)

Here we understand thatk = 0 if there is no suchτi in the interval(0, t∗).

PROOF. Letun be an approximating sequence foru, and lett0 ∈ (0, T ) be such thatt0 < τ1
and thatu(r, t0)− ϕ∞(r) has no degenerate zero in the interval[0,1]. Sucht0 exists since
u is a classical solution for 0� t < T therefore the functionr �→ u(r, t)− ϕ∞(r) can have
a degenerate zero at most for a discrete set of values oft (see [10]). Then, since we have

un(·, t0)→ u(·, t0) in C2(	B1
)
,

the simplicity of the zeros ofu(r, t0)− ϕ∞(r) implies

Z[0,1]
(
un(·, t0)− ϕ∞

)
=Z[0,1]

(
u(·, t0)− ϕ∞

)
(8.10)

for n sufficiently large. On the other hand, by Propositions 8.2 and 8.3, we have the con-
vergence

un
(
·, t∗

)
→ u

(
·, t∗

)
in C2

loc

(	B1 \ {0}
)
.

Consequently,

Z[0,1]
(
un
(
·, t∗

)
− ϕ∞

)
� Z[0,1]

(
u
(
·, t∗

)
− ϕ∞

)
(8.11)

for n sufficiently large.
Now let ri ∈ (0,1], i = 1,2, . . . , k, be such that the functionr �→ u(r, τi)− ϕ∞(r) has

a degenerate zero atr = ri . Suppose first thatri < 1, i = 1,2, . . . , k. (This is always true
if f (u) = up, p > 1, or if f (u) = λeu, λ > 0, λ �= 2(N − 2).) Chooseai, bi such that
0< ai < ri < bi < 1 and that

u(ai, τi)− ϕ∞(ai) �= 0, u(bi, τi)− ϕ∞(bi) �= 0 for i = 1, . . . , k.

Next chooseε > 0 sufficiently small so thatu(r, t)− ϕ∞(r) �= 0 for r = ai, τi − ε � t �

τi + ε andr = bi, τi − ε � t � τi + ε. We denote these two line segments byγi, γ̃i . Since
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u(r, t)− ϕ∞(r) has a degenerate zero at(r, t) = (ri, τi) and since this function does not
vanish onγi, γ̃i , we have

Z[ai ,bi ]
(
u(·, τi − ε)− ϕ∞

)
>Z[ai ,bi ]

(
u(·, τi + ε)− ϕ∞

)
.

Here we can chooseε > 0 in such a way that the functionsu(·, ti ± ε) − ϕ∞ have only
simple zeros in the interval[ai, bi] and that the intervals[τi − ε, τi + ε], i = 1, . . . , k, are
mutually disjoint. This is possible since degenerate zeros can occur only at a discrete set
of time t . Then

Z[ai ,bi ]
(
un(·, τi ± ε)− ϕ∞

)
=Z[ai ,bi ]

(
u(·, τi ± ε)− ϕ∞

)

for n sufficiently large, hence

Z[ai ,bi ]
(
un(·, τi − ε)− ϕ∞

)
>Z[ai ,bi ]

(
un(·, τi + ε)− ϕ∞

)
.

Moreover, sinceu(r, t)− ϕ∞(r) does not vanish onγi, γ̃i , the same is true forun(r, t)−
ϕ∞(r) for n sufficiently large. This and the above inequality imply that the functionr �→
un(r, t)−ϕ∞(r) has a degenerate zero in[ai, bi] for somet ∈ (τi−ε, τi+ε). Consequently
at leastk degenerate zeros occur in the time interval[t0, t∗], hence

Z[0,1]
(
un
(
·, t∗

)
− ϕ∞

)
�Z[0,1]

(
un(·, t0)− ϕ∞

)
− k.

Combining this inequality with (8.10) and (8.11), we obtain

Z[0,1]
(
u
(
·, t∗

)
− ϕ∞

)
�Z[0,1]

(
u(·, t0)− ϕ∞

)
− k.

Sinceu is a classical solution for 0� t < T , we have

Z[0,1]
(
u(·, t0)− ϕ∞

)
� Z[0,1]

(
u(·,0)− ϕ∞

)
.

This and the previous inequality prove the lemma ifri < 1, i = 1,2, . . . , k.
When ri = 1 for somei ∈ {1,2, . . . , k} (which can happen only iff (u) = λeu, λ =

2(N − 2)), then one can use the Hopf boundary lemma to proceed similarly as before.�

REMARK 8.10. SinceZ[0,1](u(·, t0)− ϕ∞) <∞, the left-hand side of (8.9) is finite even
if

Z[0,1]
(
u(·,0)− ϕ∞

)
=∞.

REMARK 8.11. Note that the left-hand side of (8.9) is not necessarily monotone nonin-
creasing int . This is because some intersection points between the graph ofr �→ u(r, t) and
that ofϕ∞(r) may escape to infinity (atr = 0) and later emerge from infinity repeatedly.
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8.4. Rescaled equations

As usual, rescaling arguments provide useful information about the behavior of solutions
near the blow-up point. In the case of the exponential nonlinearity (8.1), we use the rescal-
ing

w(y, s)=wθ (y, s)= u(r, t)+ log(θ − t), y = r√
θ − t

, s =− log(θ − t),

(8.12)

whereθ is any positive number. Then (P) is converted into the following problem





ws = 1
ρ
(ρwy)y + λew − 1, 0< y < es/2, s >− logθ ,

wy(0, s)= 0, w
(
es/2, s

)
=−s, s >− logθ ,

w(y,− logθ)= u0
(√

θy
)
+ logθ, 0� y � θ−1/2,

(Re)

where

ρ(y)= yN−1e−y
2/4.

In the case of the power nonlinearity (8.2), we use the rescaling

wθ (y, s)= (θ − t)1/(p−1)u(r, t), (8.13)

with y ands as before. Then (P) is converted into





ws = 1
ρ
(ρwy)y +wp − 1

p−1w, 0< y < es/2, s >− logθ ,

wy(0, s)= 0, w
(
es/2, s

)
= 0, s >− logθ ,

w(y,− logθ)= θ1/(p−1)u0
(√

θy
)
, 0� y � θ−1/2.

(Rp)

Note that, in contrast with the usual setup, we do not assume thatθ = T , the blow-up time
of solutionu. In fact, in our later argument, we shall need to consider the caseθ > T ,
thusw may possess singularity in finite time. However, for the time being we assume that
w is a classical solution of (Re) or (Rp) and shall later use a limiting argument to deal with
singular solutions.

Energy functionals corresponding to (Re) and (Rp) are, respectively, the following equa-
tions

Ee[w](s) :=
∫ es/2

0

(
1

2
w2
y − λew +w

)
ρ dy,

Ep[w](s) :=
∫ es/2

0

(
1

2
w2
y −

1

p+ 1
wp+1+ 1

2(p− 1)
w2
)
ρ dy.
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As is well known,Ep is a Lyapunov functional for (Rp). More precisely,

d

ds
Ep[w](s)�−

∫ es/2

0
w2
sρ dy, s >− logθ, (8.14)

henceEp[w](s) is monotone decreasing ins. The same is true ofEe, at least for larges,
as shown in the following lemma.

LEMMA 8.12. Letw be a global classical solution of(Re). Then there iss0 < 1 such that

d

ds
Ee[w](s)�−

∫ es/2

0
w2
s ρ dy, s � s0. (8.15)

PROOF. By direct computations we obtain

d

ds
Ee[w](s)

=−
∫ es/2

0
w2
sρ dy −

(
wy +

1

4
es/2w2

y +
λ

2
e−s/2+ 1

2
ses/2

)
ρ

∣∣∣∣
y=es/2

.

Since

wy +
1

4
es/2w2

y �−e−s/2,

it suffices to chooses0 such thats0es0 > 2− λ. �

In the case of the power nonlinearity (8.2), the global existence ofwθ for all large s
implies thatEp[wθ ](s)� 0 (see [31]). Integrating (8.14) with respect tos, we obtain

∫ s2

s1

∫ es/2

0

(
wθ
s

)2
ρ dy ds �Ep

[
wθ
]
(s1)−Ep

[
wθ
]
(s2).

Letting s2→∞ and using the boundedness ofEp[wθ ], we obtain

∫ ∞

s1

∫ es/2

0

(
wθ
s

)2
ρ dy ds <∞ (8.16)

(cf. Proposition 7.1 of [69]). As a matter of fact, the same estimate holds for any limit
L1-solutions. More precisely, we have the following lemma.

LEMMA 8.13. Letu be a limitL1-solution of (P) for the power nonlinearity(8.2)and let
wθ be as in(8.13)for someθ > 0. Then(8.16)holds for anys1 >− logθ .
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PROOF. Let un be an approximating sequence foru. Thenwθ
n satisfies the same estimate

as (8.16) forn = 1,2,3, . . . where the bound does not depend onn. Letting n→∞ and
using Fatou’s lemma, we obtain (8.16). �

COROLLARY 8.14. Let u andwθ be as in Lemma8.13.Thenwθ (y, s) approaches sta-
tionary solutions of(Rp) ass→∞ locally uniformly iny > 0. More precisely, theω limit
set ofwθ is contained in the set of solutions of

1

ρ
(ρwy)y +wp − 1

p− 1
w = 0, y > 0. (8.17)

PROOF. Corollary 3.3 and Remark 3.5 in [69] show that any limitL1-solution satisfies
∣∣u(r, t)

∣∣� Cr−2/(p−1) for 0� t <∞,

for some constantC > 0. This estimate yields

wθ (y, s)� Cy−2/(p−1). (8.18)

This pointwise bound and parabolic regularization imply that, for anyM > 0, the deriva-
tives ofwθ are uniformly Hölder continuous iny in the region

y ∈ IM :=
[
M−1,M

]
, s � s1

for s1 sufficiently large. Consequently,wθ (·, s) remains in a compact set ofC2(IM) as
s varies over[s1,∞). Furthermore, the uniform Hölder continuity ofwθ

s and (8.16) imply
that

wθ
s (y, s)→ 0 as s→∞

uniformly in y ∈ IM . The conclusion of the lemma now follows immediately. �

In the case of the exponential nonlinearity (8.1), pointwise estimates ofwθ are much
more difficult to obtain. However, under certain special circumstances we have an analogue
of the above corollary.

LEMMA 8.15. Let u be a limitL1-solution of (P) for the exponential nonlinearity(8.1)
and letwθ be as in(8.12).Suppose that for some0< r0 � 1,C1 > 0 and0< t1 < t2,

u(r, t)� log
1

r2
−C1 for 0< r � r0, t1 � t � t2. (8.19)

Then, for anyθ ∈ (t1, t2), the solutionwθ (y, s) approaches stationary solutions of(Re) as
s→∞ locally uniformly iny > 0. More precisely, theω limit set ofwθ is contained in the
set of solutions of

1

ρ
(ρwy)y + λew − 1= 0, y > 0. (8.20)
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PROOF. By choosing a suitable constanta > 0, we see that

u(r, t)� log
1

r2
−C1, t0 � t � t0+ ar2,

for any 0< r � r0, t1 � t0 � θ . By Lemma 2.15 in [22], we have

u(r, t)� log
1

r2
+ α for 0< r � r0, t1 � t � θ.

(In Lemma 2.15 in [22], the assumption thatu(r, t) is nonincreasing inr is used. This
lemma is not needed in the power case.)

Now,wθ satisfies

log
1

y2
−C1 �wθ (y, s)� log

1

y2
+ α (8.21)

for 0< y � r0es/2 and for all larges. Thus, once we have the estimate (8.16), then the
same argument as in the proof of Corollary 8.14 will yield the conclusion of the lemma.

In order to prove (8.16), it suffices to show thatEe[wθ ](s) is bounded from below as
s→∞. Observe that (8.21) implies

Ee
[
wθ
]
(s) �

∫ es/2

0

(
−λew

θ +wθ
)
ρ dy

�

∫ es/2

0

(
−λelog(1/y2)+α + log

1

y2
−C1

)
ρ dy

=
∫ es/2

0

(
−λeα

1

y2
+ log

1

y2
−C1

)
yN−1e−y

2/4 dy.

It is easily seen that the above integral remains bounded ass → ∞. The lemma is
proved. �

8.5. Singular stationary solutions for the rescaled equation

The singular stationary solutionϕ∞ defined in (8.8) (resp. (2.5)) is also a singular sta-
tionary solution for the rescaled equation (8.20) (resp. (8.17)). In Corollary 8.14 and
Lemma 8.15, we are not excluding the possibility thatwθ approaches a singular stationary
solution ass→∞.

The following lemmas show that there is no singular stationary solution that lies
aboveϕ∞.

LEMMA 8.16. Letϕ∞ be as in(8.8)andρ(y)= yN−1e−y
2/4. If ψ is a solution of(8.20)

satisfyingψ � ϕ∞, thenψ = ϕ∞.
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PROOF. SupposeΦ :=ψ−ϕ∞ > 0 for 0< y <∞. Then(ρΦy)y < 0 becauseΦ satisfies

(ρΦy)y + λρ
(
eψ − eϕ∞

)
= 0.

Define a new space variablez= z(y) by

z=
∫ y

1

dξ

ρ(ξ)
.

Then(ρΦy)y < 0, y > 0, is equivalent toΦzz < 0,−∞< z <∞. ThereforeΦ is a strictly
concave function ofz on R, but this is impossible sinceΦ > 0. �

LEMMA 8.17. Letϕ∞ be as in(2.5). If ψ is a solution of(8.17)satisfyingψ � ϕ∞, then
ψ = ϕ∞.

PROOF. SupposeΦ :=ψ/ϕ∞ > 1 for y ∈ (0,∞). Then(σΦy)y < 0 becauseΦ satisfies

(σΦy)y +Kp−1 σ

y2

(
Φp −Φ

)
= 0,

where

σ(y) := y−4/(p−1)ρ(y)= yN−1−4/(p−1)e−y
2/4.

The rest of the proof is the same as in the proof of Lemma 8.16 since our assumption
p > (N + 2)/(N − 2) implies 2−N + 4/(p− 1) < 0. �

8.6. Proof of Theorem 8.4

We begin with the following lemma.

LEMMA 8.18. Under the assumptions of Theorem8.4, the setB is decomposed into a
disjoint union of finitely many closed intervals

B =
k⋃

i=1

Ai,

whereAi = [t1i , t2i ] or Ai = {ti} for 1� i � k, andAk may also be of the form[tk,∞).

PROOF. By the definition ofB, it is clear that this set is closed. What we have to show is
that the number of connected components ofB does not exceed(j + 1)/2.

SupposeB has at leastk connected components. Then, considering thatu(x, t) is a
classical solution fort /∈ B, we can find a sequence of numbers

0< τ1 < t1= T < τ2 < t2 < · · ·< τk < tk
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such thatu is regular in the time interval[τi, ti) and that

lim
tրti

u(0, t)=∞.

Therefore there exists̃τi ∈ (τi, ti) such that

u(0, τ1) < u(0, τ̃1) > u(0, τ2) < u(0, τ̃2) > · · ·< u(0, τ̃k).

Now letun be an approximating sequence foru. Then we have

un(0, τ1) < un(0, τ̃1) > un(0, τ2) < un(0, τ̃2) > · · ·< un(0, τ̃k)

for n sufficiently large. It follows that(un)t (0, t) changes sign at least 2(k−1) times. Since
Z[0,1]((un)t (·, t)) drops at least by 1 each time(un)t (0, t) changes sign, we have

Z[0,1]
(
(un)t (·, τ̃k)

)
� Z[0,1]

(
(un)t (·, τ1)

)
− 2(k − 1).

Lettingn→∞ we obtain

Z[0,1]
(
ut (·, τ̃k)

)
� Z[0,1]

(
ut (·, τ1)

)
− 2(k − 1). (8.22)

Sinceτ1 can be chosen arbitrarily close tot1 := T , the right-hand side of (8.22) can be
replaced byj − 2(k − 1). Moreover, sinceu does not blow up completely att = tk , we
have

Z[0,1]
(
ut (·, τ̃k)

)
� 1

(cf. Remark 8.6). Combining this and (8.22), we obtain

1� j − 2(k − 1).

The lemma is proved. �

REMARK 8.19. In obtaining (8.22), we have used the fact that a pointwise convergence
vn(r)→ v(r) implies

lim inf
n→∞

Z(0,1](vn)� Z(0,1](v),

and that the equality holds ifv(r) has only simple zeros in the interval 0� r � 1.
Thus (8.22) holds ifut (r, τ1) has only simple zeros in 0� r � 1. Sinceut (r, t) can have
a degenerate zero only for a discrete set of values oft ∈ (0, T ), we can always assume
without loss of generality thatτ1 ∈ (0, T ) has the above property.
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Now we are ready to prove the main theorem of this section.

PROOF OF THEOREM 8.4. We show by contradiction thatA1 = {T }. SupposeA1 ⊃
[T ,T + δ] for some δ > 0. By Lemma 8.9,u(r, t) − ϕ∞(r) can have a degenerate
zero in 0< r � 1 only at finitely many values oft . Therefore we can find an interval
[τ1, τ2] ⊂ [T ,T + δ] (with τ1 < τ2) such thatu(r, t)− ϕ∞(r) has no degenerate zero for
any t ∈ [τ1, τ2]. This means that the graph ofr �→ u(r, t) and that ofϕ∞(r) always inter-
sect transversally ast varies over the interval[τ1, τ2], hence these intersection points are
smooth functions oft . The number of the intersection points is uniformly bounded as we
see in Remark 8.10, but it may not be constant since some intersection points may escape
into r = 0 (whereϕ∞ =∞) or emerge fromr = 0 ast varies (see Remark 8.11). Nonethe-
less, by replacing[τ1, τ2] by its suitable subinterval if necessary, we may assume without
loss of generality that the number of the intersection points is constant ast varies over
[τ1, τ2]. Consequently, there existsr0 > 0 such that either

u < ϕ∞, r ∈ (0, r0], t ∈ [τ1, τ2], (8.23)

or

u > ϕ∞, r ∈ (0, r0], t ∈ [τ1, τ2]. (8.24)

If (8.23) holds, the approximating sequenceun satisfies

un(r, τ1) < ϕ∞(r), r ∈ (0, r0],
un(r0, t)� u(r0, t), t ∈ [τ1, τ2],

for n= 1,2,3, . . . sinceu1 < u2 < u3 < · · · → u. Let ũ be the solution of the initial value
problem (S) introduced in Section 8.2. Then since bothu andũ are smooth outsider = 0,
there exists someδ0 > 0 such thatu(r0, t) < ũ(r0, t − τ1) for t ∈ [τ1, τ1 + δ0]. By the
comparison principle we have

un(r, t) < ũ(r, t − τ1), r ∈ (0, r0], t ∈ [τ1, τ1+ δ0],

for n= 1,2,3, . . . . Lettingn→∞ we obtain

u(r, t) < ũ(r, t − τ1), r ∈ (0, r0], t ∈ [τ1, τ1+ δ0].

This implies thatu is regular forτ1 < t � τ1 + δ0, contradicting our assumption that
[T ,T + δ] ⊂ B.

Next we consider the case where (8.24) holds. We fixθ ∈ (τ1, τ2) arbitrarily and
rescaleu using the backward self-similar variables as in (8.12) (for the exponential
case (8.1)) or as in (8.13) (for the power case (8.2)). Then the rescaled solutionwθ (y, s)

satisfies (Re) or (Rp), depending on the nonlinearity.
By Lemma 8.15 (in the case of the exponential nonlinearity) or by Corollary 8.14 (in the

case of the power nonlinearity),wθ (y, s) must approach stationary solutions ass→∞
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locally uniformly in y > 0. Inequality (8.24) implies thatwθ can only approach station-
ary solutions that lie aboveϕ∞. However, Lemmas 8.16 and 8.17 state that there is no
stationary solution strictly aboveϕ∞. Therefore

wθ (y, s)→ ϕ∞(y) ass→∞ (8.25)

locally uniformly iny > 0. We shall show that this convergence cannot occur. We consider
the exponential case and the power case separately.

First, let us consider the exponential case (8.1). Fixt0 ∈ (0, T ) such that

Z(0,1]
(
u(·, t0)− ϕ∞

)
=:m0 <∞ (8.26)

and such that the functionr �→ u(r, t0)− ϕ∞(r) has no degenerate zero in 0< r � 1. For
eacha > 0, letϕa(r) be the solution of

{
ϕ′′ + N−1

r
ϕ′ + λeϕ = 0, r > 0,

ϕ′a(0)= 0, ϕa(0)= a.
(8.27)

In other words,ϕa(|x|) is a stationary solution of (8.1) inRN . It is known that, under the
assumption 3�N � 9,

ϕa(r)→ ϕ∞(r) asa→∞ (8.28)

locally uniformly in r > 0 and that

Z(0,∞)(ϕa − ϕ∞)=∞, (8.29)

see [57]. The convergence (8.28) and (8.26) yield
∣∣Z[0,1]

(
u(·, t0)− ϕa

)
−m0

∣∣� 1 (8.30)

for all largea. On the other hand, by (8.29), we can chooses = s1 large enough so that

Z(0,η(s1)](ϕ1− ϕ∞) > m0,

whereη(s)= es/2. Then this and the convergence (8.25) imply that

Z(0,η(s1)]
(
wθ (·, s)− ϕ1

)
>m0

for all larges, hence

Z(0,η(s)]
(
wθ (·, s)− ϕ1

)
>m0.

Fix s2 � s1 large enough so that the above inequality holds andt2 := θ − e−s2 > t0. Then
the above inequality can be rewritten as

Z(0,µ]
(
uµ(·, t2)− ϕ1

)
>m0,



140 M. Fila

where

uµ(r, t)= u(
√
µr, t)+ logµ, µ= θ − t2.

Applying the rescalingv(r) �→ v(r/
√
µ)− logµ to bothuµ andϕ1 and using the fact that

ϕ1

(
r√
µ

)
− logµ= ϕν(r), ν := 1− logµ,

we obtain

Z[0,1]
(
u(·, t2)− ϕν

)
>m0.

This, however, contradicts (8.30) sinceZ[0,1](u(·, t)−ϕa) is monotone nonincreasing int .
This contradiction proves the assertionA1= {T } for the exponential case (8.1).

In the power case (8.2), the argument goes completely parallel to the above. The only
difference is thatϕ∞ has now the form (2.5) instead of (8.8),ϕa is the solution of the
problem

{
ϕ′′ + N−1

r
ϕ′ + ϕp = 0, r > 0,

ϕ′a(0)= 0, ϕa(0)= a,

and rescaling that we use is

uµ(r, t)= µ1/(p−1)u(
√
µr, t).

The rest of the proof is the same as in the exponential case. Thus we haveA1= {T } both
for the power case and the exponential case.

The same argument shows that the setsA2, . . . ,Ak are all singletons. �

8.7. Example of a peaking solution on a ball

In this subsection we consider (P) with the exponential nonlinearity (8.1) and discuss the
existence of a minimalL1-solution that blows up exactly once.

THEOREM 8.20. There exists an initial functionu0 such that the assumptions of Theo-
rem8.4are satisfied in the case(8.1)with j = 1. This means thatB = {T }.

To provide an example of such single point blow-up (in time–space) we use the following
proposition.

PROPOSITION8.21. Let u be the minimalL1-connection fromφ2 to φ0 (cf. Section7).
Then

ut (·, t)
‖ut (·, t)‖C1(B1)

→ψ2 in C1(B1) ast→−∞,
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whereψ2 is a normalized eigenfunction of

�ψ + λeφ2(|x|)ψ +µψ = 0, x ∈ B1,

ψ = 0, x ∈ ∂B1,

corresponding to the second eigenvalueµ2.

For the proof of this proposition see the proof of Lemma 3.6 (in particular, (3.14))
in [23].

Theorem 8.20 follows now from Proposition 8.21 becauseZ[0,1](ψ2)= 1.

9. Multiple blow-up

In this section we consider the Cauchy problem

{
ut =�u+ up, x ∈R

N , t > 0,

u(x,0)= u0
(
|x|
)
, x ∈R

N ,
(9.1)

wherep > p∗ (see (2.4)) andu0 is a nonnegative bounded continuous function. We review
Mizoguchi’s construction of solutions of (9.1) which become singulark-times for any pos-
itive integerk. Her examples are in some sense complementary to the main result of the
previous section, although there the domain was a ball andp < p∗.

The following theorem was shown in [82].

THEOREM 9.1. Assume thatp > p∗. Then, for every integerk > 1, there existTi , i =
1,2, . . . , k, 0< T1 < T2 < · · ·< Tk <∞, and a minimalL1-solutionu defined on[0, Tk]
such thatu(0, Ti)=∞, i = 1,2, . . . , k, andu(·, t) ∈ L∞(RN ) for t ∈ (0, T1) ∪ (T1, T2) ∪
· · · ∪ (Tk−1, Tk).

In the special casek = 2, this result was established before in [81]. In order to sketch the
proof for k = 2, we recall three lemmas from [81].

LEMMA 9.2 [81]. Letp > p∗. Assume that there are positive constantsδ, ci,Ri , i = 1,2,
c1 <K < c2,R1 <R2, andu0 such thatZ(0,∞)(u0−ϕ∞)= j +1 for some even integerj
and

(a) u0(r)= c1r
−2/(p−1) for r ∈ [R1− 2δ,R1+ 2δ],

(b) u0(r)= c2r
−2/(p−1) for r ∈ [R2− 2δ,∞),

(c) u0(r)� c2r
−2/(p−1) for r ∈ (0,∞).

Let u(·, t) be a classical solution fort ∈ (0, T ) such that there areε,R3 > 0, t1 ∈ (0, T ]
for which

Z(0,R3
√
T−t )

(
u(·, t)− ϕ∞

)
= j, t ∈ [0, t1),

u(r, t)�

(
c2+

ε

2

)
r−2/(p−1), (r, t) ∈

(
0,R3

√
T − t

)
× (0, t1).
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If T is sufficiently small then
(i) u(r, t) < (c1+ ε)r−2/(p−1) for (r, t) ∈ [R1− δ,R1+ δ] × [0, t1],

(ii) u(r, t) > (c2− ε)r−2/(p−1) for (r, t) ∈ [R2− δ,∞)× [0, t1],
(iii) u(r, t) < (c2+ ε)r−2/(p−1) for (r, t) ∈ (0,∞)× [0, t1].

LEMMA 9.3 [81]. Letp > p∗ and letu0 be decreasing. If there arec, r0 > 0 such that

u0(r0)= ϕ∞(r0), u′0(r0)+
2

(p− 1)r0
u0(r0) �= 0,

u0(r)� cr−2/(p−1), r > 0, u0(r) < ϕ∞(r), 0< r < r0,

then the minimalL1-solutionu(·, t) emanating fromu0 is regular for t ∈ (0, t1) for some
t1 > 0.

Before we state the next lemma we recall that the spectrum of the operatorA defined in
Section 5.3 consists of eigenvalues

λj =−
µ

2
+ 1

p− 1
+ j, j = 0,1,2, . . . ,

where

µ := 1

2

(
N − 2−

√
(N − 2− 2m)2− 8(N − 2−m)

)
, m := 2

p− 1
,

see [56] or [79]. The corresponding eigenfunctionφj satisfies

φj (y)= Cjy
−µ + o

(
y−µ

)
asy→ 0, (9.2)

hereCj > 0 is taken so thatφj is normalized inL2
w.

It is also known that there is a constantc∗ > 0 which depends only onN andp such that
for every global classical radially decreasing solutionu we have

u(r, t)� c∗r−2/(p−1), r > 0, t � 0, (9.3)

see [77]. For more general solutions, a bound of this type can be found in [69].

LEMMA 9.4 [81]. Let p > p∗. Assume thatj is an even integer such thatλj > 0. Then
there exists a radially decreasing functionu0 such that the corresponding solution blows
up at a finite timeT and the following holds:

(i) Z(0,∞)(u0− ϕ∞)= j + 1;
(ii) u0 satisfies(a)–(c)in Lemma9.2with c1 <K � c∗ < c2;

(iii) let

m= 2

p− 1
, η=− λj

µ+m
, γ = ηm,
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let ϕα andϕβ be radial stationary solutions of(9.1) such thata(α) > Cj > a(β), herea
is from(10.2)andCj is from(9.2) then for the rescaled solutionw (see(5.1)) it holds that

eγ sϕα
(
eηsy

)
<w(y, s) < eγ sϕα

(
eηsy

)

for y ∈ [0,Me−ηs] ands �− logT with someM > 0;
(iv) for sufficiently smallε > 0, the rescaled solutionw satisfies

∣∣w(y, s)− ϕ∞(y)+ e−λj sφj (y)
∣∣� εe−λj s

(
y−µ + y2λj−m)

for y ∈ [Me−ηs,eσs], s ∈ [− logT ,∞), with someσ > 0.

Now we sketch the proof of Theorem 9.1. Letu be a solution obtained in Lemma 9.4.
Applying Lemma 9.2 we see thatj intersections betweenu andϕ∗ vanish at the blow-up
time T at r = 0 and the last intersection remains in(R1 + δ,R2 − δ) at t = T . At the
intersection pointr0 we have

ur(r0, T )+
2

(p− 1)r0
u(r0, T ) > 0.

According to Lemma 9.3, the minimalL1-solution emanating fromu(·, T ) is regular for
t ∈ (T , t1) with somet1 > 0.

LetU be the solution of the heat equation with the initial function

U(r,0)=
{

0, r ∈ [0,R2],
(c2− ε)r−2/(p−1), r ∈ (R2,∞),

whereε > 0 is sufficiently small andR2 is from Lemma 9.3. Then one can show that

U(r, t)� (c2− 2ε)r−2/(p−1), (r, t) ∈ [R2,∞)× (0, t2),

for sufficiently smallt2 > 0. Therefore

u(r, t)� (c2− 2ε)r−2/(p−1), (r, t) ∈ [R2,∞)× (0, t2).

According to (9.3),u cannot exist for allt > T by the choice ofc2.

10. Grow-up rate

10.1. Grow-up rate for Dirichlet problems

Dold, Galaktionov, Lacey and Vazquez [14] studied the Dirichlet problem

ut =�u+ up, x ∈ BR, t > 0,

u= φ∞(R), x ∈ ∂BR, t > 0,

u(x,0)= u0(x), x ∈ BR,
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whereBR is a ball inR
N with its center at the origin and radiusR. Note thatϕ∞ is a

singular steady state of this problem which is stable from below. It was proved in [14] that
for p > p∗, if

0� u0(x)� ϕ∞
(
|x|
)
, x ∈ BR,

then

log‖u‖L∞(BR) = C
(
t + o(1)

)
ast→∞

with C = C(N,p). Namely, all positive solutions grow up exponentially with the common
exponent.

Recently, the growth rate of global unbounded solutions of the problem

ut =�u+ up, x ∈ BR, t > 0,

u= 0, x ∈ ∂BR, t > 0,

u(x,0)= u0
(
|x|
)
� 0, x ∈ BR,

with p = pS,N � 3, has been found by Galaktionov and King in [31]. (See Section 1.1 for
the existence of global unbounded (classical) solutions of this problem.) In [31] it is shown
that these solutions behave ast→∞ as follows:

log
∥∥u(·, t)

∥∥
L∞(BR)

= π
2

4
t
(
1+ o(1)

)
for N = 3,

log
∥∥u(·, t)

∥∥
L∞(BR)

= 2
√
t
(
1+ o(1)

)
for N = 4,

∥∥u(·, t)
∥∥
L∞(BR)

= γ0(N)t
(N−2)/(2(N−4))

(
1+ o(1)

)
for N � 5.

An explicit value ofγ0(N) is calculated in a formal way.

10.2. Grow-up rate for a Cauchy problem

This subsection is concerned with the Cauchy problem

{
ut =�u+ up, x ∈R

N , t > 0,

u(x,0)= u0(x), x ∈R
N ,

(10.1)

wherep > 1 andu0 is a nonnegative continuous function onR
N that decays to zero as

|x| →∞.
Concerning the existence of positive steady states, it is well known that the Sobolev

exponentpS plays a crucial role. Namely, there is a family of positive radial solutions of

�ϕ + ϕp = 0 on R
N
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if and only if p � pS. We denote the solution byϕ = ϕα(|x|), α > 0, whereϕα(0) = α.
For eachα > 0, the solutionϕα is strictly decreasing in|x| and satisfiesϕ(|x|)→ 0 as
|x| →∞.

Another important value of the exponentp is p∗ defined in (2.4). It is known that
for pS � p < p∗, any positive steady state intersects with other positive steady states,
see [109]. Forp � p∗, Wang [109] showed that the family of positive steady states
{ϕα;α > 0}, is ordered, that is,ϕα is strictly increasing inα for eachx and satisfies

lim
α→0

ϕα
(
|x|
)
= 0, lim

α→∞
ϕα
(
|x|
)
= ϕ∞

(
|x|
)
,

whereϕ∞ is the singular steady state given by (2.5). Moreover, each positive steady state
satisfies

ϕα
(
|x|
)
=K|x|−m − a|x|−m−λ1 + h.o.t., |x| ≃∞,m= 2

p− 1
, (10.2)

whereλ1 is a positive constant given by

λ1= λ1(N,p) :=
N − 2− 2m−

√
(N − 2− 2m)2− 8(N − 2−m)

2
,

anda = a(α,N,p) is a positive number that is monotone decreasing inα. We note that for
p > p∗, λ1 is the smaller root of the quadratic equation

λ2− (N − 2− 2m)λ+ 2(N − 2−m)= 0. (10.3)

The larger root of this equation is given by

λ2= λ2(N,p) :=
N − 2− 2m+

√
(N − 2− 2m)2− 8(N − 2−m)

2
,

which will also play an important role below.
Using the ordering property, it was proved by Gui, Ni and Wang [45,46] thatp = p∗ is a

critical exponent where a change in stability properties of the positive steady states occurs.
For p < p∗ all steady statesu = ϕα are unstable in “any reasonable sense” (indeed, for
eachu0 � ϕα , u0 �≡ ϕα , the solution of (10.1) blows up in finite time), whereas forp � p∗

they are stable under perturbations in some weightedL∞ spaces.
Recently, building on the results in [45,46], Poláčik and Yanagida [95] obtained global

attractivity properties of steady states forp > p∗. Let us consider an initial functionu0
given by

u0= ϕα + v0,

wherev0 is a continuous (not necessarily small or radial) perturbation satisfying

0� ϕα + v0 � ϕ∞ onR
N \ {0},
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and

lim
|x|→∞

|x|m+λ1
∣∣v0(x)

∣∣= 0.

Then the solutionu of (10.1) exists globally in time and satisfies

∥∥u(·, t)− ϕα
∥∥
L∞(RN )

→ 0 as t→∞.

In other words, the asymptotic behavior in space of the initial datau0 determines the as-
ymptotic behavior in time of the solution.

As an application of the global stability result, among other things, the following result
was obtained in [95].

THEOREM 10.1. Letp � p∗. Suppose thatu0 is any continuous function onRN such that

0� u0(x)� ϕ∞
(
|x|
)

onR
N \ {0}, (10.4)

lim
|x|→∞

|x|m+λ1
(
ϕ∞
(
|x|
)
− u0(x)

)
= 0.

Then the solution of(10.1)exists globally in time and satisfies

∥∥u(·, t)
∥∥
L∞(RN )

→∞

as t→∞.

The proof of this theorem roughly goes as follows. By the global stability result and the
comparison theorem, if the initial data decay to 0 more slowly than all steady states, then
the solution is shown to be unbounded. On the other hand, since the solution is bounded
above by the singular steady state, the solution does not blow up in finite time. Therefore,
the solution approaches the singular steady state from below ast→∞. See also [96] for
other properties of the global unbounded solutions.

It is shown in [25] that the grow-up rate depends on how close the initial data are to the
singular steady state near|x| =∞. The following theorem is the main result of [25].

THEOREM 10.2. Let p > p∗. Suppose thatu0 is a continuous function onRN satisfy-
ing (10.4)and

K|x|−m −C1|x|−l � u0(x)�K|x|−m −C2|x|−l, |x|>R,

with some constantsl ∈ (m + λ1,m + λ2] andC1,C2,R > 0. Then there exist positive
constantsC3,C4 andT such that the solution of(10.1)satisfies

C3t
m(l−m−λ1)/(2λ1) �

∥∥u(·, t)
∥∥
L∞(RN )

� C4t
m(l−m−λ1)/(2λ1)

for all t > T .
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We note that the grow-up rate depends onl, and it becomes arbitrarily slow asl ↓m+λ1.
For l > m+λ2, the method from [25] does not work. However, we were able to show there
that for any initial data satisfying 0� u0(x) � ϕ∞(|x|) on R

N , there is a universal upper
bound for the grow-up rate.

THEOREM 10.3. Letp � p∗. Suppose that the initial data satisfy(10.4).Then there exist
constantsC > 0 andT > 0 such that the solution of(10.1)satisfies

∥∥u(·, t)
∥∥
L∞(RN )

� Ctm(N−m−λ1)/(2λ1)

for all t > T .

This theorem implies that the grow-up rate obtained in Theorem 10.2 cannot be extended
to the case of largel. Mizoguchi has shown recently in [84] that Theorem 10.3 is not
optimal, see Section 10.6. It is a natural and interesting question to ask what is happening
for l > m+ λ2.1

The rate of convergence to the regular stationary solutionsϕα has been studied in [26].
One of the main results in [26] reads as following theorem.

THEOREM 10.4. Letp > p∗ andm+ λ1 < l <m+ λ2. Suppose thatu0 satisfies

−ϕ∞
(
|x|
)
� u0(x)� ϕ∞

(
|x|
)
, x ∈R

N \ {0},

and

∣∣u0(x)− ϕα(x)
∣∣� c

(
1+ |x|

)−l
, x ∈R

N ,

with someα ∈R andc > 0. Then there existsC > 0 such that

∥∥u(·, t)− ϕα(·)
∥∥
L∞ �C(1+ t)−(l−m−λ1)/2

for all t > 0, and this estimate is optimal forα �= 0.

In the following subsections, we carry out a formal asymptotic expansion of grow-up
solutions. This formal analysis suggests that the solution behaves in a self-similar way
near the origin and infinity respectively, but these two self-similar structures are different.
Therefore, we need to match these two asymptotic expansions, and the matching condition
leads to the grow-up rate. Based on this formal analysis, we constructed in [25] upper and
lower solutions which yield the rigorous proof of Theorem 10.2.

1Note added in proof. It has been shown recently by M. Fila, J. King, M. Winkler and E. Yanagida that
Theorem 10.2 holds forp � p∗ andl ∈ (m+ λ1,m+ λ2+ 2).
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10.3. Inner expansion

Any radial solutionu= u(r, t), r = |x|, of (10.1) satisfies

{
ut = urr + N−1

r
ur + up, r > 0, t > 0,

u(r,0)= u0(r), r > 0.
(10.5)

We consider the formal expansion of global unbounded solutions of this equation.
Set

u(r, t)= σ(t)f (ξ, t),

whereσ(t) := u(0, t) andξ = ξ(r, t). Substituting

ut = σtf + σ(ft + ξtfξ ),

ur = σfξ ξr ,

urr = σfξξ ξ
2
r + σfξ ξrr

in (10.5), we have

fξξ +
N − 1

rξr
fξ +

σp−1

ξ2
r

f p = σt

σξ2
r

f + 1

ξ2
r

ft +
ξt

ξ2
r

fξ −
ξrr

ξ2
r

fξ . (10.6)

Here we takeξ such thatrξr = ξ andσp−1/ξ2
r = 1, that is,

ξ = rσ (p−1)/2. (10.7)

Note that for eachr > 0, ξ →∞ ast→∞ if σ(t)→∞ ast→∞. By (10.7), (10.6) is
rewritten as

fξξ +
N − 1

ξ
fξ + f p = 1

σp−1
ft +

σt

σp

(
f + p− 1

2
ξfξ

)
. (10.8)

Assuming that
∣∣∣∣

1

σp−1
ft

∣∣∣∣≪
∣∣∣∣
σt

σp

∣∣∣∣≪ 1,

we may put

f =ψ(ξ)+ σt

σp
Φ(ξ, t), (10.9)

where
{
ψξξ + N−1

ξ
ψξ +ψp = 0, ξ > 0,

ψ(0)= 1, ψ ′(0)= 0.
(10.10)
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We note that this expansion was used first by Galaktionov and King [31]. By (10.2),
ψ(ξ) satisfies

ψ(ξ)=Kξ−m − aξ−m−λ1 + h.o.t., ξ ≃∞, (10.11)

with some constanta > 0.
Substituting (10.9) in (10.8), we have

ψξξ +
N − 1

ξ
ψξ +

σt

σp

(
Φξξ +

N − 1

ξ
Φξ

)
+
(
ψ + σt

σp
Φ

)p

= σt

σp

(
ψ + p− 1

2
ξψξ

)
+ o

(∣∣∣∣
σt

σp

∣∣∣∣
)
, ξ ≃∞.

Here, by (10.10),

ψξξ +
N − 1

ξ
ψξ +

(
ψ + σt

σp
Φ

)p
= −ψp +

(
ψ + σt

σp
Φ

)p

= pψp−1 σt

σp
Φ + o(Φ), ξ ≃∞.

HenceΦ satisfies

Φξξ +
N − 1

ξ
Φξ + pψp−1Φ + o(Φ)=ψ + p− 1

2
ξψξ .

Here

pψp−1= pKp−1

ξ2
+ h.o.t., ξ ≃∞,

and

ψ + p− 1

2
ξψξ = −aξ−m−λ1 + a

m
(m+ λ1)ξ

−m−λ1 + h.o.t.

= aλ1

m
ξ−m−λ1 + h.o.t., ξ ≃∞.

This implies thatΦ is expanded as

Φ = Lξ2−m−λ1 + h.o.t., ξ ≃∞,

whereL is a constant determined from

L
{
(2−m− λ1)(1−m− λ1)+ (N − 1)(2−m− λ1)+ (m+ 2)(N − 2−m)

}

= aλ1

m
.
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After some computation, we obtain

L= aλ1

2m(N − 2m− 2λ1)
> 0.

Thus, for eachr > 0, the formal expansion near the origin is written as

u = σ

(
ψ + σt

σp
Φ

)

= σ

(
Kξ−m − aξ−m−λ1 +L

σt

σp
ξ2−m−λ1 + h.o.t.

)
, ξ ≃∞.

10.4. Outer expansion

Next, we consider the formal expansion of global unbounded solutions nearr =∞. Setting

u=Kr−m − v,

we have

vt = vrr +
N − 1

r
vr +

pKp−1

r2
v + h.o.t., r ≃∞.

We will find a solution which behaves in a self-similar way nearr =∞

v(r, t)= t−βV (y), y = t−1/2r.

By noting

vt =−βt−β−1V − 1

2
t−β−1yVy,

N − 1

r
vr = t−β−1N − 1

y
Vy,

vrr = t−β−1Vyy,

V must satisfy

Vyy +
(
N − 1

y
+ y

2

)
Vy + βV + pKp−1

y2
V = 0.

From this results, we have an expansion

V (y)= c1
(
y−l + c2y

−l−2+ h.o.t.
)
, y ≃∞,
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wherel = 2β, c1 > 0 is an arbitrary constant andc2 is computed as

c2= l2− (N − 2)l + (m+ 2)(N − 2−m).

We note that

c2





< 0 if m+ λ1 < l <m+ λ2,

= 0 if l =m+ λ2,

> 0 if l > m+ λ2,

whereλ2 > 0 is a larger root of (10.3). In fact, puttingl =m+ λ we have

l2− (N − 2)l + (m+ 2)(N − 2−m)= λ2− (N − 2−m)λ+ 2(N − 2−m).

Thus, we obtain an expansion

u = Kr−m − c1
(
y−l + c2y

−l−2+ h.o.t.
)
t−l/2

= Kr−m − c1
(
r−l + c2r

−l−2t
)
+ h.o.t., r ≃∞.

10.5. Matching of inner and outer expansions

By the above argument, we have obtained an inner expansion

u= σ

(
Kξ−m − aξ−m−λ1 +L

σt

σp
ξ2−m−λ1 + h.o.t.

)
, ξ = rσ (p−1)/2≃∞,

and an outer expansion

u=Kr−m − c1
(
y−l + c2y

−l−2+ h.o.t.
)
t−l/2, y = t−1/2r ≃∞.

Notice that the leading terms of these expansions are the same. Equating the second- and
third-order terms, we have

aσξ−m−λ1 = c1y
−l t−l/2 (10.12)

and

L
σt

σp−1
ξ2−m−λ1 =−c1c2y

−l−2t−l/2, (10.13)

respectively. From (10.12),r is computed as

r =Aσ λ1/m(l−m−λ1), A :=
(
c1

a

)1/(l−m−λ1)

.
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Substituting this term in (10.13), we have

Lσtσ
−1+4λ1/m(l−m−λ1) =−c1c2A

m+λ1−l−4t.

Integrating this equation, we see that the formal asymptotic expansions suggest a grow-up
rate as in Theorem 10.2.

10.6. An optimal upper bound

In [84], Mizoguchi has shown the following theorem.

THEOREM 10.5. Let p > p∗. Then for each nonnegative even integern there exists a
global solutionun of (10.1)with n intersections withϕ∞ such that

t−an
∥∥un(·, t)

∥∥
L∞(RN )

→ 1

as t→∞, where

an =
(
N + 2(n−m− λ1)

) m
2λ1

.

The idea of the proof is to rescale the problem using the forward self-similar change
of variables and then linearize aroundϕ∞ (which is invariant under this rescaling). The
exponentsan correspond to the eigenvalues of the linearization in an appropriate weighted
space.

From this theorem, the following sharp upper bound follows easily, see [84] for details.

COROLLARY 10.6. Let p > p∗. Then, for any global solutionu of (10.1) with initial
datau0 satisfying(10.4),there areC,T > 0 such that

∥∥u(·, t)
∥∥
L∞(RN )

� ta0

for t > T .

11. Oscillating grow-up solutions and grow-up set

In [95], Polá̌cik and Yanagida constructed a global positive solution of (3.1) withp � p∗

such that

lim inf
t→∞

∥∥u(·, t)
∥∥
L∞(RN )

= 0, lim sup
t→∞

∥∥u(·, t)
∥∥
L∞(RN )

=∞.

In [96], they found a solution of (3.1) withp � p∗ which first develops a peak at some po-
sition then the peak disappears and appears again later at a different position. This process
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is repeated with the positions and heights of the peaks prescribed arbitrarily. In particu-
lar, the heights can become unbounded ast→∞. More precisely, one has the following
theorem.

THEOREM 11.1 [96]. Assumep � p∗. For any infinite sequence{(αi, ξi, εi)} with αi ∈
R \ {0}, ξ ∈ R

N and εi > 0 there existsu0 ∈ C0(R
N ) such that the solutionu of (3.1)

satisfies the following:
(i) u(x, t) exists globally in time and decays to0 as |x| →∞ for eacht ;

(ii) there exists an increasing sequence of positive numbers{si} such that‖u(·,
si)‖L∞(RN ) < εi ;

(iii) there exists an increasing sequence of positive numbers{ti}, ti ∈ (si, si+1) such that

∥∥u(·, ti)− ϕαi (· − ξi)
∥∥
L∞(RN )

< εi;

(iv) if αi > 0 for all i = 1,2, . . . , thenu(x, t) > 0 for all x ∈R
N and t > 0;

(v) if the sequence{ξi} is bounded thenu(x, t)→ 0 as|x| →∞ uniformly with respect
to t � 0.

For global unbounded solutions it is natural to ask on which set they become unbounded.
We say thatξ ∈ R

N is a grow-up pointif there is a sequence{ti}, ti →∞, such that
|u(ξ, ti)| →∞ asi→∞. The set of all grow-up points is called thegrow-up setof u. The
following result says that the grow-up set can be prescribed arbitrarily.

THEOREM11.2 [96]. Assumep � p∗. Given any closed subsetsG+ andG− of RN . There
existsu0, with u0 � 0 if G− = ∅, such that the solution of(3.1) is global and satisfies

lim sup
t→∞

u(x, t)=
{
+∞, x ∈G+,

K
(
dist
(
x,G+

))−2/(p−1)
, x /∈G+,

lim inf
t→∞

u(x, t)=
{
−∞, x ∈G−,

−K
(
dist
(
x,G−

))−2/(p−1)
, x /∈G−,

whereK is the constant from(2.5).
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1. Introduction

The classical models of fluid dynamics, such as the Euler or Navier–Stokes equations,
were first established by applying Newton’s second law of motion to each infinitesimal
volume element of the fluid considered, see, for instance, Chapter 1 of [74]. While this
method has the advantage of being universal – indeed, all hydrodynamic models can be
obtained in this way – it has one major drawback: equations of state and transport co-
efficients (such as the viscosity or heat conductivity) are given as phenomenological or
experimental data, and are not related to microscopic data (essentially, to the laws govern-
ing molecular interactions). As a matter of fact, a microscopic theory of liquids is most
likely too complex to be of any use in deriving the macroscopic models of fluid mechanics.
In the case of gases or plasmas, however, molecular interactions are on principle much
more elementary, so that one can hope to express thermodynamic functions and transport
coefficients in terms of purely mechanical data concerning collisions between gas mole-
cules.

In fact, the subject of hydrodynamic limits goes back to the work of the founders J. Clerk
Maxwell and L. Boltzmann, of the kinetic theory of gases. Both checked the consistency of
their new – and, at the time, controversial – theory with the well-established laws of fluid
mechanics. Interestingly, while the very existence of atoms was subject to heated debates,
kinetic theory would provide estimates on the size of a gas molecule from macroscopic
data such as the viscosity of the gas.

Much later, D. Hilbert formulated the question of hydrodynamic limits as a mathemat-
ical problem, as an example in his 6th problem on the axiomatization of physics [67]. In
Hilbert’s own words “[. . .] Boltzmann’s work on the principles of mechanics suggests the
problem of developing mathematically the limiting processes [. . .] which lead from the
atomistic view to the laws of motion of continua”. Some years later, Hilbert himself at-
tacked the problem in [68], as an application of his own fundamental work on integral
equations.

There is an ambiguity in Hilbert’s formulation. Indeed, what is meant by “the atomistic
view” could designate two very different theories. One is molecular dynamics (i.e., the
N -body problem of classical mechanics with elastic collisions, assuming for simplicity
all bodies to be spherical and of equal mass). The other possibility is to start from the
kinetic theory of gases, and more precisely from the Boltzmann equation, which is what
Hilbert himself did in [68]. However, one should be aware that the Boltzmann equation is
not itself a “first principle” of physics, but a low density limit of molecular dynamics. In
the days of Maxwell and Boltzmann, and maybe even at the time of Hilbert’s own papers
on the subject, this may not have been so clear to everyone. In particular, much of the
controversy on irreversibility could perhaps have been avoided with a clear understanding
of the relations between molecular gas dynamics and the kinetic theory of gases.

In any case, the problem of hydrodynamic limits is to obtain rigorous derivations of
macroscopic models such as the fundamental partial differential equations (PDEs) of fluid
mechanics from a microscopic description of matter, be it molecular dynamics or the ki-
netic theory of gases. The situation can be illustrated by the following diagram.
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Throughout the present chapter, we are concerned with only the vertical arrow in the dia-
gram above. As a matter of fact, this is perhaps the part of the subject that is best understood
so far, at least according to the mathematical standards of rigor.

The other arrows in this diagram correspond with situations that are only partially un-
derstood, and where certain issues are still clouded with mystery. Before starting our dis-
cussion of the hydrodynamic limits of the kinetic theory of gases, let us say a few words
on these other limits and direct the interested reader at the related literature.

Although beyond the scope of this chapter, the horizontal arrow is of considerable inter-
est to our discussion, being a justification of the kinetic theory of gases on the basis of the
molecular gas dynamics (viewed as a first principle of classical, nonrelativistic physics).
A rigorous derivation of the Boltzmann equation from molecular dynamics on short time
intervals was obtained by Lanford [76]; see also the very nice rendition of Lanford’s work
in the book [28]. Hence, although not a first principle itself, the Boltzmann equation is rig-
orously derived from first principles and therefore has more physical legitimacy than phe-
nomenological models (such as lattice gases or stochastic Hamiltonian models). Besides,
the Boltzmann equation is currently used by engineers in aerospace industry, in vacuum
technology, in nuclear engineering, as well as several other applied fields, a more complete
list of those being available in the Proceedings of the Rarefied Gas Dynamics Symposia.

On the other hand, “formal” derivations of the Euler system for compressible fluids from
molecular dynamics were proposed by Morrey [97]. Later on, S.R.S. Varadhan and his col-
laborators studied the same limit, however with a different method. Instead of taking mole-
cular dynamics as their starting point, they modified slightly theN -body Hamiltonian by
adding an arbitrarily small noise term to the kinetic energy; they also cut off high velocities
at a threshold compatible with the maximum speed observed on the macroscopic system.
Starting from this stochastic variant of molecular gas dynamics, they derived the Euler sys-
tem of compressible fluids for short times (before the onset of singularities such as shock
waves); see for instance [119] and the references therein, notably [103], see also [33], and
the more recent reference [44]. The role of the extra noise term in their derivation is to
guarantee some form of the ergodic principle, i.e., that the only invariant measure for the
Hamiltonian in the limit of infinitely many particles is a local Gibbs state (parametrized
by macroscopic quantities). At the time of this writing, deriving the Euler system of com-
pressible fluids from molecular gas dynamics without additional noise terms as in [103]
and for all positive times seems beyond reach.

For these reasons, we have limited our discussion to only the derivation of hydrody-
namic models from the kinetic theory of gases, i.e., from the Boltzmann equation. For a
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more general view of the subject of hydrodynamic limits, the reader is advised to read the
excellent survey article by Esposito and Pulvirenti [41], whose selection of topics is quite
different from ours.

This chapter is organized as follows: in Section 2 we review the classical models of fluid
mechanics. Section 3 introduces the Boltzmann equation and discusses its structure and
main formal properties. In Section 4 we discuss the dimensionless form of the Boltzmann
equation and introduce its main scaling parameters. Sections 5 and 6 explain in detail
the formal derivation of the most classical PDEs of fluid mechanics from the Boltzmann
equation by several different methods. Section 7 recalls the known mathematical results
on the Cauchy problem for the PDEs of fluid mechanics. In Section 8 we review the state
of the art on the existence theory for the Boltzmann equation. Sections 9–11 sketch the
mathematical proofs of the formal derivations described in Sections 6 and 7; here again,
we present three different methods for establishing these hydrodynamic limits and discuss
their respective merits.

We have chosen to emphasize compactness methods, leading to global results, and espe-
cially the derivation of global weak solutions of the incompressible Navier–Stokes equa-
tions from renormalized solutions of the Boltzmann equation. There is more than a simple
matter of taste in this choice. Indeed, it is a nontrivial question to decide whether these
hydrodynamic limits are intrinsic properties of the microscopic versus macroscopic mod-
els governing the dynamics of gases, or simply an illustration of more or less standard
techniques in asymptotic analysis. The second viewpoint leads to derivations of hydrody-
namic models that fall short of describing any singular behavior beyond isolated shock
waves in compressible gas dynamics. The first viewpoint uses the specific structure of the
Boltzmann equation to design convergence proofs that are based on only the a priori esti-
mates on this equation that have an intrinsic physical meaning; these convergence proofs
are insensitive to whether singularities appear in finite time on the limiting hydrodynamic
model.

2. Fluid dynamics: A presentation of models

Usually, one thinks of a fluid – more generally, a continuous medium – as a set of material
points which, at any given timet , fill a smooth domain in the Euclidean spaceR

N , where
N = 1,2,3 are the dimensions of physical interest.

The purpose of fluid dynamics is to describe the state of the fluid at any instant of time
with a smallnumber of fields – such as the velocity or temperature fields – defined on the
domain filled by the fluid.

These fields are governed by several partial differential equations that share a common
structure which we briefly recall below.

Consider the motion of a continuous medium, and denote by

X(t, s;a) ∈R
N

the position at timet of the material point which occupied positiona at times.
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The kinematics of such a medium is based on theparallel transportalong the family of
curvest �→X(t, s;a) indexed bya (s, being the origin of times, is kept fixed). The infini-
tesimal description of this parallel transport involves the first-order differential operator

D

Dt
= ∂t + u(t, x) · ∇x = ∂t +

N∑

j=1

uj (t, x) ∂xj ,

where the velocity fieldu(t, x) is defined in terms of the particle pathsX(t, s;a) by the
formula

d

dt
X(t, s;a)= u

(
t,X(t, s;a)

)
.

The operatorDDt is usually calledthe material derivative, and using it allows one to elimi-
nate the trajectoriesX(t, s;a). In other words, instead of following the motion of each ma-
terial point, one looks at any fixed point in the Euclidean spaceR

N , sayx, and observes,
at any given timet , the velocityu(t, x) of the material point that is located at the posi-
tion x at timet . This is called theEulerian descriptionof a continuous medium, whereas
the description in terms ofX(t, s;a) is called theLagrangian description. Interestingly,
the connections between the kinetic theory of gases (or plasmas) and fluid dynamics are
always formulated in terms of the Eulerian, instead of the Lagrangian description, although
the latter may seem more natural when dealing with the motion of a gas at the atomic or
molecular level.

Fluid dynamics rests on three fundamental laws – or equations:
• the continuity equation,
• the motion equation, and
• the energy balance equation.
The continuity equation states that the densityρ of the fluid is transported by the flow,

i.e., that the measureρ(t, x)dx is the image of the measureρ(s, a)da under the map
a �→X(t, s;a). The infinitesimal formulation of this fact is

Dρ

Dt
=−ρ divx u. (2.1)

The motion equation states that each portion of the fluid obeys Newton’s second law
of motion (i.e., d

dt (momentum)= force). The acceleration is computed in terms of the
material derivative, and the infinitesimal formulation of the motion equation is

ρ
Du

Dt
= divx S + ρf, (2.2)

wheref is the external force field (e.g., gravity, Lorentz force in the case of a plasma . . . )
andS is the stress tensor. The meaning ofS is as follows: at any given timet , isolate a
smooth domainΩ in the fluid, denote by∂Ω its boundary, bynx the unit normal field
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on ∂Ω pointing toward the outside ofΩ , and by dσ(x) the surface element on∂Ω . Then,
the force exerted by the fluid outsideΩ on the fluid insideΩ is

∫

∂Ω

S(t, x)nx dσ(x).

Finally, the energy balance equation involves the internal energy of the fluid per unit of
massE; the total energy per unit of mass is1

2|u|2+E (the sum of the kinetic energy and
the internal energy). It states that the material derivative of the total energy of any portion
of fluid is the sum of the works of the stresses and of the external forcef, minus the heat
flux lost by that portion of fluid. Its infinitesimal formulation is

ρ
D

Dt

(
1

2
|u|2+E

)
=−divxQ+ divx(Su)+ ρf · u, (2.3)

whereQ is the heat flux.
In the motion and energy balance equations,f is a given vector field, while the densityρ,

the velocity fieldu, the internal energyE, the stress tensorS and the heat fluxQ are un-
known. However, these quantities are usually not independent, but are related byequations
of statethat depend on the fluid considered.

Equations (2.1)–(2.3) areGalilean invariant. Specifically, letv ∈R
3; define the Galilean

transformation

x′ = x + vt, u′
(
t, x′

)
= u(t, x)+ v, φ′

(
t, x′

)
= φ(t, x)

for φ = ρ,S, f,E,Q. Then, setting

D′

Dt
= ∂t + u′ · ∇x′

one deduces from (2.1)–(2.3) that

D′

Dt
ρ′ =−ρ′ divx′ u

′,

ρ′
D′

Dt
u′ = divx′ S

′ + ρ′f ′,

ρ′
D′

Dt

(
1

2

∣∣u′
∣∣2+E′

)
=−divx′Q

′ + divx′
(
S′u′

)
+ ρ′f ′ · u′.

2.1. The compressible Euler system

An ideal fluid is one where the effects of viscosity and thermal conductivity can be ne-
glected. In this case,Q= 0 and the stress tensor is of the form

S =−pI,
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where the scalarp is the pressure. Hence the system consisting of the continuity equation
the motion equation and the energy balance equation becomes

∂tρ + divx(ρu)= 0,

ρ
(
∂tu+ (u · ∇x)u

)
=−∇xp+ ρf, (2.4)

ρ
(
∂tE + (u · ∇x)E

)
=−p divx u.

Thus, the unknowns are the densityρ, the velocity fieldu, the pressurep and the internal
energyE. However, the quantitiesρ, p andE are not independent, but are related by
equations of state.

Choosing the densityρ and the temperatureθ as independent thermodynamic variables,
these equations of state are relations that express the pressurep and the internal energyE
in terms ofρ andθ

p ≡ p(ρ, θ), E ≡E(ρ, θ). (2.5)

Hence (2.4) is a system ofN+2 partial differential equations for the unknownsρ, u andθ ;
notice that there are in factN +2 scalar unknowns,ρ andθ , plus theN components of the
vector fieldu.

The case of a perfect gas is of particular importance for the rest of this chapter. In this
case, the equations of state are

p(ρ, θ)= kρθ, e(ρ, θ)= kθ

γ − 1
, (2.6)

wherek is the Boltzmann constant (k = 1.38· 10−23 J K−1) andγ > 1 is a constant called
the adiabatic exponent. For a perfect gas whose molecules haven degrees of freedom

γ = 1+ 2

n
.

For instance, in the case of a perfect monatomic gas, each molecule has 3 degrees of free-
dom (the coordinates of its center of mass); henceγ = 5/3. In the case of a diatomic gas,
each molecule has 5 degrees of freedom (the coordinates of its center of mass and the
direction of the line passing through the centers of both atoms); henceγ = 7/5.

From now on, we choose a temperature scale such thatk = 1.
Adding the continuity equation to the motion equation and to the energy balance equa-

tion, one can recast (2.4) in the form

∂tρ + divx(ρu)= 0,

∂t (ρu)+ divx(ρu⊗ u)+∇x(ρθ)= ρf, (2.7)

∂t

(
ρ

(
1

2
|u|2+ 1

γ − 1
θ

))
+ divx

(
ρu

(
1

2
|u|2+ γ

γ − 1
θ

))
= ρf · u.
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In the absence of external force, i.e., whenf = 0, (2.7) is a hyperbolic system of conserva-
tion laws.

2.2. The compressible Navier–Stokes system

If the fluid considered is not ideal, the viscous forces and heat conduction must be taken
into account.

In the case of moderate temperature gradients in the fluid, heat conduction is usually
modeled with Fourier’s law: the heat fluxQ is proportional to the temperature gradient,
i.e.,

Q=−κ∇xθ,

where the coefficientκ is called theheat conductivity. Usually,κ is a function of the pres-
sure and the temperature. Because of the equation of state for the pressure, one has equiv-
alentlyκ ≡ κ(ρ, θ) > 0.

The viscous forces are modeled by adding a correction term to the pressure in the stress
tensorS. In the case where the gradient of the velocity field is not too large, this correction
term is linear in the gradient of the velocity field – by analogy with Fourier’s law. Usually,
the fluid under consideration is isotropic, and this implies that this correcting term is a lin-
ear combination of the scalar tensor(divx u)I and of the traceless part of the symmetrized
gradient of the velocity field

D(u)=∇xu+∇xuT − 2

N
(divx u)I.

In other words, the stress tensor takes the form

S =−pI +µ(divx u)I + λD(u),

whereλ andµ are two positive scalar quantities referred to as the viscosity coefficients.
Again, λ andµ are functions of the pressure and temperature, which, by the equation of
state for the pressure, can be transformed intoλ≡ λ(ρ, θ) andµ≡ µ(ρ, θ).

Inserting this form of the stress tensor in the motion and energy balance equation, one
finds the system of Navier–Stokes equations for compressible fluids

∂tρ + divx(ρu)= 0,

ρ
(
∂tu+ (u · ∇x)u

)
=−∇xp(ρ, θ)
+ ρf + divx

(
λ(ρ, θ)D(u)

)
+∇x

(
µ(ρ, θ)divx(u)

)
, (2.8)

ρ
(
∂tE(ρ, θ)+ (u · ∇x)E(ρ, θ)

)
=−p(ρ, θ)divx u+ divx

(
κ(θ)∇xθ

)

+ 1

2
λ(ρ, θ)D(u) :D(u)+µ(ρ, θ)(divx u)

2.
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This is a degenerate parabolic system of partial differential equations in the unknowns
ρ, u and θ . Observe that there is no diffusion term in the first equation, which is clear
on physical grounds. Indeed, the meaning of the continuity equation is purely geomet-
ric – namely, the fact that the measureρ dx is transported by the fluid flow – and cannot
be affected by physical assumptions on the fluid (such as whether the fluid is ideal or
not).

2.3. The acoustic system

The acoustic waves in an ideal fluid are small amplitude disturbances of a constant equi-
librium state. Therefore the propagation of acoustic waves is governed by the linearization
at a constant state(ρ̄, ū, θ̄ ) of the compressible Euler system. Without loss of generality,
one can assume by Galilean invariance thatū = 0. The density, velocity and temperature
fields are written as

ρ = ρ̄ + ρ̃, u= ũ, θ = θ̄ + θ̃ ,

where the letters adorned with tildes designate small disturbances of the background equi-
librium state(ρ̄,0, θ̄ ). In the case of a perfect gas, and in the absence of external force (i.e.,
for f = 0), the acoustic system takes the form

∂t ρ̃ + ρ̄ divx ũ= 0,

∂t ũ+
θ̄

ρ̄
∇x ρ̃ +∇x θ̃ = 0, (2.9)

1

γ − 1
∂t θ̃ + θ̄ divx ũ= 0.

By combining the first and the last equation in the system above, one can put it in the form

∂t

(
ρ̃

ρ̄
+ θ̃

θ̄

)
+ γ divx ũ= 0,

(2.10)

∂t ũ+ θ̄∇x
(
ρ̃

ρ̄
+ θ̃

θ̄

)
= 0.

Splitting the fluctuation of velocity field̃u as the sum of a gradient field and of asolenoidal
(i.e., divergence-free) field

ũ=−∇xϕ + ũs, divx us= 0,

one deduces from the system (2.10) – together with boundary conditions, or conditions at
infinity, or else conditions on the mean value of the fields, whose detailed description does
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not belong here – that

(
∂t t − γ θ̄�x

)( ρ̃
ρ̄
+ θ̃

θ̄

)
= 0,

(
∂t t − γ θ̄�x

)
ϕ = 0, (2.11)

∂tus= 0.

In other words, the acoustic system can be reduced to two independent wave equations
for (ρ̃/ρ̄ + θ̃/θ̄ ) (the relative pressure fluctuation) andϕ (the fluctuating stream function),
while the solenoidal part of the velocity fluctuationus is a constant of motion.

2.4. The incompressible Euler equations

Consider next the case of an incompressible, homogeneous ideal fluid. The evolution of
such a fluid is governed by the system (2.4) withρ = const. The continuity and motion
equations in (2.4) reduce to

divx u= 0,
(2.12)

∂tu+ (u · ∇x)u=−∇xπ + f,

whereπ = p/ρ. At variance with the compressible Euler system, there is no need of an
equation of state to determineπ . Indeed, taking the divergence of both sides of the motion
equation leads to

−�xπ = divx(u · ∇xu)− divx f = trace
(
(∇xu)2

)
− divx f,

so thatπ can be expressed in terms ofu by solving the Laplace equation. In other words,
π must be thought of as the Lagrange multiplier associated to the constraint divx u= 0.

The incompressible Euler equations also arise in a different context, namely in the de-
scription of incompressible flowsof compressible fluids (such as perfect gases, for in-
stance).

The dimensionless number that monitors the compressibility is theMach number, i.e.,
the ratio of the length of the velocity field to the speed of sound. In the case of a perfect
gas with adiabatic exponentγ , our discussion of the acoustic system above shows that the
speed of sound in the gas at a temperatureθ is c =√γ θ , so that the Mach number in that
case is

Ma= |u|√
γ θ

. (2.13)

With this definition, the Mach number is a local quantity, sinceu and θ are in general
functions ofx and t . But one can replace|u| and θ in the definition above by constant
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quantities of the same order of magnitude, for instance by averages of|u| andθ over large
spatial and temporal domains.

Flows of perfect gases are incompressible in the small Mach number limit. Setting
ε =

√
Ma≪ 1, consider the rescaled density, velocity and temperature fields defined by

ρε(t, x)= ρ

(
t

ε
, x

)
,

uε(t, x)=
1

ε
u

(
t

ε
, x

)
, (2.14)

θε(t, x)= θ

(
t

ε
, x

)
,

assuming(ρ,u, θ) is a solution of the compressible Euler system (2.7), withf ≡ 0 for
simplicity. Hence(ρε, uε, θε) satisfies

∂tρε + divx(ρεuε)= 0,

ρε
(
∂tuε + (uε · ∇x)uε

)
+ 1

ε2
∇x(ρεθε)= 0, (2.15)

∂tθε + uε · ∇xθε + (γ − 1)θε divx uε = 0.

The leading-order term in the momentum equation is the gradient of the pressure field,
which suggests that, in the limit asε→ 0, ρεθε ≃ C(t); then, combining the continuity
and temperature equations above leads to

γ divx uε =−∂t ln(ρεθε)− uε · ∇x ln(ρεθε)≃
d

dt

(
lnC(t)

)
.

In many situations – for instance, if the spatial domain is a periodic box, or in the case of
a bounded domainΩ with the usual boundary conditionuε · nx = 0 on∂Ω – integrating
in x both sides of this equality leads to the incompressibility condition

divx uε ≃ 0 in the limit asε→ 0.

Hence the continuity equation reduces to

∂tρε + uε · ∇xρε ≃ 0

so that, if the initial data forρε is a constant̄ρ, then

ρε(t, x)≃ ρ̄ in the limit asε→ 0.

Then, the momentum equation reduces to

∂tuε + (uε · ∇x)uε ≃−
1

ε2
∇xθε = gradient field
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in the limit asε→ 0. This discussion suggests that, in the small Mach number limit, flows
of a compressible fluid such as a perfect gas are well described by the incompressible Euler
equations.

2.5. The incompressible Navier–Stokes equations

Next, we start from the compressible Navier–Stokes system (2.8), and assume that the
densityρ is a constant. As above, the continuity equation in (2.8) reduces to the incom-
pressibility condition divx u= 0. Moreover, assuming that the viscosityλ is a constant, we
find that the momentum equation reduces to

ρ
(
∂tu+ (u · ∇x)u

)
+∇xp = ρf + λ�xu.

Defining the kinematic viscosity to be

ν = λ

ρ

and settingπ = p/ρ, we arrive at the incompressible Navier–Stokes equations

divx u= 0,
(2.16)

∂tu+ (u · ∇x)u+∇xπ = f + ν�xu.

We leave it to the reader to verify that the incompressible Navier–Stokes equations can be
viewed as the small Mach number limit of the compressible Navier–Stokes system, as was
done in the case of the incompressible Euler system. The scaling law is slightly different
from the Euler case: forε =

√
Ma, set

ρε(t, x)= ρ

(
t

ε2
,
x

ε

)
,

uε(t, x)=
1

ε
u

(
t

ε2
,
x

ε

)
, (2.17)

θε(t, x)= θ

(
t

ε2
,
x

ε

)
,

where(ρ,u, θ) is a solution to the Navier–Stokes system (2.8), withf ≡ 0. Then, to leading
order asε→ 0, uε satisfies (2.16) withf ≡ 0.

So far, we have said nothing about the temperature field in incompressible flows; this
will be the subject matter of the next subsection.
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2.6. The temperature equation for incompressible flows

Going back to the Navier–Stokes system (2.8) for a perfect gas with adiabatic exponentγ ,
we see that, in the incompressible case whereρ = const, the third equation reduces to

1

γ − 1
ρ(∂tθ + u · ∇xθ)= divx

(
κ(θ)∇xθ

)
+ 1

2
λD(u) :D(u). (2.18)

On the right-hand side of (2.18), the first term represents the divergence of the heat flux
due to thermal conduction, as described by Fourier’s law, while the second term represents
the production of heat by intermolecular friction and is called theviscous heatingterm.

In some models that can be found in the literature, the viscous heating term is absent
from the temperature equation. Whether the viscous heating term should be taken into
account or not depends in fact on the relative size of the fluctuations of velocity field about
its average value, and of the fluctuations of temperature field about its average values.

If the fluctuations of velocity field are of a smaller order than the square-root of the
temperature fluctuations, then a straightforward scaling argument shows that the viscous
heating term can indeed be neglected in (2.18). If however, the fluctuations of velocity
field are at least of the same order of magnitude as the square-root of the temperature
fluctuations, then the viscous heating term cannot be neglected in (2.18). We shall discuss
this alternative further in the description of the incompressible hydrodynamic limits of the
Boltzmann equation.

2.7. Coupling of the velocity and temperature fields by conservative forces

In our discussion of the incompressible flows as low Mach number limits, we have ne-
glected so far the external forcef. Split it as the sum of a gradient field (i.e., of a conserva-
tive force) and of a solenoidal field

f =−∇xφ + f s, divx f s= 0.

Scaleφ andf s as

φε(t, x)=
1

ε
φ

(
t

ε2
,
x

ε

)
, f s

ε(t, x)=
1

ε3
f s
(
t

ε2
,
x

ε

)
, (2.19)

and assume thatρε andθε have fluctuations of orderε about their constant average values

ρε = ρ̄ + ερ̃ε, θε = θ̄ + εθ̃ε.

In that case, the leading order inε of the momentum equation in the Navier–Stokes sys-
tem (2.8) reduces to

∇x
(
ρ̄θ̃ε + θ̄ ρ̃ε

)
+ ρ̄∇xφε ≃ 0,
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or in other words,

ρ̃ε

ρ̄
+ θ̃ε

θ̄
+ φε

θ̄
≃ C(t), (2.20)

an equality known asBoussinesq’s relation.1 In many cases, the boundary conditions (or
decay at infinity, or else periodicity conditions) entail thatC(t)= 0.

The next order inε of the momentum equation in the Navier–Stokes system is

ρ̄
(
∂tuε + (uε · ∇x)uε

)
+ ρ̃ε∇xφε ≃ λ�xuε + ρ̄fε + gradient field

and one expresses the action of the conservative forceρ̃ε∇xφε as

ρ̃ε∇xφε ≃−
ρ̄

θ̄

(
θ̃ε∇xφε +

1

2
∇x
(
φ2
ε

))

so that the momentum equation reduces to

∂tuε + (uε · ∇x)uε −
θε

θ̄
∇xφε ≃ ν�xuε + fε + gradient field. (2.21)

As for the temperature equation, one should refrain from using directly (2.18). Indeed, this
equation has been derived from (2.8) in the purely incompressible case whereρ = const,
while in the present caseρ = const modulo terms of orderε.

In the present case, we must go back to the Navier–Stokes system (2.8) and write the
continuity and energy equation in terms of the fluctuations of density and temperature

ε(∂t ρ̃ε + uε · ∇x ρ̃ε)+ ρ̄ divx uε = o(ε),

1

γ − 1
ε
(
∂t θ̃ε + uε · ∇x θ̃ε

)
+ θ̄ divx uε = ε divx

(
κ(θ̄)

ρ̄
∇x θ̃ε

)
+ o(ε).

Next we must eliminate divx uε between both equations above; indeed, we only know that
divx uε ≃ 0 to leading order inε, and it may not be true that divx uε = o(ε). Dividing the
first equation above bȳρ and the second bȳθ , one arrives at

ε(∂t + uε · ∇x)
(

1

γ − 1

θ̃ε

θ̄
− ρ̃ε

ρ̄

)
= ε

κ(θ̄)

ρ̄
�x

(
θ̃ε

θ̄

)
+ o(ε).

We further eliminate the fluctuation of density by Boussinesq’s relation, and eventually

1Boussinesq’s relation is most often used in a different physical context. It expresses the effect on the buoyancy
of the volume expansion of a liquid due to variations of temperature.
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arrive at

γ

γ − 1
ρ̄(∂tθε + uε · ∇xθε)+ ρ̄uε · ∇xφε ≃ κ

(
θ̄
)
�xθε. (2.22)

Collecting both equations (2.21) and (2.22), we arrive at the coupled system in the small
ε limit

∂tu+ u · ∇xu+
θ

θ̄
∇xφ +∇xπ = ν�xu, divx u= 0,

(2.23)

∂tθ + u · ∇xθ +
γ − 1

γ
u · ∇xφ = κ̄�xθ,

where

κ̄ = γ − 1

γ

κ(θ̄)

ρ̄
.

It is interesting to compare the temperature equation in (2.23) with (2.18); notice that the
heat conductivity in (2.23) is 1/γ that in (2.18). Besides there is no viscous heating term in
the temperature equation in (2.23), at variance with (2.18). This, however, is a consequence
of the scaling considered in the discussion above: indeed, the fluctuations of velocity and
temperature fields are of the same order of magnitude, so that viscous heating is a lower-
order effect. On the contrary, if one sets the temperature fluctuations to be of the order of
the squared fluctuations of velocity field, one recovers a viscous heating term in (2.23).

The material in this section is fairly classical and can be found in most textbooks on
fluid mechanics; more information can be gathered from the excellent introductory section
of [85]; see also the classical treatise [74].

3. The Boltzmann equation and its formal properties

The Boltzmann equation is the model that governs the evolution of perfect gases in kinetic
theory. While fluid dynamics describes the state of a fluid with a few scalar or vector fields
defined on the domain filled by the fluid, such as the temperature or velocity fields, kinetic
theory describes the state of a gas with thenumber density(also called thedistribution
function) F ≡ F(t, x, v) � 0 that is the density of gas molecules which, at timet � 0,
are located at the positionx ∈ R

3 and have velocityv ∈ R
3. Put in other words, in any

infinitesimal volume dx dv centered at the point(x, v) ∈ R
3 × R

3 of the single particle
phase space, one can find approximatelyF(t, x, v)dx dv like particles at timet . In the
classical kinetic theory of gases, the molecular radius is neglected, except in the collision
cross-section: this has important consequences, as will be seen later.

The Boltzmann equation takes the form

∂tF + v · ∇xF = B(F,F ), (3.1)
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Fig. 1. The pre- and post-collision velocities in the reference frame of the center of mass of the particle pair.

whereB(F,F ) is the collision integral. This collision integralB(F,F ) is a quadratic inte-
gral operator acting only on thev-argument of the number densityF , and takes the form

B(F,F )(t, x, v)=
∫ ∫

R3×S2

(
F ′F ′∗ − FF∗

)
b(v− v∗,ω)dωdv∗, (3.2)

where the notationsF , F∗, F ′ and F ′∗ designate respectively the valuesF(t, x, v),
F(t, x, v∗), F(t, x, v′) andF(t, x, v′∗), with v′ ≡ v′(v, v∗,ω) andv′∗ ≡ v′∗(v, v∗,ω) given
in terms ofv, v∗ andω by the formulas

v′ = v − (v − v∗) ·ωω, v′∗ = v∗ + (v− v∗) ·ωω, (3.3)

whereω ∈ S
2 is an arbitrary unit vector (see Figure 1). These formulas represent all the

solutions(v′, v′∗) ∈R
3×R

3 of the system of equations

v′ + v′∗ = v+ v∗,
∣∣v′
∣∣2+

∣∣v′∗
∣∣2= |v|2+ |v∗|2, (3.4)

where(v, v∗) ∈ R
3 × R

3 is given. If (v, v∗) are the velocities of a pair of like particles
before collision, and(v′, v′∗) are the velocities of the same pair of particles after collision –
or vice versa, equalities (3.4) express the conservation of momentum and kinetic energy
during the collision.

Only the binary collisions are accounted for in Boltzmann’s equation. Indeed, since the
molecular radius is neglected in the kinetic theory of gases, one can show that collisions
involving more than two particles are events that occur with probability zero, and therefore
can be neglected for all practical purposes.

Moreover, kinetic energy is the only form of energy conserved during collisions. In
fact, the Boltzmann collision integral (3.2) applies only to monatomic gases. Polyatomic
gases can also be treated by the methods of kinetic theory; however this require using
complicated variants of Boltzmann’s original collision integral that involve vibrational and
rotational energies in addition to the kinetic energy of the center of mass of each molecule;
besides, these additional energy variables are quantized in certain applications. While such
considerations are important for understanding some real gas effects, they lead to heavy
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technicalities which do not belong to an expository article such as the present one. For these
reasons, we shall implicitly restrict our attention to monatomic gases and to the collision
integral (3.2) in the sequel.

The functionb ≡ b(V,ω) is thecollision kernel, an a.e. positive function that is of the
form

b(V,ω)= |V |Σ
(
|V |,

∣∣cos
(
V̂ ,ω

)∣∣), (3.5)

whereΣ is the scattering cross-section(see Section 3.5 for a precise definition of this
notion).

We shall discuss later the physical meaning of the functionΣ , together with the usual
mathematical assumptions on the collision kernelb. For the moment, assume thatb is
locally integrable onR3 × S

2, and consider a number densityF ≡ F(t, x, v) which, at
any arbitrary instant of timet and locationx, is continuous with compact support in the
velocity variablev. Then, the collision integralB(F,F )(t, x, v) can be split as

B(F,F )(t, x, v)= B+(F,F )(t, x, v)−B−(F,F )(t, x, v), (3.6)

where

B+(F,F )(t, x, v)=
∫ ∫

R3×S2
F ′F ′∗b(v − v∗,ω)dωdv∗,

(3.7)

B−(F,F )(t, x, v)=
∫ ∫

R3×S2
FF∗b(v− v∗,ω)dωdv∗

are called respectively thegain termand theloss termin the collision integralB(F,F ).
The physical meaning of both the gain and loss terms – and that of the collision integral
itself – can be explained in the following manner:
• B−(F,F )(t, x, v)dv is the number of particles located atx at timet that exit the vol-

ume element dv centered atv in the velocity space by colliding with another particle
with an arbitrary velocityv∗ located at the same positionx at the same timet , and

• B+(F,F )(t, x, v)dv is the number of particles located atx at time t that enter the
volume element dv centered atv in the velocity space as the result of a collision
involving two particles with pre-collisional velocitiesv′ andv′∗ at the same timet and
the same positionx.

Notice that, in this model, collisions are purely local and instantaneous, which is another
consequence of having neglected the molecular radius. Moreover, it is assumed that the
joint distribution of any pair of particles located at the same positionx at the same timet
with velocitiesv andv∗ and that are about to collideis the product

F(t, x, v)F (t, x, v∗).

In other words, such particles are assumed to be statistically uncorrelated; however, this as-
sumption, which is crucial in the physical derivation of the Boltzmann equation, is needed
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only for particle pairs about to collide – and is obviously false for a pair of particles having
just collided.

Going back to the Boltzmann equation (3.1) in the form

∂tF =−v · ∇xF +B(F,F ),

it follows from the above discussion that the first term on the right-hand side represents
the net number of particles entering the infinitesimal phase-space volume dx dv centered
at (x, v) as the result of inertial motion of particles between collisions, while the second
term represents the net number of particles entering that same volume as the result of
instantaneous and purely local collisions.

3.1. Conservation laws

Throughout this subsection, it is assumed that the collision kernelb is locally integrable,

b ∈ L1
loc

(
R

3× S
2). (3.8)

The first major result about the Boltzmann collision integral is the following proposition.

PROPOSITION3.1. LetF ≡ F(v) ∈ Cc(R
3) andφ ∈ C(R3). Then

∫

R3
B(F,F )(v)φ(v)dv

= 1

4

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)(
φ + φ∗ − φ′ − φ′∗

)
b(v− v∗,ω)dv dv∗ dω.

This result is essential to understanding the Boltzmann equation and especially its rela-
tions to hydrodynamics. For this reason, we shall give a complete proof of it.

PROOF OFPROPOSITION3.1. The second relation in (3.4) and the fact thatF is com-
pactly supported shows that the support of(v, v∗,ω) �→ F ′F ′∗ − FF∗ is compact in
R

3×R
3× S

2. Hence both integrals

1

4

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)(
φ + φ∗ − φ′ − φ′∗

)
b(v − v∗,ω)dv dv∗ dω

and
∫

R3
B(F,F )(v)φ(v)dv

=
∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
φb(v − v∗,ω)dv dv∗ dω
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are well defined sinceF and φ are continuous andb satisfies (3.8). In the latter inte-
gral, apply the change of variables(v, v∗) �→ (v∗, v), while keepingω fixed: (3.3) show
that (v′, v′∗) is changed into(v′∗, v

′), so that the expression(F ′F ′∗ − FF∗) is invariant,
while (3.5) shows that the collision kernel satisfiesb(v∗ − v,ω)= b(v − v∗,ω). Hence

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
φb(v − v∗,ω)dv dv∗ dω

=
∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
φ∗b(v − v∗,ω)dv dv∗ dω

= 1

2

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
(φ + φ∗)b(v − v∗,ω)dv dv∗ dω.

Now in the latter integral, for a.e. fixedω ∈ S
2, apply the change of variables(v, v∗) �→

(v′, v′∗) defined by (3.3). It is easily seen that this transformation is an involution of
R

3×R
3, so that this change of variables maps(v′, v′∗) onto(v, v∗): henceF ′F ′∗ − FF∗ is

transformed into its oppositeFF∗ − F ′F ′∗. Formulas (3.3) also show that

∣∣v′ − v′∗
∣∣= v− v∗ and

(
v′ − v′∗

)
·ω=−(v − v∗) ·ω

so that, by (3.5), one hasb(v′−v′∗,ω)= b(v−v∗,ω). Finally, this change of variables is an
isometry ofR3×R

3 by the second relation of (3.4), and therefore preserves the Lebesgue
measure. Eventually, we have proved that

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
(φ + φ∗)b(v − v∗,ω)dv dv∗ dω

=−
∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)(
φ′ + φ′∗

)
b(v − v∗,ω)dv dv∗ dω

= 1

2

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)(
φ + φ∗ − φ′ − φ′∗

)
b(v − v∗,ω)dv dv∗ dω

and this entails the announced formula. �

Notice that it may not be necessary to assume thatF has compact support in Proposi-
tion 3.1. For instance, the same result holds for allF andφ ∈ C(R3) if there existsm> 0
such that

∣∣φ(v)
∣∣+

∫

S2
b(v,ω)dω=O

(
|v|m

)
while F(v)=O

(
|v|−n

)

as|v| →+∞, with n > 2m+ 3. (3.9)

An important consequence of this proposition is the following corollary.
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COROLLARY 3.2. Under the same assumptions as in Proposition3.1or (3.9),one has

∫

R3
B(F,F )(v)dv = 0 (conservation of mass),

∫

R3
vkB(F,F )(v)dv = 0 (conservation of momentum),

∫

R3

1

2
|v|2B(F,F )(v)dv = 0 (conservation of energy),

for k = 1,2,3.

When applied to a solution of the Boltzmann equationF ≡ F(t, x, v), these five re-
lations are the net conservation of mass – equivalently, of the total number of particles –
momentum and energy in each phase-space cylinder dx×R

3
v , where dx is any infinitesimal

volume element in the space of positionsR
3
x .

PROOF OF COROLLARY 3.2. Assuming thatφ(v) is one of the functions 1,vk for
k = 1,2,3, and1

2|v|2, one has

φ(v)+ φ(v∗)− φ
(
v′
)
− φ

(
v′∗
)
= 0

for each(v, v∗,ω) ∈ R
3×R

3× S
2, because of (3.4). Applying Proposition 3.1 shows the

five relations stated in Corollary 3.2. �

Let F ≡ F(t, x, v) be a solution of the Boltzmann equation; assume thatF(t, x, ·) is
continuous with compact support onR3

v a.e. in(t, x) ∈ R+ × R
3, or satisfies (3.9). Then

Corollary 3.2 implies that

∂t

∫

R3
F dv+ divx

∫

R3
vF dv = 0,

∂t

∫

R3
vF dv+ divx

∫

R3
v⊗ vF dv = 0, (3.10)

∂t

∫

R3

1

2
|v|2F dv+ divx

∫

R3
v

1

2
|v|2F dv = 0.

These equalities are the local conservation laws of mass, momentum and energy in space–
time divergence form.

Assume further, for simplicity, that for a.e.(t, x) ∈R+ ×R
3,

∫

R3
F(t, x, v)dv > 0;
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define then

ρ(t, x)=
∫

R3
F(t, x, v)dv (macroscopic density),

u(t, x)= 1

ρ(t, x)

∫

R3
vF(t, x, v)dv (bulk velocity), (3.11)

θ(t, x)= 1

ρ(t, x)

∫

R3

1

3

∣∣v− u(t, x)
∣∣2F(t, x, v)dv (temperature).

With these definitions, the local conservation laws (3.10) take the form

∂tρ + divx(ρu)= 0,

∂t (ρu)+ divx(ρu⊗ u)+∇x(ρθ)=−divx

∫

R3
A(v − u)F dv,

(3.12)

∂t

(
ρ

(
1

2
|u|2+ 3

2
θ

))
+ divx

(
ρu

(
1

2
|u|2+ 5

2
θ

))

=−divx

∫

R3
B(v − u)F dv− divx

∫

R3
A(v − u) · uF dv,

where

A(z)= z⊗ z− 1

3
|z|2, B(z)= 1

2

(
|z|2− 5

)
z.

The left-hand side of the equalities (3.12) coincide with that of the compressible Euler
system (2.7) withγ = 5/3 (the adiabatic exponent for point particles, i.e., for particles
with 3 degrees of freedom). The right-hand side, on the contrary, depends on the solution of
the Boltzmann equationF and is in general not determined by the macroscopic variablesρ,
u andθ .

However, in some limit, it may be possible to approximate the right-hand side of (3.12)
by appropriate functions ofρ, u andθ , thereby arriving at a system in closed form with
unknown(ρ,u, θ).

For instance, deriving the compressible Euler system (2.7) as some asymptotic limit of
the Boltzmann equation would consist in proving that the right-hand side of the second and
third equations in (3.12) vanishes in that limit. Deriving the Navier–Stokes system (2.8)
from the Boltzmann equation would consist in finding some (other) asymptotic limit such
that

∫

R3
A(v − u)F dv ≃−λD(u) and

∫

R3
B(v − u)F dv =−κ∇xθ,

and so on.
The problem of finding such closure relations is the key to all the derivations of hydro-

dynamic models from the Boltzmann equation.
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3.2. Boltzmann’sH -theorem

We have seen in the last subsection how the symmetries of the Boltzmann collision integral
entail the local conservation of mass, momentum and energy.

Another important feature of these symmetries is that they also entail a variant of the
second principle of thermodynamics, as we shall now explain.

PROPOSITION 3.3 (Boltzmann’sH -theorem).Assume that the collision kernelb satis-
fies(3.8), that F ∈ C(R3) is positive and rapidly decaying at infinity, and that, for some
m> 0, one has

∫

S2
b(v,ω)dω+

∣∣ lnF(v)
∣∣=O

(
|v|m

)
as|v| →+∞.

Then

∫

R3
B(F,F ) lnF dv

=−1

4

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
b(v − v∗,ω)dv dv∗ dω� 0.

Moreover, the following conditions are equivalent

(i)
∫

R3 B(F,F ) lnF dv = 0,

(ii) B(F,F )(v)= 0 for all v ∈R
3,

(iii) F is a Maxwellian distribution, i.e., there existsρ, θ > 0 and u ∈ R
3 such that

F =M(ρ,u,θ), where

M(ρ,u,θ)(v) :=
ρ

(2πθ)3/2
e−|v−u|

2/2θ for eachv ∈R
3. (3.13)

As was already the case of Proposition 3.1, Boltzmann’sH -theorem is so essential in
deriving hydrodynamic equations from the Boltzmann equation that we give a complete
proof of it.

PROOF OF PROPOSITION 3.3. The assumptions onF and b are such thatF , b and
φ = lnF satisfy the assumption (3.9). Applying Proposition 3.1 implies that

∫

R3
B(F,F ) lnF dv

=−1

4

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
b(v − v∗,ω)dv dv∗ dω.

(3.14)
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Since the logarithm is an increasing function, one has

(f − g) ln

(
f

g

)
= (f − g)(lnf − lng)� 0 for eachf,g > 0,

so that the expression on the right-hand side of (3.14) is nonpositive.
If that expression is equal to zero, the integrand must vanish a.e., meaning that

F ′F ′∗ = FF∗ for a.e.(v, v∗,ω) ∈R
3×R

3× S
2,

since the collision kernelb is a.e. positive. This accounts for the equivalence between
conditions (i) and (ii). That (iii) implies (i) is proved by inspection; for instance, one can
observe that, ifF is a Maxwellian distribution, lnF is a linear combination of 1,v1, v2,
v3 and|v|2, so that

lnF ′ + lnF ′∗ − lnF − lnF∗ = 0 for all (v, v∗,ω) ∈R
3×R

3× S
2,

because of the microscopic conservation laws (3.4). Finally, (i) implies (iii), as shown by
the next lemma, and this concludes the proof of Boltzmann’sH -theorem. �

LEMMA 3.4. Letφ � 0 a.e. be such that(1+ |v|2)φ ∈ L1(R3). If

φ′φ′∗ = φφ∗ for a.e. (v, v∗,ω) ∈R
3×R

3× S
2,

thenφ is either a.e. 0 or a Maxwellian(i.e., is of the form(3.13)).

The following proof is due to Perthame [104]; Boltzmann’s original argument can be
found in Section 18 of [16].

PROOF OFLEMMA 3.4. After translation and multiplication by a constant, one can always
assume that

∫

R3
φ(v)dv = 1,

∫

R3
vφ(v)dv = 0 (3.15)

unlessφ = 0 a.e. Denoting bŷφ the Fourier transform ofφ, our assumptions imply that,
for a.e.ω ∈ S

2, one has

φ̂(ξ)φ̂(ξ∗) =
∫ ∫

R3×R3
φ
(
v′
)
φ
(
v′∗
)
e−iξ ·v−iξ∗·v∗ dv dv∗

=
∫ ∫

R3×R3
φ(v)φ(v∗)e−iξ ·v′−iξ∗·v′∗ dv dv∗

=
∫ ∫

R3×R3
φ(v)φ(v∗)e−iξ ·v−iξ∗·v∗ei((ξ−ξ∗)·ω)((v−v∗)·ω) dv dv∗.



The Boltzmann equation and its hydrodynamic limits 183

(Notice that the second equality follows from the same change of variables(v, v∗) �→
(v′, v′∗) as in the proof of Proposition 3.1.) In fact, this relation holds for allω ∈ S

2 since
both sides of the equality above are continuous inω.

Since the left-hand side of the equality above is independent ofω, one can differentiate
in ω to obtain that

0=
∫ ∫

R3×R3
φ(v)φ(v∗)e−iξ ·v−iξ∗·v∗(v − v∗) ·ω0 dv dv∗

for anyξ �= ξ∗ ∈R
3 andω0 ∈ S

2 such thatω0⊥ (ξ − ξ∗). In other words,

ω0⊥ (ξ − ξ∗) "⇒ (∇ξ −∇ξ∗)φ̂(ξ)φ̂(ξ∗)⊥ω0.

This implies that, for allξ �= ξ∗ ∈R
3, one has

(∇ξ −∇ξ∗)φ̂(ξ)φ̂(ξ∗) ‖ (ξ − ξ∗). (3.16)

Applying this withξ∗ = 0 leads to

∇ξ φ̂(ξ) ‖ ξ,

on account of the normalization condition (3.15). Henceφ̂ is of the form

φ̂(ξ)=ψ
(
|ξ |2

)
, ξ ∈R

3.

Writing (3.16) with this form ofφ̂, one finds that

ξψ ′
(
|ξ |2

)
ψ
(
|ξ∗|2

)
− ξ∗ψ

(
|ξ |2

)
ψ ′
(
|ξ∗|2

) ∣∣∣∣ (ξ − ξ∗).

Wheneverξ andξ∗ are not colinear, i.e., for a dense subset of allξ, ξ∗ ∈ R
3, this implies

that

ψ ′
(
|ξ |2

)
ψ
(
|ξ∗|2

)
=ψ

(
|ξ |2

)
ψ ′
(
|ξ∗|2

)
.

Sinceφ ∈ L1((1+ |v|2)dv), φ̂ ∈ C2(R) and the normalization conditions (3.15) imply
that φ̂(0) = 1 and φ̂′(0) = 0; henceψ ∈ C1(R2) and the relation above holds for each
(ξ, ξ∗) ∈R

3×R
3. This relation implies in turn thatψ is of the form

ψ(r)= e−θr/2.

Henceφ̂ is of the form

φ̂(ξ)= e−θ |ξ |
2/2,

so thatφ is of the formφ =M(1,0,θ). �

At this point, it is natural to introduce the notion ofcollision invariant.
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DEFINITION 3.5. A collision invariant is a measurable functionφ a.e. finite onR
3 that

satisfies

φ(v)+ φ(v∗)− φ
(
v′
)
− φ

(
v′∗
)
= 0 a.e. in (v, v∗,ω),

wherev′ ≡ v′(v, v∗,ω) andv′∗ ≡ v′∗(v, v∗,ω) are defined by (3.3).

For instance, in the proof of Boltzmann’sH -theorem, Maxwellian densities are charac-
terized as the densities whose logarithms are collision invariants.

A variant of Lemma 3.4 characterizes collision invariants.

PROPOSITION 3.6. A functionφ is a collision invariant if and only if there exists five
constantsa0, a1, a2, a3, a4 ∈R such that

φ(v)= a0+ a1v1+ a2v2+ a3v3+ a4|v|2 a.e. in R
3.

See Section 3.1 in [28] for a proof of the proposition above.

3.3. H -theorem and a priori estimates

We conclude with the main application of Boltzmann’sH -theorem, i.e., getting a priori
estimates on the solution of the Boltzmann equation. We shall discuss four different cases.

Case1: The periodic box. Consider the Cauchy problem

∂tF + v · ∇xF = B(F,F ), (t, x, v) ∈R
∗
+ ×T

3×R
3,

F |t=0= F in.

LetF be a solution of the Boltzmann equation such that, for a.e.(t, x) ∈R+×T
3,F(t, x, ·)

satisfies the assumptions of Proposition 3.3. Then the number densityF satisfies the lo-
cal entropy inequality (3.26). Integrating this differential inequality on[0, t] × T

3, one
arrives at

∫ ∫

T3×R3
F lnF(t, x, v)dx dv

+ 1

4

∫ t

0

∫

T3

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds

=
∫ ∫

T3×R3
F in lnF in(x, v)dx dv (3.17)

for eacht � 0.
The following definition explains the name “H -theorem”.
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DEFINITION 3.7. LetF � 0 a.e. be an element ofL1(T3×R
3) such that

∫ ∫

T3×R3

∣∣F lnF(x, v)
∣∣dx dv <+∞.

One denotes byH(F) the quantity

H(F)=
∫ ∫

T3×R3
F lnF(x, v)dx dv.

Whenever there is no risk of ambiguity, we use the notationH(t) to designate
H(F(t, ·, ·)), whenF is a solution of the Boltzmann equation. Equality (3.17) implies
thatH(F) is a nonincreasing function of time; it was this property that Boltzmann called
“the H -theorem”. Moreover,H(F) is stationary only ifF is a Maxwellian (see Sec-
tion 3.4.2). Hence, from the physical viewpoint, it is natural to think ofH(F(t, ·, ·)) as
minus the entropyof the system of particles distributed underF(t, ·, ·).

In order to obtain a bound on the entropy production, it is convenient to introduce another
(closely related) concept of entropy.

DEFINITION 3.8. LetF � 0 a.e. andG> 0 be two measurable functions onT
3×R

3; the
relative entropy ofF with respect toG is

H(F |G)=
∫ ∫

T3×R3

(
F ln

(
F

G

)
− F +G

)
dx dv.

Notice that the integrand in the definition ofH(F |G) is an a.e. nonnegative measurable
function, so that the relative entropyH(F |G) is well defined as an element of[0,+∞].

Let ρ, θ > 0 andu ∈R3, then

H(F |M(ρ,u,θ)) = H(t)+
∫ ∫

T3×R3

|v− u|2
2θ

F dx dv

−
(

1+ ln

(
ρ

(2πθ)3/2

))∫ ∫

T3×R3
F dx dv+ ρ. (3.18)

Hence, ifF ∈ L1(T3× R
3; (1+ |v|2)dv dx) and ifH(0) is finite, thenH(t) is finite for

eacht � 0, and

−
(∣∣∣∣ ln

(
ρ

(2πθ)3/2

)∣∣∣∣+
|u|2+ 1

θ

)∫ ∫

T3×R3

(
1+ |v|2

)
F dv dx − ρ

�H(t)�H(0).

On the other hand,F also satisfies the local conservation of mass, momentum, and en-
ergy (3.10), so that, integrating these local conservation laws on[0, t] ×T

3, one arrives at
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theglobalvariant of these conservation laws

∫ ∫

T3×R3
F(t, x, v)dv dx =

∫ ∫

T3×R3
F(0, x, v)dv dx,

∫ ∫

T3×R3
vF(t, x, v)dv dx =

∫ ∫

T3×R3
vF(0, x, v)dv dx, (3.19)

∫ ∫

T3×R3

1

2
|v|2F(t, x, v)dv dx =

∫ ∫

T3×R3

1

2
|v|2F(0, x, v)dv dx.

Since

∫ ∫

T3×R3

|v− u|2
2θ

F dx dv

= 1

2θ

∫ ∫

T3×R3

(
|v|2+ |u|2

)
F dx dv− 1

θ

∫ ∫

T3×R3
u · vF dx dv,

one has

H
(
F(t)

∣∣M(ρ,u,θ)

)
=H(t)+ globally conserved quantities

so that

H
(
F(t)

∣∣M(ρ,u,θ)

)
−H

(
F(0)

∣∣M(ρ,u,θ)

)
=H(t)−H(0).

Hence, the global entropy relation (3.17) is recast in terms of the relative entropy as

1

4

∫ t

0

∫

T3

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds

=H
(
F(0)

∣∣M(ρ,u,θ)

)
−H

(
F(t)

∣∣M(ρ,u,θ)

)
(3.20)

for eachρ, θ > 0 and eachu ∈R
3. This implies, in particular,

• the relative entropy bound

0�H
(
F(t)

∣∣M(ρ,u,θ)

)
�H

(
F(0)

∣∣M(ρ,u,θ)

)
, t � 0;

• the following entropy control

−
(∣∣∣∣ ln

(
ρ

(2πθ)3/2

)∣∣∣∣+
|u|2+ 1

θ

)∫ ∫

T3×R3

(
1+ |v|2

)
F in dv dx − ρ

�H(F)(t)�H(F)(0);
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• the entropy production estimate

1

4

∫ +∞

0

∫

T3

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds

�H
(
F(0)

∣∣M(ρ,u,θ)

)
.

Case2: A bounded domain with specular reflection on the boundary.The periodic box
is a somewhat academic choice of a spatial domain for studying the Boltzmann equation.
The next case that we consider now is very similar but more realistic. LetΩ be a smooth,
bounded domain ofR3. Starting from a given number densityF in at timet = 0, we con-
sider the initial boundary value problem

∂tF + v · ∇xF = B(F,F ), (x, v) ∈Ω ×R
3,

F (t, x, v)= F(t, x,Rxv), (x, v) ∈ ∂Ω ×R
3,

F |t=0= F in,

where Rx designates the specular reflection defined by the outward unit normalnx
atx∈ ∂Ω

Rxv = v− 2(v · nx)nx .

Assume that the initial boundary value problem above has a solutionF satisfying the as-
sumptions of Proposition 3.3. One multiplies the Boltzmann equation above by lnF + 1
and integrates first inv to obtain the identity (3.26), and then integrates inx, which leads to

d

dt

∫ ∫

Ω×R3
F lnF dx dv+

∫ ∫

∂Ω×R3
F lnFv · nx dσ(x)dv

=−1

4

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
b(v − v∗,ω)dv dv∗ dω.

Changing thev variable in the boundary term byv �→ w = Rxv, one sees that
w · nx =−v · nx , while the specular reflection condition satisfied byF on ∂Ω implies
thatF(t, x, v)= F(t, x,w); besides this change of variables preserves the Lebesgue mea-
sure dv sinceRx is an isometry. Hence

∫ ∫

∂Ω×R3
F lnFv · nx dσ(x)dv =−

∫ ∫

∂Ω×R3
F lnFw · nx dσ(x)dw = 0

and therefore

d

dt
H(F )(t)

=−1

4

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
b(v − v∗,ω)dv dv∗ dω.

(3.21)
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Proceeding similarly with the local conservation laws (3.10) shows that

d

dt

∫ ∫

Ω×R3
F dx dv = d

dt

∫ ∫

Ω×R3

1

2
|v|2F dx dv = 0. (3.22)

At this point, we apply the formula (3.18) in the case whereu= 0 and deduce from (3.22)
that

H(F |M(ρ,0,θ))=H(F)+ globally conserved quantities.

Notice that, at variance with the case of the periodic box, the total momentum is not con-
served, so that the formula above only holds with centered Maxwellians (i.e., Maxwellians
with zero bulk velocity).

Therefore, as in the case of the periodic box, one has, for eachρ, θ > 0,

1

4

∫ t

0

∫

Ω

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds

=H
(
F(0)

∣∣M(ρ,0,θ)
)
−H

(
F(t)

∣∣M(ρ,0,θ)
)

(3.23)

for eacht � 0. Again we obtain
• the relative entropy bound

0�H
(
F(t)

∣∣M(ρ,u,θ)

)
�H

(
F(0)

∣∣M(ρ,u,θ)

)
, t � 0;

• the following entropy control

−
(∣∣∣∣ ln

(
ρ

(2πθ)3/2

)∣∣∣∣+
1

θ

)∫ ∫

T3×R3

(
1+ |v|2

)
F in dv dx − ρ

�H(F)(t)�H(F)(0);

• the entropy production estimate

1

4

∫ +∞

0

∫

Ω

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds

�H
(
F(0)

∣∣M(ρ,u,θ)

)
.

Case3: The Euclidean space with Maxwellian equilibrium at infinity.Next we study
cases where the spatial domain is unbounded. The simplest of such cases is that of a cloud
of gas which is in Maxwellian equilibrium at infinity. Therefore, we consider the Cauchy
problem

∂tF + v · ∇xF = B(F,F ), (t, x, v) ∈R
∗
+ ×R

3×R
3,

F (t, x, v)→M(ρ,u,θ), |x| →+∞,

F |t=0= F in.
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We shall assume thatF converges to the Maxwellian stateM(ρ,u,θ) rapidly enough so that
the relative entropy

H
(
F(t)

∣∣M(ρ,u,θ)

)

=
∫ ∫

R3×R3

(
F ln

(
F

M(ρ,u,θ)

)
− F +M(ρ,u,θ)

)
dx dv <+∞

for eacht � 0. We claim that the same entropy relation as in the case of the three-torus
also holds in the present situation

1

4

∫ t

0

∫

R3

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds

=H
(
F(0)

∣∣M(ρ,u,θ)

)
−H

(
F(t)

∣∣M(ρ,u,θ)

)
(3.24)

for eacht � 0. However, this equality is not obtained in the same way, since neither the
globally conserved quantities nor theH -function itself are well-defined objects in this
case (these quantities involve divergent integrals because of the Maxwellian condition at
infinity).

Observe instead that, by the same argument as in the case of the three-torus, one has

∫

R3

(
F ln

(
F

M(ρ,u,θ)

)
− F +M(ρ,u,θ)

)
dv

=
∫

R3
F lnF dv+ 1

2θ

∫

R3

(
|v|2+ |u|2

)
F dv

− 1

θ

∫

R3
u · vF dv+

(
1+ ln

(
ρ

(2πθ)3/2

))∫

R3
F dv+ ρ

while
∫

R3
v

(
F ln

(
F

M(ρ,u,θ)

)
− F +M(ρ,u,θ)

)
dv

=
∫

R3
vF lnF dv+ 1

2θ

∫

R3
v
(
|v|2+ |u|2

)
F dv

− 1

θ

∫

R3
vu · vF dv+

(
1+ ln

(
ρ

(2πθ)3/2

))∫

R3
vF dv.

In other words,

∫

R3

(
F ln

(
F

M(ρ,u,θ)

)
− F +M(ρ,u,θ)

)
dv

=
∫

R3
F lnF dv+ locally conserved quantity
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while

∫

R3
v

(
F ln

(
F

M(ρ,u,θ)

)
− F +M(ρ,u,θ)

)
dv

=
∫

R3
vF lnF dv+ flux of that locally conserved quantity

so that

∂t

∫

R3

(
F ln

(
F

M(ρ,u,θ)

)
− F +M(ρ,u,θ)

)
dv

+ divx

∫

R3
v

(
F ln

(
F

M(ρ,u,θ)

)
− F +M(ρ,u,θ)

)
dv

= ∂t

∫

R3
F lnF dv+ divx

∫

R3
vF lnF dv.

Hence

∂t

∫

R3

(
F ln

(
F

M(ρ,u,θ)

)
− F +M(ρ,u,θ)

)
dv

+ divx

∫

R3
v

(
F ln

(
F

M(ρ,u,θ)

)
− F +M(ρ,u,θ)

)
dv

=−1

4

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dω.

Integrating further on[0, t] ×R
3, one arrives at (3.24).

To summarize, we deduce from (3.24)
• the relative entropy bound

0�H
(
F(t)

∣∣M(ρ,u,θ)

)
�H

(
F in
∣∣M(ρ,u,θ)

)
for eacht � 0;

• the entropy production estimate

1

4

∫ +∞

0

∫

R3

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds

�H
(
F in
∣∣M(ρ,u,θ)

)
.

Case4: The Euclidean space with vacuum at infinity.Finally, we consider the case of a
cloud of gas expanding in the vacuum. As we shall see, this case is slightly different from
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the previous ones. Consider the Cauchy problem

∂tF + v · ∇xF = B(F,F ), (t, x, v) ∈R
∗
+ ×R

3×R
3,

F (t, x, v)→ 0, |x|, |v| →+∞,

F |t=0= F in.

We shall assume thatF vanishes rapidly enough at infinity so that the relative entropy

H
(
F(t)

∣∣G
)
<+∞ for eacht � 0,

whereG is the centered reduced Gaussian

G(x, v)= 1

(2π)3
e−(|x|

2+|v|2)/2.

Assume that
∫ ∫

R3×R3
F in(∣∣ lnF in

∣∣+ |x|2+ |v|2+ 1
)
dx dv <+∞.

We claim that, for eacht � 0,
∫ ∫

R3×R3
|x − tv|2F(t, x, v)dx dv =

∫ ∫

R3×R3
|x|2F(0, x, v)dx dv. (3.25)

Indeed

d

dt

∫ ∫

R3×R3
|x − tv|2F(t, x, v)dx dv

=
∫ ∫

R3×R3
∂t
(
|x − tv|2F(t, x, v)

)
dx dv

=
∫ ∫

R3×R3
(∂t + v · ∇x)

(
|x − tv|2F(t, x, v)

)
dx dv

=
∫ ∫

R3×R3
|x − tv|2(∂t + v · ∇x)F (t, x, v)dx dv

=
∫

R3

(∫

R3
|x − tv|2B(F,F )(t, x, v)dv

)
dx = 0.

Observe that

H(F |G) = H(F)+ 1

2

∫ ∫

R3×R3

(
|x|2+ |v|2

)
F dx dv

+
(
3 ln(2π)− 1

)∫ ∫

R3×R3
F dx dv+ 1.
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Because of (3.25), one has

∫ ∫

R3×R3
|x|2F(t)dx dv

� 2
∫ ∫

R3×R3
|x − tv|2F(t)dx dv+ 2t2

∫ ∫

R3×R3
|v|2F(t)dx dv

= 2
∫ ∫

R3×R3
|x|2F(0)dx dv+ 2t2

∫ ∫

R3×R3
|v|2F(0)dx dv

so that

−
∫ ∫

R3×R3
|x|2F in dx dv−

(
1

2
+ t2

)∫ ∫

R3×R3
|v|2F in dx dv

−
(
3 ln(2π)− 1

)∫ ∫

R3×R3
F in dx dv− 1�H(t)�H(0).

Integrating on[0, t] ×R
3 the local entropy equality (3.26), one arrives at the equality

H(0)−H(t)

= 1

4

∫ t

0

∫

R3

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds

� C
(
1+ t2

)∫ ∫

R3×R3

(
1+ |x|2+ |v|2+

∣∣ lnF in
∣∣)F in dv dx.

As we shall see below, Cases 1–3 are the most useful in the context of hydrodynamic
limits. Case 4 is also interesting, although not for hydrodynamic limits: it provides one
of the important estimates in the construction of global weak solutions to the Boltzmann
equation by R. DiPerna and P.-L. Lions (see further).

Another case, which we did not discuss in spite of its obvious interest for applications,
is that of a spatial domain that is the complement inR

3 of a regular compact set, assuming
specular reflection of the particles at the boundary of the domain. This case is handled by
a straightforward adaptation of the arguments in Cases 2 and 3.

Let us now briefly discuss some of the main consequences of Boltzmann’sH -theorem.

3.4. Further remarks on theH -theorem

3.4.1. H -theorem and the second principle of thermodynamics.To begin with, letF be a
solution of the Boltzmann equation such that, for a.e.(t, x) ∈R+ ×R

3, F(t, x, ·) satisfies
the assumptions of Proposition 3.3. Multiplying both sides of the Boltzmann equation by
lnF + 1 and applying Proposition 3.3 and Corollary 3.2 withφ ≡ 1, one arrives at the
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identity

∂t

∫

R3
F lnF dv + divx

∫

R3
vF lnF dv

=−1

4

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
b(v − v∗,ω)dv dv∗ dω

� 0. (3.26)

It is interesting to compare the equality (3.26) with the second principle of thermodynamics
applied to any portion of a fluid in a smooth domainΩ . Denoting bynx the outward unit
normal field on∂Ω , and bys the entropy per unit of mass in the fluid, one has

d

dt

∫

Ω

ρs(t, x)dt �−
∫

∂Ω

ρsu(t, x) · nx dσ(x)−
∫

∂Ω

q(t, x)

θ(t, x)
· nx dσ(x),

whereρ is the density of the fluid,u the velocity field,θ the temperature,q the heat flux
and dσ(x) the surface element on∂Ω . The infinitesimal version of this inequality is

∂t (ρs)+ divx

(
ρsu+ q

θ

)
� 0, (3.27)

which is obviously analogous to (3.26). In particular,

the quantity−
∫

R3
F lnF dv is analogous toρs

and

the quantity−
∫

R3
vF lnF dv is analogous toρsu,

while the quantity

1

4

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
b(v − v∗,ω)dv dv∗ dω

is the local entropy production. Notice that fluid dynamics does not in general provide any
expression of the entropy production in terms ofρ, u, θ , s andq. On the contrary, in the
kinetic theory of gases, the entropy production is given in terms of the number density by
the integral above.

3.4.2. Relaxation towards equilibrium.One application of the second principle of ther-
modynamics is the relaxation towards equilibrium for closed systems. Assume that a gas
described by the Boltzmann equation is enclosed in some containerΩ that is a smooth,
bounded domain ofR3. At the microscopic level, we assume that the gas molecules are
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reflected on the surface of the container without exchanging heat. One model for this is
the ideal situation where each molecule impinging on the boundary of the container is
specularly reflected, this being Case 2 of Section 3.3.

Starting from a given number densityF in at timet = 0, we consider the initial boundary
value problem

∂tF + v · ∇xF = B(F,F ), (x, v) ∈Ω ×R
3,

F (t, x, v)= F(t, x,Rxv), (x, v) ∈ ∂Ω ×R
3,

F |t=0= F in,

whereRx designates the specular reflection defined by the outward unit normalnx at
x ∈ ∂Ω

Rxv = v− 2v · nxnx .

Now pick any sequencetn→+∞ such that

Fn(t, x, v) := F(t + tn, x, v)→E(t, x, v) (3.28)

in a weak topology that is compatible with the conservation laws (3.22). Then, by weak
convergence and convexity, the bound on entropy production obtained in Case 2 of
Section 3.3 implies thatE(t, x, v) is a local Maxwellian – meaning that the function
v �→ E(t, x, v) is a.e. a Maxwellian with parametersρ,u, θ that are functions oft, x –
which satisfies

(∂tE + v · ∇xE)(t, x, v)= 0, (x, v) ∈Ω ×R
3,

(3.29)
E(t, x, v)=E(t, x,Rxv), (x, v) ∈ ∂Ω ×R

3.

WheneverΩ is not rotationally invariant with respect to some axis of symmetry, the only
local Maxwellians that solve the system of equations (3.29) are the global Maxwellians of
the form

E(t, x, v)=M(ρ,0,θ)(v) for some constantρ, θ > 0. (3.30)

Since we assumed that the conservation laws (3.22) are compatible with the topology in
which the long time limit holds, the constantsρ andθ are given by

∫ ∫

Ω×R3
F in dx dv = ρ|Ω|,

∫ ∫

Ω×R3

1

2
F in dx dv = 3

2
ρθ |Ω|.

However, ifΩ is rotationally invariant around some axis of symmetry, the system (3.29)
has other solutions than the global Maxwellians (3.30), namely all functions of the form

E(t, x, v)=M(ρ,0,θ)(v)e
λ(k×(x−x0))·v,
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whereλ �= 0 is a constant, while the axis of rotational symmetry forΩ is the line of
directionk ∈ S

2 passing throughx0.
In fact, Lions proved in Section V of [83] that the convergence (3.28) is locally uniform

in t with values in the strong topology ofL1(Ω ×R
3).

Let us mention that, in spite of his apparent simplicity, the problem of relaxation to-
ward equilibrium for the Boltzmann equation is still open, in spite of recent progress by
Desvillettes and Villani [35]. The main issue is the lack of a tightness estimate in the
v variable for|v|2F(t, x, v) ast→+∞ that would apply to all initial data of finite mass,
energy and entropy. Short of such an estimate, the part of the argument above identify-
ing the temperature in terms of the initial data fails. The only cases where such estimates
have been obtained correspond to initial data that are already close enough to some global
Maxwellian, or that are independent of the space variable (i.e., the space homogeneous
case).

However incomplete, this discussion shows the importance of Boltzmann’sH -theorem
whenever one seeks to estimate how close to the class of local Maxwellians a given solution
of the Boltzmann equation may be. This particular point is of paramount importance for
hydrodynamic limits.

3.5. The collision kernel

So far, our discussion of the Boltzmann equation – in fact, of the Boltzmann collision
integral – did not use much of the properties of the collision kernelb. Indeed, we only
took advantage of the symmetries ofb in (3.5) and some additional bounds such as (3.8)
or (3.9).

However, the derivation of hydrodynamic limits requires further properties of the colli-
sion integral, for which a more extensive discussion of the collision kernel becomes neces-
sary.

First we recall some elementary facts concerning the two-body problem. Consider two
points of unit mass subject to a repulsive interaction potentialU ≡ U(r), wherer is the
distance between these two points. In other words, assume thatU satisfies the properties

U ∈ C∞
(
R
∗
+
)

is decreasing, lim
r→0+

U(r)=+∞, lim
r→+∞

U(r)= 0+.

It is well known that both points stay in the same plane for all times. Pick a Galilean
frame where one of the points is at rest; then, the trajectory of the moving point is easily
expressed in polar coordinates(r, θ) with the fixed point as origin. Choosing the origin of
polar angles to be the line asymptotic to the trajectory of the moving particle in the past,
the trajectory is determined as follows. Letv be the speed of the moving particle at infinity,
and leth be the impact parameter defined by

vh= r2(t)θ̇ (t), t ∈R,

this quantity being a well-known first integral of the motion (see Figure 2). In other words,
h is the distance between the line asymptotic to the trajectory of the moving particle in the
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Fig. 2. Deflection of a particle subject to a radial repulsion potential from a particle at rest.

past and the parallel line going through the particle at rest (see Figure 2). Letz∗ > 0 be the
unique solution to

1− z2
∗ −

4

v2
U

(
h

z∗

)
= 0,

and set

r∗ =
h

z∗
and θ∗ =

∫ z∗

0

dz√
1− z2− 4/v2U(h/z)

. (3.31)

The point of polar coordinates(r∗, θ∗) is the apse of the trajectory, i.e., the closest to the
particle at rest. Then the trajectory of the moving particles is given in polar coordinates by
the equation

θ =





∫ h/r
0

dz√
1−z2−4/v2U(h/z)

for θ ∈ (0, θ∗] andr > r∗,

2θ∗ −
∫ h/r

0
dz√

1−z2−4/v2U(h/z)
for θ ∈ [θ∗,2θ∗) andr > r∗.

Notice in particular that the moving particle is deflected of an angle 2θ∗.
Next we recall the notion ofscattering cross-section. Pick an arbitrary relative speedv

at infinity, and consider the deflection angleχ∗ = π − 2θ∗ as a function of the impact
parameterh. It is easily seen that

χ∗ is decreasing, lim
h→0+

χ∗(h)= π
− and lim

h→+∞
χ∗(h)= 0+.

Because the two-body problem is invariant by any rotation around the lineD passing
through the particle at rest that is parallel to the asymptote in the past to the trajectory
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Fig. 3. The scattering cross-section corresponding to the relative speedv and in the directionχ corresponding to
the impact parameterh.

of the moving particle, consider the map

R
2∖ {0} ≃R

∗
+ × [0,2π)→ (0,π)× [0,2π)≃ S

2∖ {N,S},
(3.32)

(h,φ) �→
(
χ∗(h),φ

)
,

where the first identification is through polar coordinates in the plane orthogonal toD

with origin h= 0 (the intersection ofD with that plane), while the second identification is
through spherical coordinates, withD as the polar axis andS2∩D = {N,S}, see Figure 3.
The image of the Lebesgue measure under this map is a surface measure onS

2 of the form

S(v,χ)sinχ dχ dφ,

andS(v,χ) is the scattering cross-section in the directionχ corresponding to the relative
speedv. BecauseS is the density with respect to the Euclidean surface element on the unit
sphere (which is dimensionless) of the image of the two-dimensional Lebesgue measure
(which has the dimension of a surface) under the map (3.32), it has the dimension of a
surface, which justifies the name “cross-section”.

The scattering cross-section clearly depends upon the computation of the deflection an-
gle in (3.31)

S(v,χ)= h

sinχ |χ ′∗(h)|

∣∣∣∣
χ∗(h)=χ

.

Here are the scattering cross-sections for a few typical interactions:
• in the case of a hard sphere interaction,

U(r)= 0 if r � d0 and U(r)=+∞ if 0 < r < d0.
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In this example,U is not decreasing but only nonincreasing and has finite range.
Therefore, the definition of the scattering cross-section must be modified as follows.
The map (3.32) is replaced with

B(0, d0)≃ (0, d0)× [0,2π)→[0,π)× [0,2π)≃ S
2∖ {N,S},

(3.33)
(h,φ) �→

(
χ∗(h),φ

)
,

andS(v,χ)sinχ dχ dφ is the image under the above map of the restriction to the disk
B(0, d0) ⊂ R

2 of the Lebesgue measure. With this slightly modified definition, it is
found that

S(v,χ)= 1

4
d2

0;

• if U(r)= kr−s with s > 0, set

ϑ(l)=
∫ ζ(l)

0

dz√
1− z2− 2(z/ l)s

,

wherel = (v2/2k)1/sh, and whereζ(l) is the only positive root of the denominator of
the integrand above; setϑ �→ λ(ϑ) to be the inverse ofl �→ ϑ(l) so defined. Then

S(v,χ)= (2k)2/sv−4/s β((π− χ)/2)

sinχ
,

whereβ(ϑ) = λ(ϑ)λ′(ϑ). One finds thatβ is singular nearθ = π/2, which corre-
sponds toχ = 0 and l → +∞, i.e., to collisions with small deflection angles, or
equivalently to the case ofgrazing collisions

β(θ)≃ C

(
π

2
− θ

)−1−2/s

asθ→ π

2

−
,

while β(θ)=O(θ) for θ→ 0.
Although the usual definition of the scattering cross-section involves the deflection an-

gle χ , one might find it easier to use instead the angleθ = (π− χ)/2 (see Figure 2). It
is easily seen that the scattering cross-sectionS as above can be expressed in terms of a
functionΣ ≡Σ(v,µ) defined onR+ × [0,1) by the formula

Σ
(
v, |cosθ |

)
= 1

2
S(v,π− 2θ)|cosθ |.

This functionΣ has the following geometric interpretation: the mapping

S
2∖ {N,S} ≃ (0,π)× [0,2π)→ S

2∖ {N},
ω≃ (θ,φ) �→

(
−cos(2θ),sin(2θ)cosφ,sin(2θ)sinφ

)
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Fig. 4. The double coverθ �→ χ .

is a double cover (see Figure 4) and the image of the surface measureΣ(v, |cosθ |) ×
sinθ dθ dφ under the above mapping is 2S(v,χ)sinχ dχ dφ.

Then, the collision kernelb is given by

b(V,ω)= |V |Σ
(
|V |,

∣∣cos
(
V̂ ,ω

)∣∣).

With the formulas for the scattering cross-section given above, one sees that
• in the case of hard-spheres with radiusr0,

b(V,ω)= 1

2
r2
0 |V ·ω|; (3.34)

• in the case of an interaction potentialU(r)= kr−s for s > 0,

b(V,ω)= 1

4
(2k)2/s |V |1−4/s β(θ)

sinθ
with θ =

(
V̂ ,ω

)
, (3.35)

whereβ(θ)=O(θ) asθ→ 0+ while β(θ)=O((π/2− θ)−1−2/s) asθ→ π
−/2;

• whenevers = 4, the collision kernelb is independent of|V |; such potentials are usu-
ally referred to asMaxwellianpotentials, and considerably facilitate the analysis of
the collision integral;

• for s = 1, which is the case of a repulsive Coulomb potential, one has

b(V,ω)= k2|V |−3β(θ)

sinθ
with β(θ)=O

((
π

2
− θ

)−3)
asθ→ π

2
. (3.36)

Observe that, for any inverse power-law potentialU(r)= kr−s ,

∫

S2
b(V,ω)dω=+∞ (3.37)
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because of the singularity atθ = π/2, so that our earlier assumption (3.8) is violated
by such potentials. In particular, whenever the particle interaction is given by an inverse
power-law potential, one cannot split the collision integral as

B(F,F )= B+(F,F )−B−(F,F )

as was done earlier in this section. One way around this is to defineB(F,F ) in the sense
of distributions, as follows

〈
B(F,F ),φ

〉

= 1

4

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)(
φ + φ∗ − φ′ − φ′∗

)
b(v − v∗,ω)dv dv∗ dω

for eachF ∈ C1
c (R

3) andφ ∈ C1
c (R

3). Then

(
F ′F ′∗ − FF∗

)(
φ + φ∗ − φ′ − φ′∗

)
=O

(∣∣(v − v∗) ·ω
∣∣2)

so that the integrand in the right-hand side above is O((π/2− θ)1−2/s). This procedure
can handle all inverse power-law potentialsU(r)= kr−s for s > 1; however, the Coulomb
cases = 1 remains excluded.

Observe that, in addition to the singularity in the deflection angle atθ = π/2, the col-
lision kernel of the Coulomb potential also has a|v − v∗|−3 singularity in the velocity
variable. Physicists deal with the latter singularity by introducing a further truncation near
v = v∗; the dependence upon this truncation parameter of the collision integral is only
logarithmic, so that the result does not depend “too much” on the truncation parameter.
In other words, the collision integral is computed modulo a scaling factor known as the
Coulomb logarithm(see [75], Section 41).

Another way of avoiding the singularity of the collision kernel atθ = π/2 consists in
assuming that the interaction potential is truncated at large distance, in other words, that

U(r)=U(rC) wheneverr � rC. (3.38)

In this case (as in the hard sphere case),U is not decreasing but only nonincreasing, and the
definition of the scattering cross-section must be modified as in (3.33) withrC in the place
of d0. Call bC the collision kernel corresponding to the potential truncated as in (3.38),
andSC, ΣC the associated scattering cross-section. Then

∫

S2
bC(V ,ω)dω = |V |

∫ 2π

0

∫
π

0
ΣC
(
|V |, |cosθ |

)
sinθ dθ dφ

= |V |
∫ 2π

0

∫
π

0
SC
(
|V |, χ

)
sinχ dχ dφ

= |V |
∫ rc

0

∫ 2π

0
hdhdφ = |V |πr2

C
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sinceSC(v,χ)sinχ dχ dφ is the image under the map (3.33) of the Lebesgue measure on
the two-dimensional disk of radiusrC. Hence the truncation (3.38) leads to a collision ker-
nel whose integral over the angle variables is finite, thereby avoiding the divergence (3.37)
that occurs for any infinite range, inverse power law potential.

Yet another way of avoiding the singularity of the collision kernel atθ = π/2 was pro-
posed by Grad [63]. He considered molecular force laws for which the collision kernel
satisfies the condition

b(V,ω)

|cos(V ,ω)| � C
(
|V | + |V |1−ε

)
, (3.39)

whereC > 0 andε ∈ (0,1). Comparing the case of a power law potentialU(r) = kr−s

with Grad’s assumption above, we see that the collision kernel in (3.35) satisfies (3.39)
provided that one modifies the functionβ nearθ = π/2 so thatβ(θ)=O(π/2− θ). One
possibility is to replaceβ with

β̃(θ)= β(θ)1θ�θ0, (3.40)

whereθ0 ∈ (0, π

2 ) is some arbitrary value. Then, the associated truncated collision kernel
b̃ satisfies the bounds

b̃(V ,ω)� Cb
(
1+ |V |

)1−4/s and
∫

S2
b(V,ω)dω�

1

Cb

(
1+ |V |

)1−4/s

(3.41)

for some positive constantCb. The potentialU is called ahard cut-off potentialif s � 4,
and asoft cut-off potentialif s < 4.

Grad defined more general classes of hard and soft cut-off potentials; specifically, a gen-
eral hard cut-off potential corresponds to the condition

∫

S2
b(V,ω)dω�

c|V |
1+ |V |

while a soft cut-off potential is defined by the condition

∫

S2
b(V,ω)dω� c

(
1+ |V |ε−1)

for somec > 0 andε ∈ (0,1), in addition to the bound (3.39). In the sequel, we shall mostly
restrict our attention to those hard cut-off potentials that satisfy the same bound (3.41) as
in the inverse power law case.

The terminology “cut-off potential” attached to Grad’s cut-off prescription, is somewhat
unfelicitous. Indeed, it is not equivalent to truncating the potential at large intermolecu-
lar distances as in (3.38). Indeed, the angular truncation (3.40) prohibits grazing collisions
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with deflection angle less than a thresholdπ−2θ0 that is independent of the relative veloc-
ity V . On the contrary, with a potential truncated as in (3.38), there exist grazing collisions
with deflection angle arbitrarily small for large enough relative velocity|V |. Hence, it
would be more appropriate to refer to Grad’s procedure as leading to a “cut-off scattering
cross-section” rather than a “cut-off potential”. Yet the latter terminology is commonly
used in the literature, so that changing it would only cause confusion.

Let us conclude this subsection with a few words on the physical relevance of Grad’s
cut-off assumption. Grad observed that, in gases of neutral particles with short range inter-
actions, grazing collisions are not statistically dominant as in the case of plasmas, where
the long range effect of the Coulomb interaction must be accounted for. The latter case
requires using a mean-field description of the long-range interaction potential, in addition
to the Landau collision integral, an approximation of Boltzmann’s collision integral in the
regime of essentially grazing collisions.

That the Coulomb potential, probably the best known interaction in physics, is a sin-
gular point in the theory of the Boltzmann collision integral may seem highly regrettable.
However, in view of the remark above, the reader should bear in mind that the Boltzmann
equation is essentially meant to model collisional processes in neutral gases with short-
range molecular interactions, and not in plasmas, so that the Coulomb potential is not
really relevant in this context.

3.6. The linearized collision integral

Let ρ andθ > 0, and picku ∈ R
3; the linearization atM(ρ,u,θ) of Boltzmann’s collision

integral is defined as follows

LM(ρ,u,θ)
f =−2M−1

(ρ,u,θ)B(M(ρ,u,θ),M(ρ,u,θ)f ), (3.42)

whereB is the bilinear operator obtained by polarization from the Boltzmann collision
integral. In other words,

LM(ρ,u,θ)
f =

∫ ∫

R3×S2

(
f + f∗ − f ′ − f ′∗

)
b(v − v∗,ω)M(ρ,u,θ)(v∗)dv∗ dω,

(3.43)

wheref∗, f ′ andf ′∗ are the values off atv∗, v′ andv′∗, respectively, and wherev′ andv′∗
are determined in terms ofv, v∗ andω by the usual collision relations (3.3).

The dependence on the parametersρ, u and θ of the linearized collision integral is
handled most easily by using the translation and scaling invariance ofL.

3.6.1. Translation and scaling invariance ofLM(ρ,u,θ)
. We introduce the following nota-

tion for the actions of translation and scaling transformations on functions defined onR
3:

τuf (v)= f (v − u), mλf (v)= λ−3f

(
v

λ

)
. (3.44)
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For instance, with these notations,

M(ρ,u,θ) = ρτum
√
θM(1,0,1). (3.45)

Given a collision kernelb ≡ b(z,ω), we denote byBb Boltzmann’s collision integral de-
fined by this collision kernel. With the notation so defined, a straightforward change of
variables in the collision integral leads to the following relation

τuB
b(Φ,Φ)= Bb(τuΦ,τuΦ),

(3.46)
mλB

b(Φ,Φ)= λ3Bmλb(mλΦ,mλΦ)

for each continuous, rapidly decayingΦ ≡ Φ(v), where, in the expressionmλb, it is un-
derstood that the scaling transformation acts on the first argument ofb, i.e., on the relative
velocity. The analogous formula for the linearized collision operator is

ρτum
√
θL

b
M(1,0,1)

φ = θ3/2L
m√

θ
b

M(ρ,u,θ)
(τum

√
θφ). (3.47)

This relation shows that it is enough to study the linearization of the collision integral at
the centered reduced Gaussian

M =M(1,0,1)

with an arbitrary collision kernelb.

3.6.2. Rotational invariance ofLM(1,0,1) . The orthogonal groupO3(R) acts on functions
on R

3 by the formula

fR(v)= f
(
RTv

)
, R ∈O3(R), v ∈R

3; (3.48)

likewise its action on vector fields is defined by

UR(v)=RU
(
RTv

)
, R ∈O3(R), v ∈R

3, (3.49)

while its action on symmetric matrix fields is given by

SR(v)=RS
(
RTv

)
RT, R ∈O3(R), v ∈R

3. (3.50)

The Boltzmann collision integral is obviously invariant under the action ofO3(R) – indeed,
the microscopic collision process is isotropic. In fact, an elementary change of variables in
the collision integral shows that

B(ΦR,ΦR)= B(Φ,Φ)R (3.51)



204 F. Golse

for each continuous, rapidly decayingΦ. Since the centered unit GaussianM =M(1,0,1)

is a radial function, this rotation invariance property goes over toLM ,

LM(φR)= (LMφ)R. (3.52)

ExtendingLM to act componentwise on vector or matrix fields onR
3, one finds that

LM(UR)= (LMU)R (3.53)

for continuous, rapidly decaying vector fieldsU and

LM(SR)= (LMS)R (3.54)

for continuous, rapidly decaying symmetric matrix fieldsS, where the notationsUR andSR
are as in (3.48)–(3.50).

As we shall see below, thisO3(R)-invariance ofLM has important consequences: it
implies in particular that the viscosity and heat conductivity are scalar quantities (and not
matrices).

3.6.3. The Fredholm property. Henceforth, we assume that the collision kernelb satisfies
a hard cut-off assumption in the sense of Grad [63], i.e., there existsα ∈ [0,1] andCb > 0
such that, for a.e.z ∈R3 andω ∈ S2, one has

0< b(z,ω)� Cb
(
1+ |z|

)α and
(3.55)∫

S2
b(z,ω)dω�

1

Cb

(
1+ |z|

)α
.

ConsiderL, the linearization of the Boltzmann collision integral at the centered, reduced
Gaussian stateM above. (Notice that we have discarded the dependence ofL on b andM
for notational simplicity.) From (3.43), we infer thatL can be split as the sum of a local
(multiplication) operator and of an integral operator, as follows

Lφ(v)= a
(
|v|
)
φ(v)−Kφ(v), (3.56)

wherea is the collision frequency

a
(
|v|
)
=
∫ ∫

R3×S2
b(v− v∗,ω)M∗ dv∗ dω. (3.57)

The nonlocal operatorK is further split into two parts

Kφ =K1φ −K2φ, (3.58)
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where

K1φ =
∫ ∫

R3×S2
φ∗b(v − v∗,ω)M∗ dv∗ dω,

K2φ =
∫ ∫

R3×S2

(
φ′ + φ′∗

)
b(v− v∗,ω)M∗ dv∗ dω (3.59)

= 2
∫ ∫

R3×S2
φ′b(v − v∗,ω)M∗ dv∗ dω.

(This last formula is not entirely obvious; it rests on a change of variables that will be
explained later.) It is clear thatK1 is a compact operator onL2(M dv); thatK2 shares the
same property is much less obvious, and was proved by Hilbert in the hard sphere case.
Fifty years later, Grad introduced the cut-off assumption which now bears his name and
used it in particular to extend Hilbert’s result to all cut-off potentials.

LEMMA 3.9 (Hilbert [68], Grad [63]).Assume thatb is a collision kernel that satisfies the
hard cut-off assumption(3.55).Then the operatorK2 is compact onL2(M dv).

We shall not give the proof of the Hilbert–Grad lemma here, since it is rather long and
technical; the interested reader is referred to the lucid exposition by Glassey [49], or to the
treatise by Cercignani, Illner and Pulvirenti [28] for the hard sphere case.

Instead, we shall digress from our discussion of the linearized collision integral and
mention a new result by Lions which can be viewed as a nonlinear analogue of the Hilbert–
Grad result.

LEMMA 3.10 (Lions [83]). Assume thatb is the collision kernel of a hard sphere gas:
b(z,ω)= |z ·ω|, and consider the gain term in the Boltzmann collision integral

B+(F,F )=
∫ ∫

R3×S2
F ′F ′∗

∣∣(v − v∗) ·ω
∣∣dv∗ dω.

ThenB+ mapsL2
comp(R

3) continuously intoH 1
loc(R

3).

Actually, this is not exactly Lions’ result; in the reference [83], only compactly supported
collision kernels are considered. The proof in [83] is based upon theL2-continuity of
Fourier integral operators of order 0. The statement above was later proved by Bouchut
and Desvillettes [17] by a very simple and elegant argument.

Deriving the Hilbert–Grad lemma from the Lions lemma would require additional es-
timates in order to handle contributions from large|v|. Since obtaining these estimates
requires essentially as much work as does the proof of the Hilbert–Grad lemma, we do not
claim that the Lions lemma leads to a simpler proof of the compactness ofK; it is however
of great independent interest.
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The main properties ofL are now summarized in the following theorem.

THEOREM 3.11. Assume that the collision kernelb satisfies the hard cut-off assump-
tion (3.55).ThenL is an unbounded self-adjoint nonnegative Fredholm operator, with do-
mainD(L)= L2(a2M dv) (a being the collision frequency defined in(3.57)).Its nullspace
is the space of collision invariants

KerL= span
{
1, v1, v2, v3, |v|2

}
.

Finally, L satisfies the following relative coercivity property on(KerL)⊥: there exists
C0 > 0 such that, for eachφ ∈ L2(aM dv) – the form domain ofL – one has

∫

R3
φLφM dv �C0

∫

R3
(φ −Πφ)2aM dv, (3.60)

whereΠ is theL2(M dv)-orthogonal projection onKerL.

SKETCH OF THE PROOF. Let us briefly explain how these various facts are established. It
follows from the Hilbert–Grad lemma thatK is a compact operator onL2(M dv). Hence
L = a −K is an unbounded Fredholm operator with domainD(L) = L2(a2M dv). That
L is self-adjoint comes from the symmetries of Boltzmann’s collision integral, especially
from the computation of

∫

R3
B(F,F )φ dv

as explained in Proposition 3.1. By the same argument, one sees that

∫

R3
φLφM dv = 1

4

∫ ∫ ∫

R3×R3×S2

(
φ + φ∗ − φ′ − φ′∗

)2
bM dvM∗ dv∗ dω� 0

(3.61)

so thatL is a nonnegative operator; moreover, ifLφ = 0, the integral on the right-hand
side of the above equality vanishes, so that

φ + φ′ − φ′ − φ′∗ = 0 a.e. in v, v∗,ω.

Henceφ is a collision invariant (see Definition 3.5) and this characterizes KerL, see Propo-
sition 3.6. As for the last inequality, the spectral theory of compact operators implies that
L has a spectral gap inL2(M dv)

∫

R3
φLφM dv �C∗

∫

R3
(φ −Πφ)2M dv. (3.62)



The Boltzmann equation and its hydrodynamic limits 207

On the other hand, by continuity ofK onL2(M dv), one has

∫

R3
φLφM dv =

∫

R3
(φ −Πφ)L(φ −Πφ)M dv

�

∫

R3
(φ −Πφ)2aM dv− ‖K‖2

∫

R3
(φ −Πφ)2M dv.

Combining both inequalities leads to the announced estimate. �

The improved spectral gap estimate above is due to Bardos, Caflisch and Nicolaenko [6].
Also, an elegant explicit estimate for theL2(M dv) spectral gap can be found in [5].

In fact, it is interesting to notice that the weighted spectral gap estimate (3.60) is in some
sense more intrinsic than the unweighted one. Indeed, in the case of soft cut-off potentials,
(3.62) is false, but (3.60) (which is of course a weaker statement since the collision fre-
quency vanishes for large velocities in the soft potential case) holds true: this was proved
in [57], based on decay estimates on the gain term in the linearized collision integral due
to Grad and Caflisch [23]. In other words, while the spectral gap estimate (3.62) holds for
hard potentials only, the weighted spectral gap estimate (3.60) holds for hard as well as
soft potentials, in the cut-off case.

An important consequence of Theorem 3.11 is that the integral equation

Lφ =ψ, ψ ∈ L2(M dv), (3.63)

satisfies theFredholm alternative:
• eitherψ⊥ KerL, in which case (3.63) has a unique solution

φ0 ∈ L2(a2M dv
)
∩ (KerL)⊥;

then any solution of (3.63) is of the form

φ = φ0+ φ1, whereφ1 is an arbitrary element of KerL;

• orψ /∈ (KerL)⊥, in which case (3.63) has no solution.

EXAMPLE . Consider the vector field

B(v)= 1

2

(
|v|2− 5

)
v

and the matrix field

A(v)= v⊗ v − 1

3
|v|2I.

Clearly

Ajk⊥ KerL, Bl⊥ KerL, Ajk⊥Bl, j, k, l = 1,2,3. (3.64)
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In fact, more is true:

∫

R3
A(v)f

(
|v|2

)
M dv = 0,

∫

R3
A(v)vf

(
|v|2

)
M dv = 0,

∫

R3
B(v)f

(
|v|2

)
M dv = 0,

∫

R3
B(v) · vM dv = 0.

The second and third formulas are obvious sinceA is even andB odd. As for the first
formula, observe thatA is an isotropic matrix, in the sense thatA(Rv) = RA(v)RT for
eachR ∈O3(R) – with the notation (3.50) for the action ofO3(R) on symmetric matrices,
AR =A for eachR ∈O3(R). Hence the matrix

∫

R3
A(v)f

(
|v|2

)
M dv

commutes with anyR ∈ O3(R) – as can be seen by changingv into Rv in the above
integral – and is therefore a scalar multiple of the identity matrix. But

trace
∫

R3
A(v)f

(
|v|2

)
M dv =

∫

R3
traceA(v)f

(
|v|2

)
M dv = 0

and hence this scalar multiple of the identity matrix is null. The fourth and last formula is
based on the following elementary recursion formula for Gaussian integrals

∫

R3
|v|nM dv = (n+ 1)

∫

R3
|v|n−2M dv, n� 2 (3.65)

(to see this, use spherical coordinates and integrate by parts).
In particular, the Fredholm alternative implies the existence and uniqueness of a matrix

field Â and of a vector field̂B such that

LÂ=A and Â ⊥ KerL,
(3.66)

LB̂ = B and B̂ ⊥ KerL.

Observe that

L
(
ÂR

)
=AR =A, ÂR⊥ KerL for all R ∈O3(R),

L
(
B̂R
)
= BR = B, B̂R⊥ KerL for all R ∈O3(R),
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so that, by the uniqueness part in the Fredholm alternative

ÂR = Â and B̂R = B̂ for all R ∈O3(R).

An elementary geometric argument (see [34]) shows the existence of two scalar functions

a :R+→R, b :R+→R

such that

Â(v)= a
(
|v|2

)
A(v) and B̂(v)= b

(
|v|2

)
B(v). (3.67)

As we shall see further, the viscosity and heat conductivity of a gas are expressed as
Gaussian integrals of the scalar functionsa andb, and therefore are scalar quantities them-
selves.

4. Hydrodynamic scalings for the Boltzmann equation

This short section introduces in particular the Knudsen number,Kn, a dimensionless pa-
rameter of considerable importance for the derivation of hydrodynamic models from the
kinetic theory of gases.

4.1. Notion of a rarefied gas

Think of a monatomic gas as a cloud ofN hard spheres of radiusr confined in a container
of volumeV ; we shall callexcluded volumethe volumeVe that theN gas molecules would
occupy if tightly packed somewhere in the container (as oranges in a grocery store). Clearly

4

3
Nπr3 � Ve � N (2r)3,

and we shall call aperfect gasone for whichVe≪ V . It is well known that the equation of
state for a perfect gas is given by the Boyle–Mariotte law

p = kρθ,

wherep, ρ andθ are the pressure, the density and the temperature in the gas, whilek des-
ignates the Boltzmann constant (k = 1.38· 10−23 J K−1).

EXAMPLE . For a monatomic gas at room temperature and atmospheric pressure, about
N = 1020 molecules with radius 10−8 cm are to be found in a volumeV of 1 cm3. Hence,
the excluded volume satisfiesVe � 1020 · (2 · 10−8)3= 8 · 10−4 cm3, so thatVe≪ V .
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Another important notion is that ofmean free path: it is the average distance between
two successive collisions for one gas molecule picked at random. There is more than one
precise definition of that notion, in particular, because there are several choices of proba-
bility measures for computing the mean. One choice could be to use the empirical notion
of mean: Pick a typical particle, wait until after this particle has collidedn≫ 1 times with
other particles; the ratio of the distance traveled by the particle between the initial time and
the last collision time to the numbern of collisions should converge, in the largen limit,
to one notion of mean free path. This definition, however, does not provide us with an easy
way of estimating the mean free path, because it is fairly difficult to compute the trajectory
of one particle in the cloud of theN − 1 other particles.

Intuitively, one expects that the larger the number of particles in the container, the
smaller the mean free path; likewise, the bigger the particles, the smaller the mean free
path. This suggests using the following formula to estimate the order of magnitude of the
mean free path,

mean free path≃ 1

(N /(V − Ve))× 4A
,

whereA is the surface area of the section of the particles. A mathematical justification of
the above formula for the mean free path can be found in [110]; see also [39].

EXAMPLE . For the same monatomic gas as above,N = 1020 molecules,V − Ve ≃
V = 1 cm3, while A = π · (10−8)2 cm2. This gives a mean free path of the order
of 10−5 cm≪ 1 cm (the size of the container). Hence, a gas molecule will bump into
roughly 105 other particles when traveling a distance comparable to the size of the con-
tainer.

The example above shows that even in the case of a perfect gas (i.e., for an excluded
volume negligible when compared to the size of the container) any given particle can col-
lide with a large number of other particles. See, for instance, [2] for more information on
the importance of the excluded volume in this context.

EXAMPLE . For the same monatomic gas as above, lower the pressure fromp = 1 atm to
p = 10−4 atm. Then, onlyN = 1016 molecules are to be found in the container, which
gives a mean free path of the order of 0.1 cm, comparable to the size of the container.

These examples suggest that the natural way of measuring the degree of rarefaction in
the gas is by using the Knudsen number,Kn, defined as the ratio of the mean free path to
the size of the container, or more generally, as

Kn= mean free path

macroscopic length scale
.

In other words,
• a rarefied gas is a gas for whichKn� 1, while
• a gas in hydrodynamic regime satisfiesKn≪ 1.
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4.2. The dimensionless Boltzmann equation

In the discussion above, the introduction of the Knudsen number was based on physical
arguments. We shall see below that it also appears naturally when writing the Boltzmann
equation in dimensionless variables.

Choose a macroscopic length scaleL and time scaleT , and a reference temperatureΘ .
This definestwo velocity scales:
• one is the speed at which some macroscopic portion of the gas is transported over a

distanceL in timeT , i.e.,

U = L

T
;

• the other one is thethermal speedof the molecules with energy32kΘ ; in fact, it is
more natural to define this velocity scale as

c=
√

5

3

kΘ

m
,

m being the molecular mass, which is thespeed of soundin a monatomic gas at the
temperatureΘ .

Define next the dimensionless variables involved in the Boltzmann equation, i.e., the di-
mensionless time, space and velocity variables as

t̂ = t

T
, x̂ = x

L
and v̂ = v

c
.

Define also the dimensionless number density

F̂
(
t̂ , x̂, v̂

)
= L3c3

N
F(t, x, v),

whereN is the total number of gas molecules in a volumeL3. Finally, we must rescale the
collision kernelb. As mentioned earlier,b(z,ω) is the relative velocity multiplied by the
scattering cross-section of the gas molecules; define

b̂(ẑ,ω)= 1

c× 4πr2
b(z,ω) with ẑ= z

c
,

wherer is the molecular radius.
If f satisfies the Boltzmann equation

∂tF + v · ∇xF =
∫ ∫

R3×S2

(
F ′F ′∗ − FF∗

)
b(v− v∗,ω)dv∗ dω,
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then

L

cT
∂t̂ F̂ + v̂ · ∇x̂ F̂ =

N × 4πr2

L2

∫ ∫

R3×S2

(
F̂ ′F̂ ′∗ − F̂ F̂∗

)
b̂(v̂− v̂∗,ω)dv̂∗ dω.

The factor multiplying the collision integral is

L× N × 4πr2

L3
= L

mean free path
= 1

Kn
,

whereKn is the Knudsen number defined above. The factor multiplying the time derivative

(1/T )×L

c
=: St

is called thekinetic Strouhal number(by analogy with the notion of Strouhal number used
in the dynamics of vortices). Hence the dimensionless form of the Boltzmann equation (see
Section 2.9 in [114]) is

St∂t̂ F̂ + v̂ · ∇x̂ F̂ =
1

Kn

∫ ∫

R3×S2

(
F̂ ′F̂ ′∗ − F̂ F̂∗

)
b̂(v̂ − v̂∗,ω)dv̂∗ dω. (4.1)

There is some arbitrariness in the way the length, time and temperature scalesL, T , Θ are
chosen. For instance, ifF in ≡ F in(x, v) is the initial number density (at timet = 0), one
can choose

1

L
=
∫ ∫

R3×R3

∣∣∇xF in
∣∣dx dv

/∫∫

R3×R3
F in dx dv,

U =
∫

R3

∣∣∣∣
∫

R3
vF in dv

∣∣∣∣dx
/∫∫

R3×R3
F in dx dv,

Θ = 1

3k

∫ ∫

R3×R3
m|v|2F in dx dv

/∫∫

R3×R3
F in dx dv,

and defineT = L/U . In addition to Sone’s book [114], we also refer to the Introduction
of [10] for a presentation of the Boltzmann equation in dimensionless variables.

All hydrodynamic limits of the Boltzmann equation correspond to situations where the
Knudsen number,Kn, satisfies

Kn≪ 1.

In other words, the Knudsen number governs the transition from the kinetic theory of
gases to hydrodynamic models, just as the Reynolds number in fluid mechanics governs
the transition from laminar to turbulent flows, except that the hydrodynamic limit is much
better understood than the latter situation.



The Boltzmann equation and its hydrodynamic limits 213

But there is no universal prescription for the Strouhal number in the context of the hy-
drodynamic limit; as we shall see below, various hydrodynamic regimes can be derived
from the Boltzmann equation by appropriately tuning the Strouhal number.

5. Compressible limits of the Boltzmann equation: Formal results

In this section we study the dimensionless Boltzmann equation (4.1) in the case where

Kn= ε≪ 1, St= 1.

The dimensionless Boltzmann equation takes the form

∂tFε + v · ∇xFε =
1

ε
B(Fε,Fε), (5.1)

where

B(F,F )=
∫ ∫

R3×S2

(
F ′F ′∗ − FF∗

)
b(v− v∗,ω)dv∗ dω.

The collision kernelb is assumed to satisfy Grad’s hard cut-off assumption

0< b(z,ω)�Cb
(
1+ |z|

)α and
∫

S2
b(z,ω)dω�

1

Cb

(
1+ |z|

)α (5.2)

for a.e.z ∈R
3 andω ∈ S

2, whereα ∈ [0,1] andCb > 0.

5.1. The compressible Euler limit: The Hilbert expansion

In [68], Hilbert proposed to seek the solution of (5.1) as a formal power series inε,

Fε(t, x, v)=
∑

k�0

εkFk(t, x, v) (5.3)

with Fk ∈ C∞(R+ ×R
3;S(R3)) for eachk � 0.

The equations governing the coefficientsFk are obtained by inserting the right-hand side
of (5.3) in (5.1) and equating the coefficients multiplying the successive powers ofε.

Order ε−1. One finds

0= B(F0,F0),

henceF0 is a local Maxwellian, meaning that there existsρ ≡ ρ(t, x) > 0, θ ≡ θ(t, x) > 0
andu≡ u(t, x) ∈R

3 such that

F0(t, x, v)=M(ρ(t,x),u(t,x),θ(t,x))(v) a.e.
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Order ε0. One finds

(∂t + v · ∇x)F0= B(F1,F0)+B(F0,F1)

which can be recast in terms of the linearization at the local MaxwellianF0 of the collision
integral (see (3.42)) as

LF0

(
F1

F0

)
=−(∂t + v · ∇x) lnF0. (5.4)

This is precisely an integral equation forF1/F0 of the form (3.63) studied above.
Let us compute the right-hand side of the above equality, i.e., the expression

(∂t + v · ∇x) lnF0.

For convenience, we shall denote byV the vector

V = 1√
θ
(v − u).

Then

(∂t + v · ∇x) lnM(ρ,u,θ)

= 1

ρ
(∂t + v · ∇x)ρ −

3

2

1

θ
(∂t + v · ∇x)θ

+ v− u

θ
(∂t + v · ∇x)u+

|v − u|2
2θ2

(∂t + v · ∇x)θ.

We shall rearrange the right-hand side of the above equality and express it as a linear
combination of the functions

1, Vj ,
1

2

(
|V |2− 3

)
, A(V )kl and B(V )j , j, k, l = 1,2,3.

One finds that

(∂t + v · ∇x) lnM(ρ,u,θ)

= 1

ρ
(∂tρ + u · ∇xρ + ρ divx u)

+ 1√
θ
V ·
(
∂tu+ u · ∇xu+∇xθ +

θ

ρ
∇xρ

)

+ 1

2

(
|V |2− 3

)1

θ

(
∂tθ + u · ∇xθ +

2

3
θ divx u

)

+A(V ) : ∇xu+ 2B(V ) · ∇x
√
θ. (5.5)
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Because of the orthogonality relations (3.64), the last two terms on the right-hand side
of (5.5) belong to(KerLF0)

⊥, while the first three terms there are in KerLF0. Therefore,
the solvability condition for the Fredholm integral equation (5.4) consists in setting to 0
the coefficients of the functions 1,Vj and 1

2(|V |2− 3), i.e.,

∂tρ + u · ∇xρ + ρ divx u= 0,

∂tu+ u · ∇xu+∇xθ +
θ

ρ
∇xρ = 0,

∂tθ + u · ∇xθ +
2

3
θ divx u= 0,

or in other words,

∂tρ + divx(ρu)= 0,

∂tu+ u · ∇xu+
1

ρ
∇x(ρθ)= 0, (5.6)

∂tθ + u · ∇xθ +
2

3
θ divx u= 0.

We recognize the system of Euler equations for a compressible fluid (2.7), in the case of a
perfect monatomic gas; i.e., forγ = 0, so that the pressure law and the internal energy are
given respectively by

pressure= ρθ and internal energy= 3

2
θ.

Assuming thatρ, u and θ satisfy these Euler equations, we solve forF1 the Fredholm
integral equation (5.4) to find

F1 = −
1

ρ
F0
(
a
(
θ, |V |

)
A(V ) · ∇xu+ 2b

(
θ, |V |

)
B(V ) · ∇x

√
θ
)

+ F0

(
ρ1

ρ
+ 1√

θ
V · u1+

1

2

(
|V |2− 3

)θ1

θ

)
.

The second term on the right-hand side of the formula givingF1 represents the arbitrary
element of KerLF0 that appears in the general solution of the integral equation (3.63),
while the scalar quantitiesa(θ,V ) andb(θ,V ) satisfy (see (3.67))

LF0

(
a
(
θ, |V |

)
A(V )

)
=A(V ) and LF0

(
b
(
θ, |V |

)
B(V )

)
= B(V ).

More precisely, letb be the collision kernel satisfying (5.2) considered in this chapter.
Applying the notation in Section 3.6.1, and especially (3.44), we define scalar functions
a(θ, ·) andb(θ, ·) as in (3.67) with a collision kernelm1/

√
θb.
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Order ε1. One finds that

∂tF1+ v · ∇xF1−B(F1,F1)= 2B(F0,F2)

which can be put in the form

LF0

(
F2

F0

)
=QF0

(
F1

F0
,
F1

F0

)
− 1

F0
(∂t + v · ∇x)F1

and this is therefore a Fredholm integral equation of the type (3.63). HereQF0 is the Boltz-
mann collision integral intertwined with the multiplication by the local MaxwellianF0,
i.e.,

QF0(φ,φ)= F−1
0 B(F0φ,F0φ).

For this equation to have a solution, one must verify the compatibility conditions

∂t

∫

R3




1
v

1
2|v|2


F1 dv+ divx

∫

R3
v⊗




1
v

1
2|v|2


F1 dv = 0.

These five compatibility conditions are five PDEs for the five unknown functionsρ1, u1
andθ1.

Order εn. One finds

∂tFn + v · ∇xFn −
∑

k+l=n,1�k,l,�n

B(Fk,Fl)= 2B(F0,Fn+1)

which is a Fredholm equation of the same type as above.
Here again, the compatibility condition reduces to

∂t

∫

R3




1
v

1
2|v|2


Fn dv + divx

∫

R3
v⊗




1
v

1
2|v|2


Fn dv = 0.

More generally, the compatibility condition at ordern + 1 (to guarantee the existence
of Fn+1) provides the system of five equations satisfied by that part ofFn which belongs
to the nullspace ofLF0. See [114] or Chapter V, Section 2 in [27] for more on Hilbert’s
expansion.

Conclusion. The Hilbert expansion method shows that the leading order inε of Hilbert’s
formal solution (5.3) of the scaled Boltzmann equation (5.1) with Strouhal numberSt= 1
and Knudsen numberKn= ε≪ 1 is a local Maxwellian state whose parameters are gov-
erned by the Euler equations of gas dynamics (for a perfect monatomic gas).
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In general, one cannot hope that Hilbert’s formal power series (5.3) has a positive radius
of convergence. Yet, Hilbert’s expansion method can be used to obtain a rigorous derivation
of the Euler equations of gas dynamics from the Boltzmann equation, as we shall see in
Section 9.

5.2. The compressible Navier–Stokes limit: The Chapman–Enskog expansion

In this subsection, we shall seek higher-order (inε) corrections to the compressible Euler
system. The Hilbert expansion presented above is not well suited for this purpose, because
linear combinations of collision invariants (i.e., hydrodynamic modes) appear at each order
in ε instead of being all concentrated in the leading order term.

For that reason, we shall use a slightly different expansion method, the Chapman–
Enskog expansion. Thus, we seek a solution of the scaled Boltzmann equation (5.1) as
a Chapman–Enskog formal power series,

Fε(t, x, v)=
∑

n�0

εnF (n)
[ %P (t, x)

]
(v), (5.7)

parametrized by the vector%P of conserved densities ofFε.

NOTATION. F n[ %P (t, x)](v) designates a quantity that depends smoothly on%P and any
finite number of its derivatives with respect to thex-variable at the same point(t, x), and
on thev-variable.

In particular,F n[ %P (t, x)](v) does not contain time-derivatives of%P : the Chapman–
Enskog method is based on eliminating∂t %P in favor of x-derivatives via conservation
laws satisfied by%P .

That %P is the vector of conserved densities ofFε means that

∫

R3
F (0)[ %P

]
(v)




1
v

1
2|v|2


 dv = %P ,

(5.8)
∫

R3
F (n)

[ %P
]
(v)




1
v

1
2|v|2


 dv = %0, n� 1.

These conserved densities satisfy a formal system of conservation laws of the form

∂t %P =
∑

n�0

εn divx Φ
(n)
[ %P
]
, (5.9)



218 F. Golse

where the formal fluxesΦ(n) are obtained from the local conservation laws associated to
the Boltzmann equation by the formulas

Φ(n)
[ %P
]
=−

∫

R3
v⊗




1
v

1
2|v|2


F (n)

[ %P
]
(v)dv (5.10)

for n� 0.
Let us analyze the first orders inε of the Chapman–Enskog expansion.

Order 0. One has

B
(
F (0)[ %P

]
,F (0)[ %P

])
= 0 and thus F (0)[ %P

]
=M(ρ,u,θ),

here

%P =




ρ

ρu

ρ(1
2|u|2+ 3

2θ)


 , Φ(0)[ %P

]
=−




ρu

ρu⊗2+ ρθI

ρu(1
2|u|2+ 5

2θ)


 .

Hence the formal conservation law at order 0 is

∂t %P = divx Φ
(0)[ %P

]
mod O(ε)

whose explicit form is

∂tρ + u · ∇xρ + ρ divx u= 0,

∂tu+ (u · ∇x)u+
1

ρ
∇x(ρθ)= 0 mod O(ε), (5.11)

∂tθ + u · ∇xθ +
2

3
θ divx u= 0.

In other words, the 0th order of the Chapman–Enskog expansion gives the compressible
Euler system, as does the Hilbert expansion.

The Hilbert and Chapman–Enskog methods differ at order 1 inε, as we shall see below.

Order 1. One has

(∂t + v · ∇x)F (0)[ %P
]
= 2B

(
F (0)[ %P

]
,F (1)[ %P

])
. (5.12)

Using the formal conservation law at order 0, we eliminate∂tF
(0)[ %P ] and replace it with

x-derivatives ofF (0)[ %P ], by using (5.5) and the conservation laws at order 0 (5.11) (i.e.,
Euler’s system) as follows

(∂t + v · ∇x)M(ρ,u,θ)

=M(ρ,u,θ)

(
A(V ) :D(u)+ 2B(V ) · ∇x

√
θ
)
+O(ε) (5.13)
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with the notation

V = v− u√
θ
, A(V )= V ⊗ V − 1

3
|V |2I, B(V )= 1

2
V
(
|V |2− 5

)
,

and whereD(u) is the traceless part of the deformation tensor ofu

D(u)= 1

2

(
∇xu+ (∇xu)T −

2

3
divx uI

)
.

In view of (5.12) and (5.13),F (1)[ %P ] is determined by the conditions

A(V ) :D(u)+ 2B(V ) · ∇x
√
θ =−LM(ρ,u,θ)

(
F (1)[ %P ]
M(ρ,u,θ)

)
,

∫
F (1)[ %P

]
(v)




1
v

1
2|v|2


 dv = 0.

By Hilbert’s lemma,LM(1,u,θ) is a Fredholm operator onL2(M dv); thus

F (1)[ %P
]
(v)=−M(1,u,θ)

(
a
(
θ, |V |

)
A(V ) :D(u)+ 2b

(
θ, |V |

)
B(V ) · ∇x

√
θ
)
,

where we recall that the scalar functionsa andb are defined by

LM(1,u,θ)

(
a
(
θ, |V |

)
A(V )

)
=A(V ) and a

(
θ, |V |

)
A(V )⊥ KerLM(1,u,θ)

while

LM(1,u,θ)

(
b
(
θ, |V |

)
B(V )

)
= B(V ) and b

(
θ, |V |

)
B(V )⊥ KerLM(1,u,θ) .

Hence the first-order correction to the fluxes in the formal conservation law is

Φ(1)[ %P
]
=
( 0

µ(θ)D(u)

µ(θ)D(u) · u+ κ(θ)∇xθ

)
.

Therefore, the formal conservation law at first order is

∂t %P = divx Φ
(0)[ %P

]
+ ε divx Φ

(1)[ %P
]

mod O
(
ε2),
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i.e., the compressible Navier–Stokes system with O(ε) dissipation terms

∂tρ + divx(ρu)= 0,

∂t (ρu)+ divx(ρu⊗ u)+∇x(ρθ)= ε divx
(
µD(u)

)
mod O

(
ε2),

(5.14)
∂t

(
ρ

(
1

2
|u|2+ 3

2
θ

))
+ divx

(
ρu

(
1

2
|u|2+ 5

2
θ

))

= ε divx(κ∇xθ)+ ε divx
(
µD(u) · u

)
.

The viscosityµ and heat conductionκ are computed as follows

θ

∫

R3
a
(
θ, |V |

)
Aij (V )Akl(V )M(1,u,θ) dv = µ(θ)

(
δikδj l + δilδjk −

2

3
δij δkl

)
,

θ

∫

R3
b
(
θ, |V |

)
Bi(V )Bj (V )M(1,u,θ) dv = κ(θ)δij ,

or in other words,

µ(θ)= 2

15
θ

∫ +∞

0
a(θ, r)r6e−r

2/2 dr√
2π

,

(5.15)

κ(θ)= 1

6
θ

∫ +∞

0
b(θ, r)r4(r2− 5

)2e−r
2/2 dr√

2π

.

In the hard sphere case, one finds that the viscosity and heat conduction are of the form

µ(θ)= µ0
√
θ, κ(θ)= κ0

√
θ,

whereµ0 andν0 are positive constants.

Conclusion. The Chapman–Enskog expansion method shows that the first-order (inε)
correction to the compressible Euler system in the limit of (5.1) – withSt= 1 and
Kn= ε→ 0 – is the compressible Navier–Stokes system (5.14).

Notice that the class of Navier–Stokes systems obtained in this way is by no means the
most general: only the equation of state of a perfect monatomic gas can be obtained in this
way, as in the case of the compressible Euler limit of the Boltzmann equation. In addition,
the viscous dissipation tensor obtained in this way involvesonly oneviscosity coefficient
instead of two.

Finally, the Chapman–Enskog expansion can be pushed further to obtain higher-order
corrections to the compressible Euler equations. For instance, the second-order correction
to the compressible Euler equations is a system known asthe Burnett equations; further
corrections have also been computed and are known asthe super-Burnett equations. See
Chapter 5, Section 3 in [27] and Section 25 in [62] for more material on the Chapman–
Enskog expansion, as well as for a comparison with Hilbert’s expansion.
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It should be noted however that these further corrections to the Euler system, beyond
the Navier–Stokes system, i.e., the Burnett and super-Burnett equations, are in general
not well posed, so that their practical interest in fluid mechanics is unclear. Therefore, we
shall not pursue this line of investigation. However, Levermore recently proposed a subtle
modification of the Chapman–Enskog expansion which leads to well-posed variants of the
Burnett systems [81].

5.3. The compressible Euler limit: The moment method

We shall now present a method for deriving hydrodynamic equations from the Boltzmann
equation that differs from either the Hilbert or Chapman–Enskog expansions. It consists of
passing to the limit as the Knudsen number vanishes in the local conservation laws of mass,
momentum and energy that are satisfied by “well-behaved” solutions of the Boltzmann
equation. We describe this method on the derivation of the compressible Euler equations
from the scaled Boltzmann equation (5.1).

Start from the Cauchy problem for the Boltzmann equation in the periodic box

∂tFε + v · ∇xFε =
1

ε
B(Fε,Fε), (t, x, v) ∈R

∗
+ ×T

3×R
3,

(5.16)
Fε|t=0=M(ρ in,uin,θ in).

As before, the collision kernelb in the Boltzmann collision integral satisfies the cut-off
assumption (5.2).

THEOREM 5.1. Letρ in � 0 a.e., uin andθ in > 0 a.e. be such that

∫

T3
ρ in(1+

∣∣uin
∣∣)(∣∣uin

∣∣2+ θ in +
∣∣ lnρ in

∣∣+
∣∣ ln θ in

∣∣)dx <+∞.

For eachε > 0, let Fε be a solution of(5.16) that satisfies the local conservation laws of
mass, momentum, and energy, as well as the local entropy relation. Assume that

Fε→ F a.e.

as well as

∫

R3
Fε dv→

∫

R3
F dv in C

(
R+;D′

(
T

3)),
∫

R3
vFε dv→

∫

R3
vF dv in C

(
R+;D′

(
T

3)),
∫

R3
|v|2Fε dv→

∫

R3
|v|2F dv in C

(
R+;D′

(
T

3)),
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while
∫

R3
v⊗ vFε dv→

∫

R3
v⊗ vF dv in D′

(
R
∗
+ ×T

3),
∫

R3
v|v|2Fε dv→

∫

R3
v|v|2F dv in D′

(
R
∗
+ ×T

3),
∫

R3
Fε lnFε dv→

∫

R3
F lnF dv in D′

(
R
∗
+ ×T

3),
∫

R3
vFε lnFε dv→

∫

R3
vF lnF dv in D′

(
R
∗
+ ×T

3),

asε→ 0. Then

F =M(ρ,u,θ),

where(ρ,u, θ) is an entropic solution of the compressible Euler system

∂tρ + divx(ρu)= 0,

∂t (ρu)+ divx(ρu⊗ u)+∇x(ρθ)= 0, (5.17)

∂t

(
ρ

(
1

2
|u|2+ 3

2
θ

))
+ divx

(
ρu

(
1

2
|u|2+ 5

2
θ

))
= 0,

that satisfies the initial condition

(ρ,u, θ)|t=0=
(
ρ in, uin, θ in). (5.18)

PROOF. The moment method involves three steps.

Step1 (Entropy production bound implies convergence to local equilibrium). The entropy
relation in the 3-torus implies the entropy production bound

1

4

∫ t

0

∫

T3

∫ ∫ ∫

R3×R3×S2

(
F ′εF

′
ε∗ − FεFε∗

)
ln

(
F ′εF

′
ε∗

FεFε∗

)
bdv dv∗ dω

� εH
(
M(ρ in,uin,θ in)

∣∣ 	M
)
, (5.19)

where 	M is any global Maxwellian state, for instance, one could choose

	M=M
(ρ in,uin,θ in)

,

where

ρ in =
∫

T3
ρ in(x)dx,
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uin = 1

ρ in

∫

T3
ρ inuin(x)dx,

θ in = 1

ρ in

∫

T3
ρ in
(

1

3

∣∣uin − uin
∣∣2+ θ in

)
(x)dx.

Next we apply Fatou’s lemma: assuming thatFε→ F a.e. onR+ ×T
3×R

3, one has

0 �

∫ t

0

∫

T3

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds

� lim
ε→0

∫ t

0

∫

T3

∫ ∫ ∫

R3×R3×S2

(
F ′εF

′
ε∗ − FεFε∗

)
ln

(
F ′εF

′
ε∗

FεFε∗

)
bdv dv∗ dωdx ds

= 0.

HenceF is a local Maxwellian, i.e.,

F(t, x, v)=M(ρ(t,x),u(t,x),θ(t,x))(v)

for someρ(t, x)� 0, θ(t, x) > 0 andu(t, x) ∈R
3.

Step2 (Passing to the limit in the local conservation laws). For each positiveε, the num-
ber densityFε satisfies the local conservation laws recalled below

∂t

∫

R3
Fε dv+ divx

∫

R3
vFε dv = 0,

∂t

∫

R3
vFε dv + divx

∫

R3
v⊗ vFε dv = 0, (5.20)

∂t

∫

R3

1

2
|v|2Fε dv+ divx

∫

R3
v

1

2
|v|2Fε dv = 0.

It follows from our assumptions and Step 1 that

∫

R3
Fε dv→

∫

R3
M(ρ,u,θ) dv = ρ,

∫

R3
vFε dv→

∫

R3
vM(ρ,u,θ) dv = ρu,

∫

R3
v⊗ vFε dv→

∫

R3
v⊗ vM(ρ,u,θ) dv = ρ(u⊗ u+ θI ),

∫

R3
v|v|2Fε dv→

∫

R3
v|v|2M(ρ,u,θ) dv = ρu

(
1

2
|u|2+ 5

2
θ

)
,
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in the limit asε→ 0. Hence the functionsρ andθ , and the vector fieldu satisfy the system
of PDEs (5.17). It also satisfies the initial condition (5.18) because the convergence of the
conserved densities is locally uniform int .

Step3 (Passing to the limit in the local entropy relation). Finally, we recall the local
entropy relation

∂t

∫

R3
Fε lnFε dv+ divx

∫

R3
vFε lnFε dv =−local entropy production rate� 0.

It follows from our assumptions that

∫

R3
Fε lnFε dv→

∫

R3
M(ρ,u,θ) lnM(ρ,u,θ) dv

= ρ ln

(
ρ

θ3/2

)
− 3

2

(
1+ ln(2π)

)
ρ,

∫

R3
vFε lnFε dv→

∫

R3
vM(ρ,u,θ) lnM(ρ,u,θ) dv

= ρu ln

(
ρ

θ3/2

)
− 3

2

(
1+ ln(2π)

)
ρu

in D′(R∗+×T
3) asε→ 0+, so that, by passing to the limit in the local entropy relation, on

account of the continuity equation in (5.17), one arrives at the differential inequality

∂t

(
ρ ln

(
ρ

θ3/2

))
+ divx

(
ρu ln

(
ρ

θ3/2

))
� 0. (5.21)

In other words,(ρ,u, θ) is a solution of the compressible Euler equations that satisfies the
Lax–Friedrichs entropy condition. �

Theorem 5.1 and its proof are taken from [7].

5.4. The acoustic limit

Start from the Boltzmann equation with the same scaling as before, but with initial data
that are small perturbations of a uniform Maxwellian equilibrium. By Galilean invariance,
one can assume without loss of generality that this uniform equilibrium is the centered
reduced Gaussian

M(v)=M(1,0,1)(v)=
1

(2π)3/2
e−|v|

2/2.
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Thus, the problem (5.16) reduces to

∂tFε + v · ∇xFε =
1

ε
B(Fε,Fε), (t, x, v) ∈R

∗
+ ×T

3×R
3,

(5.22)
Fε|t=0=M(1+ηερ in,ηεuin,1+ηεθ in),

where 0< ε ≪ 1 and 0< ηε ≪ 1. The same moment method as above shows that the
limiting behavior of the solution to (5.22) under these assumptions is governed by the
acoustic system.

THEOREM 5.2. Assume thatρ in, uin andθ in belong toL2(T3) and thatηε→ 0 asε→ 0.
For eachε > 0, let Fε be a solution of(5.22) that satisfies the local conservation laws of
mass momentum and energy, as well as the local entropy relation.

Assume that

gε =
Fε −M

ηεM
→ g in the sense of distributions,

while

ηεB(Fε −M,Fε −M)→ 0 in the sense of distributions,

as well as

∫

R3
gεM dv→

∫

R3
gM dv in C

(
R+;D′

(
T

3)),
∫

R3
vgεM dv→

∫

R3
vgM dv in C

(
R+;D′

(
T

3)),
∫

R3
|v|2gεM dv→

∫

R3
|v|2gM dv in C

(
R+;D′

(
T

3)),

and

∫

R3
v⊗ vgεM dv→

∫

R3
v⊗ vgM dv in D′

(
R
∗
+ ×T

3),
∫

R3
v|v|2gεM dv→

∫

R3
v|v|2gM dv in D′

(
R
∗
+ ×T

3)

asε→ 0. Then

g(t, x, v)= ρ(t, x)+ u(t, x) · v + θ(t, x)
1

2

(
|v|2− 3

)
,
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where(ρ,u, θ) is the solution of the acoustic system

∂tρ + divx u= 0,

∂tu+∇x(ρ + θ)= 0, (5.23)

3

2
∂tθ + divx u= 0,

that satisfies the initial condition

(ρ,u, θ)|t=0=
(
ρ in, uin, θ in). (5.24)

The proof of this theorem is an easy variant of the formal compressible Euler limit, and
is left to the reader. See [52] for the missing details of this formal proof.

6. Incompressible limits of the Boltzmann equation: Formal results

So far, we have discussed various limits of the kinetic theory of gases leading to hydrody-
namic models for compressible fluids that satisfy the equation of state of perfect gases. As
we shall see in this section, incompressible hydrodynamic models describingincompress-
ible flowsof perfect gases can also be derived from the Boltzmann equation.

6.1. The incompressible Navier–Stokes limit

The scaling on the Boltzmann equation that leads to the incompressible Navier–Stokes
equations in the hydrodynamic limit is defined by

Kn= St= ε≪ 1.

However, this scaling is not sufficient by itself: as in all long time scalings, one should
assume that the length and time scalesL andT that enter the definition ofSt capture the
speed of the fluid motion. In other words, situations where

∣∣u(t, x)
∣∣≫ L

T
must be excluded,

whereu is the bulk velocity of the gas, i.e.,

u(t, x)=
∫

R3 vF dv∫
R3 F dv

.

In other words, sinceSt= (L/T )/speed of sound, one must take

Ma=O(St).
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The caseMa ∼ St corresponds to the largest possible velocity field compatible with
the above condition, and therefore leads to the Navier–Stokes equation, while the case
Ma= o(ε) leads to the linearized version of the Navier–Stokes equations, i.e., the Stokes
equations.

Hence the complete Navier–Stokes scaling is

Kn= St=Ma= ε≪ 1. (6.1)

We consider therefore the scaled Boltzmann equation posed on the spatial domainR3 with
uniform Maxwellian equilibrium at infinity – without loss of generality, this Maxwellian
equilibrium is assumed to be the centered reduced Gaussian distribution

M(v)=M(1,0,1)(v)=
1

(2π)3/2
e−|v|

2/2.

The problem to be studied is therefore

ε ∂tFε + v · ∇xFε =
1

ε
B(Fε,Fε), (t, x, v) ∈R

∗
+ ×R

3×R
3,

(6.2)
Fε(t, x, v)→M as|x| →+∞.

That Ma= O(ε) is seen on the number densityFε, and not on the Boltzmann equation
itself. Here is an example of number density withMa=O(ε).

EXAMPLE 1. TakeFε of the form

Fε(t, x, v)=M(1,εu(t,x),1)(v).

Indeed,

∫
R3 vFε dv∫
R3 Fε dv

:= εu.

The speed of sound for the state of the gas described byFε is
√

5
3θ where

θ(t, x) :≡
∫

R3(1/3)|v − εu|2Fε dv∫
R3 Fε dv

= 1.

Hence the Mach number for the state of the gas associated toFε is

ε|u(t, x)|√
(5/3)θ(t, x)

=O(ε).

Here is another example that also involves fluctuations of temperature.
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EXAMPLE 2. TakeFε of the form

Fε(t, x, v)=M
(1−εθ(t,x), εu(t,x)

1−εθ(t,x) ,
1

1−εθ(t,x) )
(v)

with θ ∈ L∞(R+ ×R
3) andε‖θ‖L∞ < 1. One easily checks that

∫
R3 vFε dv∫
R3 Fε dv

= εu+O
(
ε2),

while

∫
R3(1/3)|v − εu(t, x)/(1− εθ(t, x))|2Fε dv∫

R3 Fε dv
= 1+ εθ +O

(
ε2).

Hence the Mach number is

εu+O(ε2)√
(5/3)(1+ εθ +O(ε2))

=O(ε).

More generally, ifFε is a number density of the form

Fε =M(1+ εgε) such that gε �−1

ε
a.e., (6.3)

one can check that, provided that‖gε‖L∞ = O(1), the Mach number for the state of the
gas defined byFε is O(ε).

Hence, we shall supplement the scaled Boltzmann equation (6.2) with the initial condi-
tion

Fε|t=0≡M
(1−εθ in(x),

εuin(x)
1−εθ in(x)

, 1
1−εθ in(x)

)
(v), (6.4)

where

divx u
in = 0.

For eachε > 0, define the number density fluctuation

gε =
Fε −M

εM
.

In terms of the number density fluctuationgε, the Boltzmann equation (6.2) takes the form

ε ∂tgε + v · ∇xgε +
1

ε
LMgε =QM(gε, gε), t > 0, x, v ∈R

3, (6.5)
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whereQM is the collision integral intertwined with the multiplication byM

QM(φ,φ)=M−1B(Mφ,Mφ). (6.6)

We shall also need the following notation for moments

〈φ〉 =
∫

R3
φ(v)M(v)dv.

Hence the local conservation laws of mass momentum and energy satisfied byFε take the
form

ε ∂t 〈gε〉 + divx〈vgε〉 = 0 (mass),

ε ∂t 〈vgε〉 + divx〈v⊗ vgε〉 = 0 (momentum), (6.7)

ε ∂t

〈
1

2
|v|2gε

〉
+ divx

〈
v

1

2
|v|2gε

〉
= 0 (energy).

THEOREM 6.1 (Bardos, Golse and Levermore [8,9]).For eachε > 0, let Fε be a solution
of (6.2)–(6.4).Assume that

Fε −M

εM
→ g in the sense of distributions onR∗+ ×R

3×R
3,

thatFε satisfies the local conservation laws of mass, momentum and energy, and that

〈vgε〉→ 〈vg〉 and
〈(
|v|2− 5

)
gε
〉
→
〈(
|v|2− 5

)
g
〉

in C
(
R+,D′

(
R

3))

while

LMgε→ LMg in D′
(
R
∗
+ ×R

3)

and all formally small terms vanish in the sense of distributions asε→ 0. Assume further
that

〈v⊗ vgε〉→ 〈v⊗ vg〉, 〈Bgε〉→ 〈Bg〉,
〈
ÂQM(gε, gε)

〉
→
〈
ÂQM(g, g)

〉
and

〈
Â⊗ vgε

〉
→
〈
Â⊗ vg

〉
,

〈
B̂QM(gε, gε)

〉
→
〈
B̂QM(g, g)

〉
and

〈
B̂ ⊗ vgε

〉
→
〈
B̂ ⊗ vg

〉

in the sense of distributions onR∗+ ×R3.
Theng is of the form

g(t, x, v)= u(t, x) · v+ θ(t, x)
1

2

(
|v|2− 5

)
,
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where(u, θ) satisfy the incompressible Navier–Stokes–Fourier system

∂tu+ divx(u⊗ u)+∇xp = ν�xu, divx u= 0,
(6.8)

∂tθ + divx(uθ)= κ�xθ,

where

ν = 1

10

〈
Â :A

〉
= 2

15

∫ +∞

0
a(1, r)r6e−r

2/2 dr√
2π

,

(6.9)

κ = 2

15

〈
B̂ ·B

〉
= 1

15

∫ +∞

0
b(1, r)r2(r2− 5

)2e−r
2/2 dr√

2π

.

We recall that

A(v)= v⊗ v − 1

3
|v|2I, B(v)= 1

2

(
|v|2− 5

)
v, (6.10)

and that there existŝA andB̂ ∈ L2(R3,M dv) uniquely determined by

LM Â =A, Â ⊥ KerLM ,
(6.11)

LM B̂ = B, B̂ ⊥ KerLM .

Furthermore, there exists two scalar functionsa andb such that

Â(v)= a
(
1, |v|

)
A(v) and B̂(v)= b

(
1, |v|

)
B(v). (6.12)

PROOF OFTHEOREM 6.1. We shall use the moment method, although either the Hilbert
or the Chapman–Enskog expansions would also lead to the incompressible Navier–Stokes
limit. However, the moment method is the closest to a complete (instead of formal) con-
vergence proof for global solutions without restriction on the size of the initial data.

Step1 (Asymptotic form of the fluctuations). Multiply the Boltzmann equation (6.5) byε,
so that

ε2 ∂tgε + εv · ∇xgε +LMgε = εQM(gε, gε).

Passing to the limit asε→ 0 in the above equation, we arrive at

LMg = 0.

Hence, for a.e.(t, x) ∈R+ ×R
3, g(t, x, ·) ∈ KerLM , which means thatg is of the form

g(t, x, v)= ρ(t, x)+ u(t, x) · v+ θ(t, x)
1

2

(
|v|2− 3

)
. (6.13)
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Step2 (Passing to the limit in the local conservation laws). Passing to the limit in (6.7)
we arrive at

divx〈vg〉 = 0,

divx〈v⊗ vg〉 = 0,

divx
〈
v|v|2g

〉
= 0.

Together with the relation (6.13), the first and the last relation reduce to the incompress-
ibility condition for u

divx u= 0. (6.14)

Together with the relation (6.13), the second relation gives

∇x(ρ + θ)= 0.

Sinceg ∈ L∞(R+;L2(R3,M dv)), this implies the Boussinesq relation

ρ + θ = 0. (6.15)

With this last relation, the asymptotic form ofg becomes

g(t, x, v)= u(t, x) · v + θ(t, x)
1

2

(
|v|2− 5

)
. (6.16)

It remains to derive the motion and heat equations from the local conservation laws. To
do this, we recast the local conservation law of momentum as

∂t 〈vgε〉 + divx
1

ε
〈Agε〉 + ∇x

1

ε

〈
1

3
|v|2gε

〉
= 0,

and we combine the local conservation laws of mass and energy into

∂t

〈
1

2

(
|v|2− 5

)
gε

〉
+ divx

1

ε
〈Bgε〉 = 0.

One easily checks with (6.16) that

〈vgε〉→ 〈vg〉 = u,
(6.17)〈

1

2

(
|v|2− 5

)
gε

〉
→
〈
1

2

(
|v|2− 5

)
g

〉
= 5

2
θ

in C(R+;D′(R3)) asε→ 0.



232 F. Golse

Next we pass to the limit in the flux terms. SinceLM is self-adjoint, one has

1

ε
〈Agε〉 =

1

ε

〈(
LMÂ

)
gε
〉
=
〈
Â

1

ε
LMgε

〉
.

Then we eliminate the term1
ε
LMgε with (6.5)

〈
Â

1

ε
LMgε

〉
=
〈
ÂQM(gε, gε)

〉
−
〈
Â(ε∂t + v · ∇x)gε

〉

so that, passing to the limit asε→ 0 leads to

1

ε
〈Agε〉→

〈
ÂQM(g, g)

〉
−
〈
Âv · ∇xg

〉
in D′

(
R
∗
+ ×R

3). (6.18)

Likewise

1

ε
〈Bgε〉→

〈
B̂QM(g, g)

〉
−
〈
B̂v · ∇xg

〉
in D′

(
R
∗
+ ×R

3), (6.19)

asε→ 0.
With (6.16), one easily finds that

〈
Âv · ∇xg

〉
= ν

(
∇xu+ (∇xu)T −

2

3
(divx u)I

)
,

(6.20)〈
B̂v · ∇xg

〉
= 5

2
κ∇xθ,

whereν andκ are given by (6.9).
The nonlinear term is slightly more difficult. Its computation involves in particular the

following classical lemma.

LEMMA 6.2. Letφ ∈ KerLM , then

QM(φ,φ)=
1

2
LM

(
φ2).

PROOF. Differentiate twice the relation

B(M(ρ,u,θ),M(ρ,u,θ))= 0

with respect toρ, u andθ . See, for instance, [25] or [9] for the missing details. �

Then

〈
ÂQM(g, g)

〉
= 1

2

〈
ÂLM

(
g2)〉= 1

2

〈(
LM Â

)
g2〉= 1

2

〈
Ag2〉= u⊗ u− 1

3
|u|2I,

(6.21)
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and likewise

〈
B̂QM(g, g)

〉
= 1

2

〈
B̂LM

(
g2)〉= 1

2

〈(
LM B̂

)
g2〉= 1

2

〈
Bg2〉= 5

2
uθ. (6.22)

Observe that

divx

(
u⊗ u− 1

3
|u|2I

)
= divx(u⊗ u)− 1

3
∇x |u|2,

while

divx

(
∇xu+ (∇xu)T −

2

3
(divx u)I

)
=�xu+∇x(divx u)−

2

3
∇x(divx u)

=�xu,

because of the divergence-free condition onu.
Gathering (6.17)–(6.22), we arrive at

∂tu+ divx(u⊗ u)− ν�xu= 0 modulo gradients,

∂tθ + divx(uθ)− κ�xθ = 0. �

6.2. The incompressible Stokes and Euler limits

By the same moment method, one can derive other incompressible models from the Boltz-
mann equation. We just state the results below without giving the proofs (which are anyway
simpler than that of the Navier–Stokes limit).

6.2.1. The Stokes limit. The Stokes–Fourier system is the linearization aboutu= 0 and
θ = 0 of the Navier–Stokes–Fourier system. Thus, in order to derive the Stokes–Fourier
system from the Boltzmann equation, one keeps the same scaling as for the incompressible
Navier–Stokes limit on the Boltzmann equation, i.e.,

Kn= St= ε≪ 1

and one scales the Mach number as

Ma= ηε = o(ε).

In other words, we start from the following Cauchy problem

ε ∂tFε + v · ∇xFε =
1

ε
B(Fε,Fε), (t, x, v) ∈R

∗
+ ×R

3×R
3,

(6.23)
Fε(t, x, v)→M as|x| →+∞,
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with initial condition

Fε|t=0=M
(1−ηεθ in,

ηεuin

1−ηεθ in
, 1

1−ηεθ in
)
. (6.24)

In this subsection, the number density fluctuationgε is defined to be

gε =
Fε −M

ηεM
.

THEOREM 6.3 (Bardos, Golse and Levermore [9]).For eachε > 0, let Fε be a solution
of (6.23)–(6.24).Assume that

Fε −M

ηεM
→ g in the sense of distributions onR∗+ ×R

3×R
3,

thatFε satisfies the local conservation laws of mass, momentum and energy, and that

〈vgε〉→ 〈vg〉 and
〈(
|v|2− 5

)
gε
〉
→
〈(
|v|2− 5

)
g
〉

in C
(
R+,D′

(
R

3))

while

LMgε→ LMg in D′
(
R
∗
+ ×R

3)

and all formally small terms vanish in the sense of distributions asε→ 0. Assume further
that

〈v⊗ vgε〉→ 〈v⊗ vg〉, 〈Bgε〉→ 〈Bg〉,
〈
Â⊗ vgε

〉
→
〈
Â⊗ vg

〉
and

〈
B̂ ⊗ vgε

〉
→
〈
B̂ ⊗ vg

〉

in the sense of distributions onR∗+ ×R3.
Theng is of the form

g(t, x, v)= u(t, x) · v+ θ(t, x)
1

2

(
|v|2− 5

)
,

where(u, θ) satisfy the incompressible Stokes–Fourier system

∂tu+∇xp = ν�xu, divx u= 0,
(6.25)

∂tθ = κ�xθ,

with ν andκ given by formula(6.9).
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6.2.2. The incompressible Euler limit.The incompressible Euler equations are formally
the inviscid limit of the Navier–Stokes equations. Thus, in order to derive the incompress-
ible Euler equations from the Boltzmann equation, one chooses a scaling that increases the
strength of the nonlinear term. In other words, one takes

St=Ma= ε while Kn= ηε = o(ε).

In fact, this is consistent with the von Karman relation, which relates the Mach, Knudsen
and Reynolds numbers as follows

Kn= Ma

Re
. (6.26)

Indeed, one getsRe= ε/ηε→+∞ asε→ 0: therefore, the limiting equation obtained in
this way is incompressible (sinceMa→ 0) and inviscid (sinceRe→+∞).

In other words, we start from the following Cauchy problem

ε ∂tFε + v · ∇xFε =
1

ηε
B(Fε,Fε), (t, x, v) ∈R

∗
+ ×R

3×R
3,

(6.27)
Fε(t, x, v)→M as|x| →+∞,

with initial condition

Fε|t=0=M
(1−εθ in, εuin

1−εθ in
, 1

1−εθ in
)
. (6.28)

In this subsection, the number density fluctuationgε is defined to be

gε =
Fε −M

εM
.

THEOREM 6.4 (Bardos, Golse and Levermore [9]).For eachε > 0, let Fε be a solution
of (6.27)–(6.28).Assume that

Fε −M

εM
→ g in the sense of distributions onR∗+ ×R

3×R
3,

thatFε satisfies the local conservation laws of mass, momentum and energy, and that

〈vgε〉→ 〈vg〉 and
〈(
|v|2− 5

)
gε
〉
→
〈(
|v|2− 5

)
g
〉

in C
(
R+,D′

(
R

3))

while

LMgε→ LMg in D′
(
R
∗
+ ×R

3)
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and all formally small terms vanish in the sense of distributions asε→ 0. Assume further
that

〈v⊗ vgε〉→ 〈v⊗ vg〉, 〈Bgε〉→ 〈Bg〉,
〈
ÂQM(gε, gε)

〉
→
〈
ÂQM(g, g)

〉
and

〈
B̂QM(gε, gε)

〉
→
〈
B̂QM(g, g)

〉

in the sense of distributions onR∗+ ×R
3.

Theng is of the form

g(t, x, v)= u(t, x) · v+ θ(t, x)
1

2

(
|v|2− 5

)
,

where(u, θ) satisfy the system

∂tu+ divx(u⊗ u)+∇xp = 0, divx u= 0,
(6.29)

∂tθ + divx(uθ)= 0.

6.3. Other incompressible models

There are many possible variants of the incompressible Navier–Stokes–Fourier limit de-
scribed above. To begin with, it is possible to include a conservative force in the Boltzmann
equation. The scaling is as follows. Start from equation

ε ∂tFε + v · ∇xFε − ε∇xφ(x) · ∇vFε =
1

ε
B(Fε,Fε),

where φ ≡ φ(x) is a given (smooth) potential. Writing the(x, v)-derivative in the
Boltzmann equation above as a Poisson bracket, i.e.,

v · ∇xFε − ε∇xφ(x) · ∇vFε =
{

1

2
|v|2+ εφ(x);Fε

}

suggests to seek the solutionFε in the form

Fε(t, x, v)= e−εφ(x)M(v)
(
1+ εgε(t, x, v)

)
.

Indeed,

e−εφ(x)M(v)= 1

(2π)3/2
e−|v|

2/2−εφ(x)

is both an element of the nullspace of the Poisson bracket{1
2|v|2 + εφ(x); ·} and a

Maxwellian.
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The same formal argument as above shows that

gε(t, x, v)→ u(t, x) · v+ θ(t, x)
1

2

(
|v|2− 5

)
,

whereu andθ satisfy

∂tu+ divx(u⊗ u)+∇xp− θ∇xφ = ν�xu,

∂tθ + divx(uθ)+
2

5
u · ∇xφ = κ�xθ,

with

ν = 1

10

〈
Â :A

〉
and κ = 2

15

〈
B̂ ·B

〉

as in the incompressible Navier–Stokes–Fourier limit theorem above. Of course, this is in
agreement with the discussion in Section 2.7. We refer the interested reader to [8] for more
details on the formal derivation.

In still another variant of the Navier–Stokes–Fourier limit presented above, it is possible
to recover viscous heating terms as in Section 2.6. As explained in that subsection, viscous
heating terms should appear when the fluctuations of velocity field are of the order of the
square root of temperature fluctuations. In [13], Bardos and Levermore used the following
very elegant approach: start from the Boltzmann equation in the Navier–Stokes scaling
(6.2) and seek the number densityFε as

Fε(t, x, v)=M(v)
(
1+ εg−ε (t, x, v)+ ε2g+ε (t, x, v)

)
,

whereg−ε is odd inv while g+ε is even inv. Because the Boltzmann collision integral is
rotation invariant (see Section 3.6.2 and especially (3.51)),

B(Φ+,Φ+) andB(Φ−,Φ−) are even inv, while

B(Φ−,Φ+) andB(Φ+,Φ−) are odd inv.

Bardos and Levermore gave a formal argument showing that

g−ε (t, x, v)→ u(t, x) · v,

while

g+ε (t, x, v)→ ρ(t, x)+ 1

2

(∣∣u(t, x)
∣∣2+ 3θ(t, x)

)(1

3
|v|2− 1

)

+ 1

2
A : u(t, x)⊗ u(t, x)− Â : ∇xu(t, x),
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whereρ, u andθ satisfy the relations

divx u= 0, p = ρ + θ,

∂tu+ divx(u⊗ u)+∇xp = ν�xu,

∂t

(
5

2
θ + 1

2
|u|2− p

)
+ divx

(
u

(
5

2
θ + 1

2
|u|2

))

= 5

2
κ�xθ +µdivx

((
∇xu+ (∇xu)T

)
· u
)
.

In the system above,ν andκ are given by the same formulas as in the Navier–Stokes–
Fourier limit theorem, i.e., (6.9).

7. Mathematical theory of the Cauchy problem for hydrodynamic models

In this section we have gathered a few mathematical results bearing on the various hy-
drodynamic models that appear as limits of the Boltzmann equation. We shall leave aside
the compressible Navier–Stokes system, since its derivation from the Boltzmann equation
leads to dissipation terms that are of the order of the Knudsen number, and therefore van-
ish in the hydrodynamic limit. Put in other words, the compressible Navier–Stokes system
is an asymptotic expansion of the Boltzmann equation in the Knudsen number, and not a
limit thereof. Hence, a mathematical treatment of this limit would involve existence results
on the compressible Navier–Stokes system that are uniform in the Reynolds and Péclet
numbers, which is beyond current knowledge on this model at the time of this writing.

7.1. The Stokes and acoustic systems

We begin with the simplest hydrodynamic models
• the Stokes–Fourier system, and
• the acoustic system,

which are variants of the heat and the wave equations.

7.1.1. The Stokes–Fourier system.Consider the Stokes–Fourier system

∂tu+∇xp = ν�xu, divx u= 0, (t, x) ∈R
∗
+ ×R

3,

∂tθ = κ�xθ,

(u, θ)|t=0=
(
uin, θ in),

whereν andκ > 0.

THEOREM 7.1. For each(uin, θ in) ∈ L2(R3) such thatdivx uin = 0, there exists a unique
solution(u, θ) of the Stokes–Fourier system such that

(u, θ) ∈ C
(
R+;L2(

R
3)) and p ∈ C

(
R
∗
+;L2(

R
3)/

R
)
.
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In addition, the pressurep is constant and

(u, θ) ∈ C∞
(
R
∗
+ ×R

3).

PROOF. Applying the divergence to both sides of the motion equation gives

�xp = 0;

since for eacht > 0 the functionp(t, ·) ∈ L2(R3)/R is harmonic, it is a constant in
variablex. Since the divergence operator commutes with the heat operator onR

3, the
Stokes–Fourier system above reduces to a system of uncoupled heat equations, whence the
announced result. �

7.1.2. The acoustic system.Consider the acoustic system

∂tρ + divx u= 0,

∂tu+∇x(ρ + θ)= 0, (t, x) ∈R
∗
+ ×R

3,

3

2
∂tθ + divx u= 0,

(ρ,u, θ)|t=0=
(
ρ in, uin, θ in).

THEOREM 7.2. For each(ρ in, uin, θ in) ∈ L2(R3), there exists a unique solution(ρ,u, θ)
of the acoustic system such that

(ρ,u, θ) ∈ C
(
R+;L2(

R
3)).

PROOF. Applying the Helmholtz decomposition tou(t, ·) gives

u(t, ·)= us(t, ·)−∇xφ(t, ·), divx us = 0.

Hence the acoustic system becomes

∂tρ −�xφ = 0,
3

2
∂tθ −�xφ = 0,

∂tφ − ρ − θ = 0, ∂tus = 0.

Hence

∂tφ − ρ − θ = 0, ∂t (ρ + θ)− 5

3
�xφ = 0,

∂t

(
ρ − 3

2
θ

)
= 0.
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Therefore, lettingψ = ρ + θ , we arrive at

∂t tφ −
5

3
�xφ = 0,

∂t tψ −
5

3
�xψ = 0.

This is a system of two uncoupled wave equations; then,(ρ,u, θ) is reconstructed from
ψ andµ≡ µ(x)= ρ(t, x)− 3

2θ(t, x) by the formulas

ρ(t, x)= 3

5
ψ(t, x)+ 2

5
µ(x),

θ(t, x)= 2

5

(
ψ(t, x)−µ(x)

)
,

while

u(t, x)= us(0, x)−∇xφ(t, x).

Applying the classical theory of the Cauchy problem for the wave equations satisfied by
φ andψ leads to the announced result. �

7.2. The incompressible Navier–Stokes equations

Next, we consider the incompressible Navier–Stokes equations. The mathematical theory
of the Cauchy problem for these equations was developed by J. Leray in the early 1930s.
Here is a quick summary of his results, see for instance [30,45,85] for more information
on this subject.

Consider the Navier–Stokes equations

∂tu+ divx(u⊗ u)+∇xp = ν�xu, divx u= 0, (t, x) ∈R
∗
+ ×R

D,

u|t=0= uin,

whereν > 0.
We begin with the three-dimensional case.

THEOREM 7.3 (Leray [79]). For eachuin ∈ L2(R3) such thatdivx uin = 0, there exists
a solution in the sense of distributions to the Cauchy problem for the Navier–Stokes equa-
tions such that

u ∈ C
(
R+;w−L2(

R
3))∩L2(

R+;H 1(
R

3)).
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Moreover, the functiont �→ ‖u(t, ·)‖L2 is nonincreasing onR+ and satisfies, for each
t > 0, the Leray energy inequality

1

2

∥∥u(t)
∥∥2
L2 +

∫ t

0

∫

RD

ν
∣∣∇xu(s, x)

∣∣2 dx ds �
1

2

∥∥uin
∥∥2
L2.

A solution of the Navier–Stokes equations in the sense of distributions that belongs to
C(R+;w−L2(R3))∩L2(R+;H 1(R3)) and satisfies the Leray energy inequality is called
a “Leray solution”.

In fact, a modification of Leray’s original argument allows constructing weak solutions
that satisfy thelocal energy inequality

∂t
1

2
|u|2+ divx

(
u

(
1

2
|u|2+ p

))
+ ν|∇xu|2 � ν�x

(
1

2
|u|2

)
(7.1)

in the sense of distributions onR∗+ ×R
3.

It is not known whether Leray solutions are uniquely determined by their initial data;
however, Leray was able to prove that regular solutions of the Navier–Stokes equations are
unique within the class of Leray solutions.

THEOREM 7.4 (Leray [79]). Let uin ∈ L2(R3) such thatdivx uin = 0. Assume that there
exists a classical solution,

v ∈ C1(
R+;H 1(

R
3))∩C

(
R+;H 2(

R
3)) such that ∇xv ∈ L∞

(
R+ ×R

3),

of the Navier–Stokes equations with initial condition

v|t=0= uin.

Then, any Leray solutionu of the Navier–Stokes equations with initial data

u|t=0= uin

coincides withv a.e.

Whether the space dimension isD = 2 orD = 3 leads to fundamental differences in the
regularity theory for the Navier–Stokes equations.

THEOREM 7.5 (Leray [78]). Let uin ∈ L2(R2) such thatdivx uin = 0. Then there exists a
unique weak solutionu to the Navier–Stokes equations with initial data

u|t=0= uin

such that

u ∈ C
(
R+;L2(

R
2))∩L2(

R+;H 1(
R

2)).
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Furthermore, this solution is smooth fort > 0

u ∈ C∞
(
R
∗
+ ×R

2)

and satisfies the energy equality

1

2

∥∥u(t)
∥∥2
L2 +

∫ t

0

∫

RD

ν
∣∣∇xu(s, x)

∣∣2 dx ds = 1

2

∥∥uin
∥∥2
L2

for eacht � 0.

In space dimension 3, it is an outstanding open problem to determine whether Leray
solutions withC∞ initial data remainC∞ for all times.

What is known to this date is the following partial regularity theorem which improves
on an earlier result by Scheffer [111].

THEOREM 7.6 (Caffarelli, Kohn and Nirenberg [21]).In space dimension3, let u be a
Leray solution of the Navier–Stokes equations that satisfies the local variant of Leray’s
energy inequality(7.1).Let the singular set ofu be

S(u)=
{
(t, x) ∈R

∗
+ ×R

3
∣∣u is not bounded in a neighborhood of(t, x)

}
.

Then, S(u) has parabolic Hausdorff dimension less than1.

This definition of the singular setS(u) comes from a bootstrap argument due to
Serrin [112] showing that, if a Leray solutionu of the Navier–Stokes equations is bounded
in B((t, x),R), thenu isC∞ in B((t, x),R/2).

The parabolic Hausdorff dimension is defined through coverings with translates of
(−r2, r2) × B(0, r) in R × R

3 (the usual Hausdorff dimension being defined with balls
for the Euclidean metric ofR4).

This result implies that the singular setS(u) must be smaller than a curve in space–
time: in other words singularities of solutions to the Navier–Stokes equations in space
dimension 3 are rare (if they exist at all).

7.3. The incompressible Navier–Stokes–Fourier system

By mimicking the compactness method in the proof of the Leray existence theorem, we
can also treat the case of the Navier–Stokes–Fourier system

∂tu+ divx(u⊗ u)+∇xp = ν�xu, divx u= 0, (t, x) ∈R
∗
+ ×R

3,

∂tθ + divx(uθ)= κ�xθ, (t, x) ∈R
∗
+ ×R

3,

(u, θ)|t=0=
(
uin, θ in),
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whereκ > 0 andν > 0.
The analogue of Leray’s theorem for the Navier–Stokes–Fourier system is the following

one.

THEOREM7.7. For each(uin, θ in) ∈ L2(R3) such thatdivx uin = 0, there exists a solution
in the sense of distributions to the Cauchy problem for the Navier–Stokes–Fourier system
such that

(u, θ) ∈ C
(
R+;w−L2(

R
3))∩L2(

R+;H 1(
R

3)).

This solution satisfies, for eacht > 0

1

2

∥∥u(t)
∥∥2
L2 +

∫ t

0

∫

RD

ν
∣∣∇xu(s, x)

∣∣2 dx ds �
1

2

∥∥uin
∥∥2
L2,

1

2

∥∥θ(t)
∥∥2
L2 +

∫ t

0

∫

RD

κ
∣∣∇xθ(s, x)

∣∣2 dx ds �
1

2

∥∥θ in
∥∥2
L2.

7.4. The compressible Euler system

The compressible Euler system is a quasilinear hyperbolic system. The existence and
uniqueness theory for this system is not entirely satisfying in its present state, especially in
space dimension greater than or equal to 2. More information on the theory of hyperbolic
system of conservation laws can be found for instance in [32,77] and [19].

Consider the Cauchy problem for the compressible Euler system (with perfect mon-
atomic gas equation of state)

∂tρ + divx(ρu)= 0,

∂t (ρu)+ divx(ρu⊗ u)+∇x(ρθ)= 0, (7.2)

∂t

(
ρ

(
1

2
|u|2+ 3

2
θ

))
+ divx

(
ρ

(
1

2
|u|2+ 5

2
θ

))
= 0.

We begin with a local existence and uniqueness result which is a particular case of a gen-
eral theorem on quasilinearsymmetrizable systems. The theory of symmetric hyperbolic
system was developed very early by Friedrichs; the importance of the notion of symmetriz-
able systems was recognized by Godunov [51], and then by Friedrichs and Lax [43] – see
also [80] for more information on the theory of hyperbolic systems. The result below comes
from [90]; the case of general systems is studied in [77] and [71].

THEOREM 7.8. LetD � 1 and(ρ in, uin, θ in) ∈Hm(RD) withm>D/2+ 1. There exists
T > 0 and a unique solution(ρ,u, θ) ∈ C([0, T );Hm(RD)) ∩C1([0, T );Hm−1(RD)) of
the compressible Euler system in the sense of distributions on(0, T )×R

D .
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Such solutions are regular (sinceHm(RD) ⊂ C[m−D/2](RD) by Sobolev embedding).
In general, one does not expect that regular solutions to (7.2) may exist for all times. Sin-
gularities – such as shock waves – are expected to appear in finite time for a large class of
smooth initial data. Here is an interesting result in this direction, due to Sideris [113].

THEOREM 7.9. LetD = 3, and letR > 0. Pick the initial data(ρ in, uin, θ in) ∈ C∞(R3)

to be such thatρ in, θ in > 0 on R
3 with

supp
(
ρ in − 1

)
⊂ B(0,R), supp

(
uin)⊂ B(0,R),

supp
(
θ in − 1

)
⊂ B(0,R) and ρ in �

(
θ in)3/2 onR

3.

Assume further the existence ofR0 ∈ (0,R) such that

∫

|x|>r

(|x| − r)2

|x|
(
ρ in(x)− 1

)
dx > 0

and

∫

|x|>r

(|x|2− r2)

|x|3 ρ in(x)x · uin(x)dx � 0

for eachr ∈ (R0,R). Then the life-spanT of theC1 solution to(7.2)with such initial data
is finite.

In dimension greater than or equal to 2, there is no satisfying theory of weak solutions
that could extend classical solutions after blow-up time.

At variance, in the one-dimensional case, there is a rather complete theory of weak solu-
tions, that are obtained as superpositions of interacting Riemann problems (i.e., a Cauchy
problem for (5.6) whose initial data is a step function with only one jump). Liu studied
the compressible Euler system in space dimension 1 written in Lagrangian coordinates.
Denoting bya the Lagrangian particle label, this system reads

∂tV − ∂aU = 0,

∂tU + ∂a

(
Θ

V

)
= 0,

(7.3)

∂t

(
1

2
U2+ 3

2
Θ

)
+ ∂a

(
ΘU

V

)
= 0,

(V ,U,Θ)|t=0=
(
V in,U in,Θ in),

with the notation

V (t, a)= 1

ρ(t,X(t,0, a))
,
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U(t, a)= u
(
t,X(t,0, a)

)
,

Θ(t, a)= θ
(
t,X(t,0, a)

)
,

wheret �→X(t,0, a) is the path of the particle which is at the positiona at timet = 0.
The following existence result is based on Glimm’s algorithm [50] for constructing

BV solutions to hyperbolic systems of conservation laws in the one-dimensional case that
are global in time for initial data of small total variation.

THEOREM 7.10 (Liu [88]). Assume that(V in,U in,Θ in) ∈ BV(R) with Θ in � θ∗ > 0
whileV in � V ∗ onR. There existsη0 > 0 such that the Cauchy problem(7.3)has a global
weak solution provided that TV(V in,U in,Θ in)� η0. Moreover, this solution is“entropic”,
i.e.,

∂t ln
(
V 2/3Θ

)
� 0.

(In other words, the entropy density cannot decrease along particle paths.)

7.5. The incompressible Euler equations

There are essentially two main directions in the mathematical theory of the incompressible
Euler equations:
• the PDE viewpoint, and
• the geometric viewpoint.

In the geometric viewpoint, Euler’s equations for incompressible fluids in the periodic
boxT

D are the equations of geodesics on the group of volume preserving diffeomorphisms
of T

D , endowed with the metric defined by the kinetic energy. We shall say nothing of
this part of the theory, for which we refer the reader to the beautiful book by Arnold and
Khesin [4].

Instead, we shall just recall a few results on the Euler equations as nonlinear PDEs
on T

D . The reader is advised to read [91] and [85] for more information on that topic.
The incompressible Euler equations are

∂tu+ divx(u⊗ u)+∇xp = 0, divx u= 0, (t, x) ∈R
∗
+ ×T

D,

u|t=0= uin.

We begin with a local existence result for classical solutions in the three-dimensional
case, due to Kato.

THEOREM 7.11 (Kato [70]). Let uin ∈ Hm(T3), m ∈ N, m � 3, such thatdivx uin = 0.
Then, there existsT > 0 and a unique local solutionu of the incompressible Euler equa-
tions with initial datauin, such that

u ∈ C
(
[0, T );Hm

(
T

3))∩ACloc
(
[0, T );Hm−1(

T
3)).
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Whether the life-span of such solutions is finite is an outstanding open problem in the
theory of nonlinear PDEs. What is known is that the blow-up time, if finite, does not depend
on the regularity indexm, as shown by the following remarkable result.

THEOREM 7.12 (Beale, Kato and Majda [15]).Under the same assumptions as in the
previous theorem, if T is finite, then
• either

∫ T

0

∥∥curlx u(t, ·)
∥∥
L∞ dt =+∞,

• or u ∈ C([0, T ];Hm(T3)).
(In the second case, the solutionu can be extended to an interval of time[0, T ′) with
T ′ > T .)

In the two-dimensional case, there is global existence and uniqueness of a classical so-
lution to the Cauchy problem for the incompressible Euler equations.

THEOREM 7.13 (Yudovich [122]).Let uin ∈ Hm(T2), m ∈ N, m � 3, such that
divx uin = 0. Then there exists a unique global solutionu of the incompressible Euler
equations with initial datauin such that

u ∈ C
(
R+;Hm

(
T

2))∩C1(
R+;Hm−1(

T
2)).

A good reference on the two-dimensional case of the incompressible Euler equations
is [29].

In view of the importance of the vorticity field curlx u for the regularity of the solution
to the incompressible Euler equations, the main difference between the two- and the three-
dimensional cases comes from the following observation.

If one considers the two-dimensional flow as given by a three-dimensional velocity field
u of the form

u(t, x)=



u1(t, x1, x2)

u2(t, x1, x2)

0


 ,

the vorticity field is

curlx u(t, x)=
( 0

0
ω(t, x1, x2)

)
,

where

ω(t, x1, x2)= ∂x1u2(t, x1, x2)− ∂x2u1(t, x1, x2).
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The scalar quantityω satisfies the transport equation

∂tω+ u · ∇xω= 0.

The maximum principle holds for the transport equation above, so that

‖ω‖L∞(R+×T2) =
∥∥ω(0, ·)

∥∥
L∞(T2)

.

Hence, in the two-dimensional case, ifuin is sufficiently regular, the vorticity is globally
bounded and therefore, by the Beale–Kato–Majda criterion, the regularity of the initial data
is propagated for all times.

In the three-dimensional case, the vorticity curlx u is a vector field that satisfies the
analogue of the scalar transport equation above for vectors

∂t curlx u+ (u · ∇x)curlx u=∇xu · curlx u.

The length of the vector curlx u can be amplified, or damped, by the matrix∇xu: this mech-
anism is called “vortex stretching” and so far, there is no satisfying method for controlling
it. Therefore, there is no a priori bound on the vorticity as in the two-dimensional case, and
this is why the question of global existence or finite-time blow-up for classical solutions to
the incompressible Euler equations in the three-dimensional case remains very much open.

Finally, we conclude this section with an important class of global solutions on the
periodic box to the incompressible Euler equations. Choose

U(t, x)=



u1(t, x1, x2)

u2(t, x1, x2)

w(t, x1, x2)


 , (t, x) ∈R+ ×T

3,

where

u(t, x1, x2)=
(
u1(t, x1, x2)

u2(t, x1, x2)

)

is aC1-solution of the two-dimensional incompressible Euler equations onR+ × T
2. If

w satisfies the transport equation

∂tw+ divx(wu)= 0, (t, x) ∈R
∗
+ ×T

2,

the vector fieldU solves the three-dimensional incompressible Euler equation onR+×T
3.

Such solutions are referred to as 2D–3C solutions of the incompressible Euler equations–
see, in particular, section 4.3, pp. 150–153 of [85] for an interesting application of 2D–3C
solutions to the problem of a priori estimates on the Euler equations.
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8. Mathematical theory of the Cauchy problem for the Boltzmann equation

8.1. Global classical solutions for “small” data

In this subsection we briefly review two early existence theories for the Boltzmann equa-
tion:
• Ukai’s theory for perturbations of uniform Maxwellian states; and
• the Illner–Shinbrot theory for small perturbations of the vacuum state.
Consider the Cauchy problem for the Boltzmann equation

∂tF + v · ∇xF = B(F,F ), (t, x, v) ∈R
∗
+ ×R

3×R
3,

F |t=0= F in.

8.1.1. Small perturbations of the vacuum.The collision kernelb in the collision integral
is supposed to satisfy

0� b(z,ω)�C
(
1+ |z|

)
for a.e.(z,ω) ∈R

3× S
2.

THEOREM 8.1 (Illner and Shinbrot [69]).Pickc > 0; there existsη > 0 such that for each
C ∈ (0, η) and each initial dataF in satisfying

0� F in(x, v)� Ce−c(|x|
2+|v|2), x, v ∈R

3,

then the Cauchy problem for the Boltzmann equation with initial dataF in has a unique
global (mild ) solution.

The key to this result is to dominate the solutionF of the Boltzmann equation with a
Maxwellian traveling wave e−c|x−tv|

2
.

Obviously this result is not useful in the context of incompressible hydrodynamic limits:
it bears on rarefied clouds of gas that expand in the vacuum, and therefore never approach
any global Maxwellian equilibrium.

8.1.2. Small perturbations of a global Maxwellian state.The following result, due to
Ukai, is the first global existence and uniqueness result proved on the (space inhomoge-
neous) Boltzmann equation. It bears on the dynamics of a gas whose state is a perturbation
of a global Maxwellian equilibrium. It uses a detailed spectral analysis of the linearization
of the collision integral at the background Maxwellian state, see [40].

THEOREM8.2 (Ukai [115]). Assume thatb(z,ω)= |z ·ω| (hard sphere case). Lets > 3/2,
andβ > 3; define

‖f ‖s,β = sup
v∈R3

(
1+ |v|

)β∥∥f (·, v)
∥∥
H s(R3)
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and let

H s
β =

{
f ∈ L∞loc

(
R

3
v;H s

x

) ∣∣‖f ‖s,β <+∞
}
.

There existsη > 0 such that, for anyf in ≡ f in(x, v) satisfying

∥∥f in
∥∥
s,β

< η and f in �−M1/2
(1,0,1),

the Cauchy problem for the Boltzmann equation with initial data

F in =M(1,0,1) +M
1/2
(1,0,1)f

in

has a unique solutionF such that

F ∈ L∞
(
R+;H s

β

)
∩C

(
R+;H s−ε

β−ε
)
∩C1(

R+;H s−1−ε
β−1−ε

)

for eachε > 0.

Ukai’s theory describes the evolution of number densities that are close to a uniform
Maxwellian state, and therefore, one could think of using it in the context of incompressible
hydrodynamic limits. However, one should bear in mind that the parameterη that monitors
the size of the initial number density fluctuation is not uniform in the Knudsen number, so
that applying Ukai’s ideas to derive, say, the incompressible Navier–Stokes equations from
the Boltzmann equation requires nontrivial modifications, due to Bardos and Ukai [14].

Hence, for the purpose of deriving hydrodynamic models from the Boltzmann equation,
it is desirable to have at one’s disposal a global existence theory based on a priori estimates
that are uniform in the Knudsen number. The only such existence theory so far is the
DiPerna–Lions theory of weak solutions of the Boltzmann equation that is described below.

8.2. The DiPerna–Lions theory

As already mentioned in our presentation of the Boltzmann equation, the collision integral
is local int andx and an integral operator inv. In other words, the collision integral acts as
a multiplication operator in the variables(t, x), and as kind of convolution in the variablev.

On the other hand, the natural a priori bound for the number density is

F ∈ L∞t (L lnLx).

For such anF , expressions like

F 2 or F

∫

R3
F dv
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are defined only as measurable functions, and not as distributions. Hence the collision
integral does not define a distribution for all number densities that satisfy the natural a priori
bounds on solutions of the Boltzmann equation.

To get around this, DiPerna and Lions proposed to use the following notion of solution.

DEFINITION 8.3. A nonnegative functionF ∈ C(R+;L1(R3 × R
3)) is a renormalized

solution of the Boltzmann equation if

B(F,F )√
1+ F

∈ L1
loc(dt dx dv),

and if, for eachΓ ∈ C1(R+) such that

Γ ′(Z)�
C√

1+Z
for all Z � 0,

one has

(∂t + v · ∇x)Γ (F )= Γ ′(F )B(F,F )

in the sense of distributions onR∗+ ×R3×R3.

In this subsection, we shall consider collision kernels that satisfy the following weak
cut-off assumption

lim
|v|→+∞

1

1+ |v|2
∫

|v∗|<R

∫

S2
b(v − v∗,ω)dωdv∗ = 0 for eachR > 0. (8.1)

The following result was proved by DiPerna and Lions in [37].

THEOREM 8.4. LetF in ≡ F in(x, v)� 0 a.e. on R
3×R

3 satisfy

∫ ∫

R3×R3

(
1+ |x|2+ |v|2+

∣∣ lnF in
∣∣)F in dx dv <+∞.

Then, there exists a renormalized solution of the Boltzmann equation such thatF |t=0= F in.
This renormalized solution satisfies
• the continuity equation(local conservation of mass)

∂t

∫

R3
F dv+ divx

∫

R3
vF dv = 0;

• the global conservation of momentum: for eacht � 0,

∫ ∫

R3×R3
vF(t)dv dx =

∫ ∫

R3×R3
vF in dv dx;
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• the energy inequality: for eacht � 0,

∫ ∫

R3×R3

1

2
|v|2F(t)dv dx �

∫ ∫

R3×R3

1

2
|v|2F in dv dx;

• and theH inequality: for eacht > 0, one has

∫ ∫

R3×R3
F lnF(t)dv dx

+ 1

4

∫ t

0

∫

R3

∫ ∫ ∫

R3×R3×R3

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds

�

∫ ∫

R3×R3
F in lnF in dv dx.

A complete description of the proof of the DiPerna–Lions theorem is beyond the scope
of the present work. We shall just explain the main ideas in it.

8.2.1. The role of the normalizing nonlinearity.Assume thatF ≡ F(t, x, v)� 0 a.e. on
R+ ×R

3×R
3 satisfies

∫ ∫

R3×R3

(
1+ |v|2

)
F(t, x, v)dv dx � C for eacht � 0, (8.2)

and

∫ T

0

∫

R3

∫ ∫ ∫

R3×R3×R3

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds �CT (8.3)

for eachT > 0. A solution to the Boltzmann equation satisfies the first inequality (by
the global conservation law of energy) and the second estimate by the entropy production
bound deduced from Boltzmann’sH -theorem.

Then

|B(F,F )|√
1+ F

∈ L1
loc

(
R+ ×R

3×R
3).

Indeed, we first recall the elementary inequality

(√
X−

√
Y
)2

�
1

4
(X− Y)(lnX− lnY) for eachX,Y > 0.

Then

∣∣F ′F ′∗ − FF∗
∣∣ =

(√
F ′F ′∗ +

√
FF∗

)∣∣√F ′F ′∗ −
√
FF∗

∣∣

�
(√

F ′F ′∗ −
√
FF∗

)2+ 2
√
FF∗

∣∣√F ′F ′∗ −
√
FF∗

∣∣.
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Hence

∫ T

0

∫

R3

∫

|v|<R

|B(F,F )|√
1+ F

dv dx dt

�

∫ T

0

∫

R3

∫ ∫ ∫

R3×R3×R3

(√
F ′F ′∗ −

√
FF∗

)2
bdv dv∗ dωdx ds

+ 2

(∫ T

0

∫

R3

∫ ∫ ∫

R3×R3×R3

(√
F ′F ′∗ −

√
FF∗

)2
bdv dv∗ dωdx ds

)1/2

×
(∫ T

0

∫ ∫

R3×R3
F∗

(∫ ∫

|v|<R,|ω|=1
b(v− v∗,ω)dωdv

)
dv∗ dx ds

)1/2

.

By using the entropy production bound (8.3) and the weak cut-off assumption above on
the collision kernelb, this inequality becomes

∫ T

0

∫

R3

∫

|v|<R

|B(F,F )|√
1+ F

dv dx dt

� CT + 2
√
CT

×
(∫ T

0

∫ ∫

R3×R3
F∗

(∫ ∫

|v|<R,|ω|=1
b(v− v∗,ω)dωdv

)
dv∗ dx ds

)1/2

� CT + 2
√
CT

(∫ T

0

∫ ∫

R3×R3
F∗O

(
1+ |v∗|2

)
dv∗ dx ds

)1/2

� CT + 2
√
CT O(C).

In the sequel, we restrict our attention for simplicity to the case of bounded collision kernels

0< b(z,ω)� Cb, (z,ω) ∈R
3× S

2. (8.4)

8.2.2. Compactness by velocity averaging.A renormalized solution of the Boltzmann
equation is obtained as a limit point of the sequenceFn of solutions to the regularized
Boltzmann equation

∂tFn + v · ∇xFn =
B(Fn,Fn)

1+ (1/n)
∫

R3 Fn dv
,

(8.5)
Fn|t=0= F in

in the weak topology ofL1
loc(R+;L1(R3 × R3)). As in the case of all nonlinear PDEs,

the main difficulty is to pass to the limit in the nonlinear term – here, in the collision
integral. This requires a class of compactness results on the Boltzmann equation that are
somehow adapted to the collision integral. In particular, since the collision integral acts as a
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convolution operator in the variablev and a multiplication operator in the variablest andx,
one should seek compactness “with respect to thet andx variables only” – a notion which,
of course, remains to be defined.

The appropriate class of compactness theorems was discovered a few years before being
applied to the Boltzmann equation. They are known as “velocity averaging results”, and
were first introduced by Golse, Perthame and Sentis in [55] within the context of the diffu-
sion approximation of the neutron transport equation. (Independently, analogous regularity
results for the coefficients of the spherical harmonic expansion of the solution to the free
transport equation were announced in [1].)

Obviously, whatever compactness in the strong topology ofL1
loc is to be found on a

sequence of solutions to the Boltzmann equation (regularized or not) has to come from the
streaming (free transport) operator∂t + v · ∇x .

Being hyperbolic, the transport operatorv · ∇x propagates singularities along charac-
teristics. Therefore, at first sight it seems hopeless that one might obtain any regularizing
effect from the free streaming part of the Boltzmann equation, or of any other similar ki-
netic model. One can think of the following elementary example.

EXAMPLE . Let f ∈ L2(R); for a.e.x, v ∈ R
2, defineF(x, v)= f (v2x1− v1x2). Clearly,

F ∈ L2
loc(R

2 × R
2) andv · ∇xF = 0. However, sincef can be any function inL2(R),

F /∈H s
loc(R

2×R
2) for anys > 0, althoughv · ∇xF ∈ L2

loc(R
2×R

2).

The key to obtaining regularizing effects from the transport operatorv · ∇x is to seek
those effects not on the number density itself, but on velocity averages thereof, in other
words, on the macroscopic densities. Here is the prototype of all velocity averaging results.

THEOREM8.5 (Golse, Perthame and Sentis [55]).LetFε be a bounded family of functions
in L2(RD×R

D). Assume that the familyv ·∇xFε is also bounded inL2(RD×R
D). Then,

for eachφ ∈ L2(RD), the family of momentsρε defined by

ρε(x)=
∫

RD

Fε(x, v)φ(v)dv

is relatively compact inL2
loc(R

D).

PROOF. SetGε = Fε + v · ∇xFε, and letF̂ε andĜε denote respectively the Fourier trans-
forms ofFε andGε in thex variable only. The assumptions onFε imply that the family
Gε is bounded inL2(RD ×R

D), and that

ρ̂ε(ξ)=
∫

RD

Ĝε(ξ, v)φ(v)dv

1+ iv · ξ .

We need to study hoŵρε(ξ) decays for|ξ | large. By the Cauchy–Schwarz inequality

∣∣ρ̂ε(ξ)
∣∣2 �

1

m(ξ)

∫

RD

∣∣Ĝε(ξ, v)
∣∣2 dv,
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with

1

m(ξ)
:=
∫

RD

|φ(v)|2 dv

1+ |v · ξ |2

=
∫

RD

|φ(v)|2 dv

1+ |v ·ω|2|ξ |2 ,

whereω = ξ/|ξ | ∈ SD−1 for all ξ ∈ RD \ {0}. The latter integral is a decreasing fam-
ily indexed by |ξ | of continuous functions ofω; this family vanishes pointwise inω
as |ξ | →+∞ by dominated convergence. By Dini’s theorem, it vanishes uniformly in
ω ∈ S

D−1, and thereforem(ξ)→+∞ as|ξ | →+∞. Since the family

∫

RD

∣∣ρ̂ε(ξ)
∣∣2m(ξ)dξ �

∫ ∫

RD×RD

∣∣Ĝε(ξ, v)
∣∣2 dξ dv

is bounded by Plancherel’s theorem,ρε is relatively compact inL2
loc(R

D) (by a variant of
Rellich’s compactness theorem). �

Since the operator(I +v ·∇x)−1 (which mapsG on the solutionF of F +v ·∇xF =G)
is a contraction mapping on bothL1(RD×R

D) andL∞(RD×R
D), the velocity averaging

result above also holds inLp for all p ∈ (1,+∞) by interpolation. However, it fails inL1,
as the following example shows. (It also fails inL∞, see [54], p. 124.)

EXAMPLE ([54], pp. 123–124). ConsiderGε, a bounded family ofL1(RD ×R
D), and for

eachε, letFε be the solution toFε + v · ∇xFε =Gε. Assume thatGε→ δ0⊗ δv∗ weakly,
where|v∗| = 1. Then bothFε andv · ∇xFε are bounded inL1(RD ×R

D) and

ρε(x)=
∫

RD

Fε(x, v)dv =
∫ +∞

0

∫

RD

e−tGε(x − tv, v)dv dt

so that, for any test functionφ ∈ Cc(R
D),

∫

RD

ρε(x)φ(x)dx→
∫ +∞

0
e−tφ

(
tv∗
)
dt

asε→ 0. Henceρε converges weakly to a density carried by the half-lineR+v∗, so that in
particular the familyρε is not relatively compact inL1

loc(R
D).

This example rests on the possible build-up of concentrations inFε and v · ∇xFε. If
such concentrations are ruled out, the same interpolation argument as above entails the
following L1 variant of velocity averaging.
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PROPOSITION8.6 (Golse, Lions, Perthame and Sentis [54]).LetFε be a family of measur-
able functions onRD ×R

D such that, for each compact subsetK of R
D , both familiesFε

andv ·∇xFε are uniformly integrable and tight2 onK×RD . Then the familyρε defined by

ρε(x)=
∫

RD

Fε(x, v)dv

is relatively compact inL1
loc(R

D).

PROOF. Letχ ≡ χ(x) belongs toC∞c (RD). Set

Gε(x, v)= χ(x)Fε(x, v)+ v · ∇x
(
χ(x)Fε(x, v)

)

and, for eachλ > 0, decomposeχρε as follows

χρε = χρ>λ,ε + χρ<λ,ε

with

χρ>λ,ε =
∫

|v|�λ

(I + v · ∇x)−1(Gε1|Gε |>λ)dv +
∫

|v|>λ
χFε dv,

χρ<R,λ,ε =
∫

|v|�λ

(I + v · ∇x)−1(Gε1|Gε |�λ)dv.

The assumptions onFε imply that Gε is uniformly integrable and tight, so that
Gε1|Gε |>λ→ 0 andχFε1|v|>λ→ 0 in L1(RD × R

D) uniformly in ε asλ→+∞; thus
χρ>l,ε→ 0 inL1(RD) uniformly in ε asλ→+∞.

On the other hand, for eachλ, the familyGε1|Gε |�λ indexed byε is bounded inL2(RD);
thus, by velocity averaging inL2, χρ<λ,ε is relatively compact inL2(RD) – and therefore

in L1(RD), since it has support in suppχ which is compact.
Henceχρε is relatively compact inL1(RD). Sinceχ is arbitrary, this eventually implies

thatρε is relatively compact inL1
loc(R

D). �

In fact, by a further interpolation argument, one can get rid of the assumption of uniform
integrability on derivatives.

THEOREM 8.7 (Golse and Saint-Raymond [59]).LetFε be a family of measurable func-
tions onR

D ×R
D such that, for each compact subsetK of R

D , the familyFε is uniformly
integrable and tight onK × R

D , while v · ∇xFε is bounded inL1(K × R
D). Then the

familyρε defined by

ρε(x)=
∫

RD

Fε(x, v)dv

2A bounded familyfε of L1(X) is uniformly integrable if
∫
A |fε |dx→ 0 as|A|→ 0 uniformly inε; it is tight

if
∫
X |fε |1|x|>R dx→ 0 asR→ 0 uniformly in ε.
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is relatively compact inL1
loc(R

D).

PROOF. Without loss of generality, assume that all theFε are supported inK×R
D . Write

ρε(x) = λ

∫

RD

(λI + v · ∇x)−1Fε(x, v)dv

+
∫

RD

(λI + v · ∇x)−1(v · ∇xFε)(x, v)dv.

Since

∥∥(λI + v · ∇x)−1
∥∥
L(L1

x,v)
�

1

λ
,

the second term on the right-hand side of the equality above is O(1/λ) in L1
x uniformly

in ε, while the first term is strongly relatively compact inL1
x for eachλ > 0 by the previous

proposition. Hence the familyρε is strongly relatively compact inL1
x . �

There are several extensions and variants of the velocity averaging results recalled here,
see for instance [36,38,46–48,105]. Except for the extension of the above results to the
evolution problem, which is needed in the construction of renormalized solutions to the
Boltzmann equation, we shall not discuss these extensions in the present notes, but refer
the interested reader to Chapter 1 of [18] for a survey of that theory as of 2000.

Here is the analogue of theL1-variant of velocity averaging for evolution problems.

THEOREM 8.8. ConsiderFε ≡ Fε(t, x, v), a family of measurable functions defined a.e.
onR+×R

D ×R
D such that, for eachT > 0 and each compactK ⊂R

D , Fε is uniformly
integrable and tight on[0, T ] ×K × RD while the family(∂t + v · ∇x)Fε is bounded in
L1([0, T ] ×K ×R

D). Then the familyρε defined by

ρε(t, x)=
∫

RD

Fε(t, x, v)dv

is relatively compact inL1
loc(R+ ×R

D).

The proof is a straightforward variant of the arguments for the steady transport operator
v · ∇x given above.

8.2.3. Conclusion. Let us briefly explain how the renormalization procedure is combined
with compactness by velocity averaging in the proof of the DiPerna–Lions theorem.

Choose as normalizing nonlinearity the function

Γδ(Z)=
1

δ
ln(1+ δZ), δ > 0,
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and consider the truncated Boltzmann equation (8.5). We leave it to the reader to verify
that, under the condition (8.4), the map

F �→ B(F,F )

1+ (1/n)
∫

R3 F dv

is Lipschitz continuous onL1(R3
x × R

3
v), so that the truncated Boltzmann equation (8.5)

has a global solution. Because the truncation factor

1

1+ (1/n)
∫

R3 F dv

is independent ofv, the symmetries of the collision integral that imply the local conserva-
tion laws of mass, momentum and energy, and theH -theorem hold also for the truncated
collision integral

B(F,F )

1+ (1/n)
∫

R3 F dv

so that, in particular,

∫ ∫

R3×R3

(
1+ |x − tv|2+ |v|2

)
Fn(t, x, v)dx dv

=
∫ ∫

R3×R3

(
1+ |x|2+ |v|2

)
F in(x, v)dx dv

for all t � 0, while

∫ ∫

R3×R3
Fn lnFn(t, x, v)dx dv �

∫ ∫

R3×R3
F in lnF in(x, v)dx dv.

As explained in Case 4 of Section 3.3, this implies the existence of a positive constantC

such that

∫ ∫

R3×R3

(
1+ |x|2+ |v|2

)
Fn(t, x, v)dx dv �C

(
1+ t2

)
and

(8.6)∫ ∫

R3×R3
Fn| lnFn|(t, x, v)dx dv �C

(
1+ t2

)
for all t � 0.

HenceFn is weakly relatively compact inL1
loc(R+;L1(R3×R

3)) by the Dunford–Pettis
theorem. Since, for eachδ > 0, one has

Γδ(Z)�Z for eachZ � 0,



258 F. Golse

the sequenceΓδ(Fn) is also weakly relatively compact inL1
loc(R+;L1(R3×R

3)). On the
other hand, the discussion in Section 8.2.1 shows that

(∂t + v · ∇x)Γδ(Fn)=
B(Fn,Fn)

(1+ δFn)(1+ (1/n)
∫

R3 Fn dv)

is bounded inL1
loc(R+×R

3×R
3). By velocity averaging (Theorem 8.8), this implies that

the sequence

∫

R3
Γδ(Fn)dv

is strongly relatively compact inL1
loc(R+;L1(R3)). On the other hand, because of the

bound (8.6),

∫

R3
Fn dv−

∫

R3
Γδ(Fn)dv→ 0

in L1
loc(R+;L1(R3)) asδ→ 0, uniformly inn� 1. Hence we conclude that the sequence

∫

R3
Fn dv

is strongly relatively compact inL1
loc(R+;L1(R3)).

Hence, modulo extraction of a subsequence

Fn→ F weakly inL1
loc

(
R+;L1(

R
3×R

3))

while
∫

R3
Fn dv→

∫

R3
F dv strongly inL1

loc

(
R+;L1(

R
3)).

Since the collision integral acts as a convolution in thev-variable and a multiplication op-
erator in thet andx variables, this compactness theorem implies that, for eachφ ∈ Cc(R

3),

∫

R3
B(Fn,Fn)φ dv→

∫

R3
B(F,F )φ dv in measure on[0, T ] ×K

for eachT > 0 and each compactK ⊂ R
3. At first sight, this is not enough to pass to the

limit in the sense of distributions in both sides of the truncated Boltzmann equation (8.5).
Instead, one integrates the truncated Boltzmann equation along characteristics by treat-

ing the gain term in the truncated collision integral as a source term. One easily sees that
the limit F is a supersolution of the limiting Boltzmann equation integrated along charac-
teristics; notice that this does not make use of the renormalization procedure. ThatF is a
subsolution is more involved, we refer to [37] for a complete proof.
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8.3. Variants of the DiPerna–Lions theory

The original DiPerna–Lions theorem considers a cloud of gas that expands in the vacuum,
without any restriction on its degree of rarefaction, i.e., for an initial number density of
arbitrary size that has finite mass, energy, second moment inx and entropy. As explained
in Section 8.1.1, this kind of situation is not compatible with incompressible hydrodynamic
limits.

For that purpose, we describe below two variants of the DiPerna–Lions theory that are
particularly relevant in the context of incompressible hydrodynamic limits.

8.3.1. The periodic box. The first variant of the DiPerna–Lions theory that we discuss
here is the case of the spatial domainT3 (the periodic box). The collision kernelb satisfies
the weak cut-off condition (8.1). LetM be the centered reduced Gaussian

M(v)= 1

(2π)3/2
e−|v|

2/2.

We shall say thatF ∈ C(R+;L1(R3× R3)) is a renormalized solutionof the Boltzmann
equation

∂tF + v · ∇xF = B(F,F ), (t, x, v) ∈R
∗
+ ×T

3×R
3,

F |t=0= F in,

relative toM if and only if, for each normalizing nonlinearityΓ ∈ C1(R+) such that

Γ ′(Z)�
C√

1+Z
, Z � 0,

one has

M(∂t + v · ∇x)Γ
(
F

M

)
= Γ ′

(
F

M

)
B(F,F )

in the sense of distributions onR∗+ ×T3×R3.

THEOREM 8.9. Let F in � 0 a.e. be a measurable function such thatH(F in|M) < +∞.
There exists a renormalized solutionF relative toM of the Cauchy problem for the Boltz-
mann equation with initial dataF in. This solution satisfies
• the continuity equation

∂t

∫

R3
F dv+ divx

∫

R3
vF dv = 0;

• the following variant of the local conservation of momentum

∂t

∫

R3
vF dv+ divx

∫

R3
v⊗ vF dv+ divxm= 0,
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wherem ∈ L∞(R+;M(T3,M3(R))) with values in nonnegative symmetric matrices;
• the following energy relation

∫ ∫

T3×R3

1

2
|v|2F(t, x, v)dx dv+ 1

2

∫ ∫

T3×R3
trace

(
m(t)

)

=
∫ ∫

T3×R3

1

2
|v|2F in(x, v)dx dv

for eacht > 0;
• and theH inequality: for eacht > 0, one has

1

4

∫ t

0

∫

T3

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds

�H
(
F in
∣∣M
)
−H

(
F(t)

∣∣M
)
− 1

2

∫
trace

(
m(t)

)
.

The above result – especially the existence of the defect measurem – is due to Lions
and Masmoudi [87].

8.3.2. The Euclidean space with uniform Maxwellian state at infinity.The next variant
of the DiPerna–Lions theory that we consider is the case of a spatial domain that is the
Euclidean space with uniform Maxwellian equilibrium at infinity. Consider the Cauchy
problem

∂tF + v · ∇xF = B(F,F ), (t, x, v) ∈R
∗
+ ×R

3×R
3,

F (t, x, v)→M as|x| →+∞,

F |t=0= F in,

whereM is the centered reduced Gaussian

M(v)= 1

(2π)3/2
e−|v|

2/2.

Here again, the collision kernelb satisfies the weak cut-off assumption (8.1). The notion
of “renormalized solution relative toM” of the Cauchy problem above is the same as in
the case of the periodic box.

THEOREM 8.10 (Lions [82]). Let F in � 0 a.e. be a measurable function such that
H(F in|M) < +∞. There exists a renormalized solutionF relative toM of the Cauchy
problem for the Boltzmann equation with initial dataF in. This solution satisfies
• the continuity equation

∂t

∫

R3
F dv+ divx

∫

R3
vF dv = 0;
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• and theH -inequality: for eacht > 0, one has

1

4

∫ t

0

∫

R3

∫ ∫ ∫

R3×R3×S2

(
F ′F ′∗ − FF∗

)
ln

(
F ′F ′∗
FF∗

)
bdv dv∗ dωdx ds

�H
(
F in
∣∣M
)
−H

(
F(t)

∣∣M
)
.

9. The Hilbert expansion method: Application to the compressible Euler limit

In this section we describe a first method for deriving hydrodynamic models from the
Boltzmann equation. In spite of its numerous shortcomings (which we shall discuss at the
end of the present section), this method is extremely robust, and can be applied to various
kinetic models other than the Boltzmann equation.

Start from the Boltzmann equation in the compressible Euler scaling

∂tFε + v · ∇xFε =
1

ε
B(Fε,Fε), (t, x, v) ∈R

∗
+ ×T

3×R
3. (9.1)

For simplicity, we only consider in this section the case of a hard sphere gas, so that the
collision kernelb in Boltzmann’s collision integralB is given by the expression

b(z,ω)= |z ·ω|, (z,ω) ∈R
3× S

2.

Consider next the compressible Euler system for a perfect monatomic gas

∂tρ + divx(ρu)= 0,

∂t (ρu)+ divx(ρu⊗ u)+∇x(ρθ)= 0,
(9.2)

∂t

(
ρ

(
1

2
|u|2+ 3

2
θ

))
+ divx

(
ρu

(
1

2
|u|2+ 5

2
θ

))
= 0,

(ρ,u, θ)|t=0=
(
ρ in, uin, θ in),

where

ρ in, uin andθ in ∈H 5(
T

3), ρ in � 0 and θ in > 0 on T
3. (9.3)

Let (ρ,u, θ) be the solution to (9.2) predicted by Theorem 7.8 under the assumption (9.3),
and callT > 0 its lifespan. Finally, define the local Maxwellian

E(t, x, v)=M(ρ(t,x),u(t,x),θ(t,x)).

THEOREM 9.1 (Caflisch [22]).There existsε0 such that, for eachε ∈ (0, ε0), there is a
unique solutionFε of the Boltzmann equation(9.1) on [0, T ) × T

3 × R
3 satisfying the

estimate

sup
0�t�T ′

∥∥F(t, ·, ·)−E(t, ·, ·)
∥∥
L2(T3×R3)

=O(ε) asε→ 0+
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for eachT ′ < T .

We shall not give a complete proof of this result, which is fairly technical. Instead, we
simply discuss below the main ideas in it.

First, the solutionFε is sought as a truncated Hilbert expansion, plus a remainder term

Fε(t, x, v)=
6∑

k=0

εkFk(t, x, v)+ ε3Rε(t, x, v), (9.4)

such that the last term in the truncated expansion satisfies

∫

R3

( 1
v

|v|2

)
F6 dv = 0. (9.5)

We recall from our discussion in Section 5.1 that the projection of a termFk in Hilbert’s
expansion on the space of collision invariants is determined by postulating the existence of
the next term in that expansion, i.e.,Fk+1. In the truncated expansion above, we obviously
do not postulate the existence of aF7, so that there is a certain amount of arbitrariness in
the choice ofF6, which is resolved by condition (9.5). The other termsFk , k = 0, . . . ,5,
are computed as in Section 5.1.

Next we write an equation for the remainderRε: inserting the right-hand side of (9.4) in
the scaled Boltzmann equation (9.1) we arrive at

(∂t + v · ∇x)Rε =
2

ε
B(F0,Rε)+ 2B

(
6∑

k=1

εk−1Fk,Rε

)
+ ε2B(Rε,Rε)

+
∑

k+l�7

εk+l−4B(Fk,Fl)− ε3(∂t + v · ∇x)F6. (9.6)

Indeed, fork = 0, . . . ,5, the termsFk are chosen as explained in Section 5.1, so that

(∂t + v · ∇x)
5∑

k=0

εkFk =
∑

l+m�6

εl+m−1B(Fl,Fm).

Notice that, in (9.6), the nonlinear term is multiplied by anε2 factor: hence (9.6) is a
weakly nonlinear equation. However, the linear term in (9.6) is

2

ε
B(F0,Rε)

at leading order, which defines a nonpositive operator in a weightedL2 space in the
v-variable. Specifically, the operatorR �→ B(F0,R) is self-adjoint inL2(R3;F−1

0 dv).
A slight difficulty in this setting is that the weightF−1

0 depends on(t, x).
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To avoid this, we use a slightly different definition of the linearized collision integral
than in Section 3.6. Define

LMφ =−2M−1/2B
(
M,M1/2φ

)
,

whereM is a Maxwellian density. As in Section 3.6, the operatorLM is split into

LMφ(v)= a
(
|v|
)
φ(v)−KMφ(v),

where

aM
(
|v|
)
=
∫ ∫

R3×S2

∣∣(v − v∗) ·ω
∣∣M∗ dv∗ dω

and

KMφ(v)=
∫ ∫

R3×S2

(√
Mφ∗ −

√
M ′∗φ

′ −
√
M ′φ′∗

)∣∣(v − v∗) ·ω
∣∣√M∗ dv∗ dω.

The properties ofLM are summarized in the following theorem.

THEOREM 9.2. The operator KM is compact onL2(R3), while aM(|v|) ∼ a∗|v|
as |v| →+∞. Hence the operatorLM is an unbounded self-adjoint Fredholm operator
onL2(R3) with domainL2(R3; (1+ |v|)dv) and nullspace

KerLM = span
{√

M,
√
Mv1,

√
Mv2,

√
Mv3,

√
M|v|2

}
.

The advantage in usingLM instead of the operatorR �→ B(F0,R) is that the former
operator is self-adjoint on the unweighted spaceL2(R3).

Formulating (9.6) in terms of the operatorLM leads to an equation of the form

(∂t + v · ∇x)
(
E−1/2Rε

)
+ 1

ε
LE

(
E−1/2Rε

)

= ε2QE

(
E−1/2Rε,E

−1/2Rε
)
+ 2E−1/2B

(
6∑

k=1

εk−1Fk,Rε

)

+
∑

k+l�7

εk+l−4E−1/2B(Fk,Fl)− ε3E−1/2(∂t + v · ∇x)F6

+ 1

2
Rε(∂t + v · ∇x) lnE, (9.7)

whereE is the local Maxwellian whose parameters solve (9.2) and the quadratic operator
QM is defined by

QM(φ,φ)=M−1/2B
(√

Mφ,
√
Mφ

)
.
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The last term on the right-hand side of (9.7) is the most annoying one, since it grows like

|v|3 |∇xθ |
θ2

Rε;

in particular, it cannot be controlled by the damping part of the linearized collision integral,
sinceaM(|v|)=O(|v|) as|v| →+∞.

To overcome this difficulty, R. Caflisch introduced a new Maxwellian stateM defined
by

M(v)=M
(1,0,θ̂ )(v)=

1

(2πθ̂ )3/2
e−|v|

2/2θ̂ ,

where

θ̂ = 2‖θ‖L∞ .

Hence, there exists a constantC, that depends on‖ρ‖L∞ , ‖u‖L∞ and‖1/θ‖L∞ such that

E � CM .

Next, one decomposesRε as

Rε =
√
Erε +

√
Mqε,

where the new unknownsrε andqε are governed by the coupled system

(∂t + v · ∇x)rε =−
1

ε
LErε + 1|v|�c

1

ε
σKMqε,

(∂t + v · ∇x)qε =−M−1/2rε(∂t + v · ∇x)E1/2− 1

ε
(aM − 1|v|>cKM )qε

(9.8)

+ 2M−1/2B

(
6∑

k=1

εk−1Fk,M1/2(σ rε + qε)

)

+ 2QM (σ rε + qε, σ rε + qε)+ ε2s,

where

σ =
√
E

M
,

wherec is a truncation parameter to be chosen below, and the source terms is

s =M−1/2
∑

k+l�7

εk+l−6B(Fk,Fl)− εM−1/2(∂t + v · ∇x)F6.
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This system is solved for the initial condition

rε|t=0= qε|t=0= 0

by a fixed point argument in the norm

‖φ‖α,β = sup
ξ∈R3

(
1+ |ξ |

)α∥∥f (·, ξ)
∥∥
Hβ (R3)

for β > 3/2. We refer to [22] for the complete proof.

REMARKS. Several remarks are in order.
1. The construction in Caflisch’s theorem leads to a solution of the Boltzmann equation

that exists and approximates the Maxwellian built on the solution of the compressible
Euler system for as long as the solution of that system exists and remains smooth.
This is very satisfying: should there be a blow-up in finite time in the solution of the
Boltzmann equation, it cannot happen before the onset of singularities in the Euler
system.

2. There is however a rather unpleasant feature in Caflisch’s construction: the solution
of the Boltzmann equation so constructed is, in general, not everywhere nonnegative,
and therefore loses physical meaning. This is most easily seen on the initial data for
Fε in the form (9.4): in Caflisch’s paper,Rε|t=0 = 0, so that, in the particular case
of Maxwell’s molecules,Fε|t=0 is a polynomial inv that is not (at least in general)
everywhere nonnegative. It could be that an improvement of Caflisch’s ansatz with
initial layers as in [72] helps avoiding this; however, there is no mention of this diffi-
culty in either [22] or [72].

3. The interested reader is invited to compare Caflisch’s theorem with an earlier re-
sult by Nishida [102], who obtained the compressible Euler limit of the Boltzmann
equation by an abstract Cauchy–Kowalewski argument (in the style of Nirenberg and
Ovsyannikov, see, for instance, [101]). Nishida’s result is as follows: consider the
scaled Boltzmann equation (9.1) with an initial dataF in analytic inx with enough
decay inv that is a perturbation of some absolute Maxwellian. Then, there exists a
family of solutions of the scaled Boltzmann equation parametrized byε > 0 that lives
on some interval of time independent ofε > 0. This family of solutions converges to
the Maxwellian built on an analytic solution of the compressible Euler system in the
vanishingε limit. However, the lifespan of Nishida’s family of solutions of the scaled
Boltzmann equation is not known to coincide with the blow-up time of the limiting
smooth solution of the compressible Euler system. See also [117] for an improved
variant of Nishida’s result.

10. The relative entropy method: Application to the incompressible Euler limit

As explained in Section 9, all methods based on asymptotic expansions in the Knudsen
number apply only to situations where the solutions of both the Boltzmann equation and the
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limiting hydrodynamic equation are smooth. The present section introduces a new method
for cases where only the solution of the target equation (i.e., the hydrodynamic model) is
smooth.

We shall explain how this method applies to the incompressible Euler limit of the Boltz-
mann equation. Consider the Boltzmann equation in the incompressible Euler scaling

ε ∂tFε + v · ∇xFε =
1

εq
B(Fε,Fε), (t, x, v) ∈R

∗
+ ×T

3×R
3,

(10.1)
Fε|t=0=M

(
1, εuin,1

)
,

whereq > 1 anduin ≡ uin(x) is a divergence-free vector field onT3. Here, the collision
kernelb is supposed to satisfy assumption (3.55) (i.e., to come from a hard cut-off poten-
tial) as well as the additional condition

inf
(z,ω)∈R3×S2

b(z,ω)

|(z/|z|) ·ω| > 0. (10.2)

Throughout this section, we denote byM the centered reduced Gaussian distribution
in v, i.e.,

M(v)=M(1,0,1)(v)=
1

(2π)3/2
e−|v|

2/2.

Next, we introduce a new concept of limit that is especially well adapted to all incom-
pressible hydrodynamic limits of the Boltzmann equation.

DEFINITION 10.1 (Bardos, Golse and Levermore [10]). A familygε ≡ gε(x, v) of
L1

loc(T
3×R

3;M dx dv) is said to converge entropically tog at rateε if
• 1+ εgε � 0 a.e. onT3×R

3 for eachε > 0,
• gε→ g weakly inL1

loc(T
3×R

3;M dx dv),
• and

1

ε2
H
(
M(1+ εgε)

∣∣M
)
→ 1

2

∫ ∫

T3×R3
g(x, v)2 dx dv

asε→ 0.

After these preliminaries, we can state the incompressible Euler limit theorem.

THEOREM 10.2 (Saint-Raymond [109]).Assume thatuin ∈ H 3(T3) is a divergence-free
vector field, and letu be the maximal solution of the incompressible Euler equations

∂tu+ u · ∇xu+∇xp = 0, divx u= 0,

u|t=0= uin
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on [0, T )× T
3. For ε > 0, let Fε be a renormalized solution relative toM of the scaled

Boltzmann equation(10.1).Then, for eacht ∈ [0, T ),

Fε(t, x, v)−M(v)

εM(v)
→ u(t, x) · v

entropically at rateε asε→ 0.

The relative entropy method was used for the first time to derive incompressible hydro-
dynamic models from the Boltzmann equation in Chapter 2 of [18], [53] and in [87] –
however, the results obtained in these references were incomplete since the proofs used
additional controls not known to be satisfied by renormalized solutions of the Boltzmann
equation.

Of course, ifu is a 2D–3C solution of the incompressible Euler equations (see Sec-
tion 7.5), thenT =+∞ and the incompressible Euler limit is global.

Let us now describe the main ideas in the relative entropy method.
First, assuming thatFε is a classical solution to the scaled Boltzmann equation (10.1),

we compute

d

dt

1

ε2
H(Fε|M(1,εu,1)) = −

1

ε2

∫

T3
D(u) :

∫

R3
(v − εu)⊗2Fε dv dx

+ 1

ε

∫

T3
∇xp ·

∫

R3
(v − εu)Fε dv dx.

Now, this identity is not known to be true ifFε is a renormalized solution. What is known
instead is the following variant of it (see Theorem 8.10); for eacht ∈ [0, T ), one has

1

ε2
H(Fε|M(1,εu,1))(t)+

1

ε

∫

T3
trace

(
mε(t)

)

�− 1

ε2

∫ t

0

∫

T3
D(u) :

∫

R3
(v − εu)⊗2Fε dv dx ds (10.3)

+ 1

ε

∫ t

0

∫

T3
∇xp ·

∫

R3
(v − εu)Fε dv dx ds − 1

ε

∫ t

0

∫

T3
D(u) :mε(s)ds.

The key argument is the following lemma.

LEMMA 10.3. For eachT ′ ∈ [0, T ) there existsCT ′ � 1 such that

1

ε2

∫ t

0

∫ ∫

T3×R3

∣∣D(u) : (v − εu)⊗2Fε
∣∣dv dx ds

�
CT ′

ε2

∫ t

0

∥∥D(u)
∥∥
L∞H(Fε|M(1,εu,1))(s)ds + o(1)

uniformly in t ∈ [0, T ′] asε→ 0.
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Define

Xε(t)=
1

ε2
H(Fε|M(1,εu,1))(t)+

1

ε

∫

T3
trace

(
mε(t)

)
;

it follows from (10.3) and Lemma 10.3 that, for eachT ′ ∈ [0, T ) and eacht ∈ [0, T ′], one
has

Xε(t) � CT ′
∥∥D(u)

∥∥
L∞([0,T ′]×T3)

∫ t

0
Xε(s)ds

+ 1

ε

∫ t

0

∫

T3
∇xp ·

∫

R3
(v − εu)Fε dv dx ds + o(1)L∞([0,T ′]).

Hence

Xε(t) � eCT ′‖D(u)‖L∞([0,T ′]×T3)

∣∣∣∣
1

ε

∫ t

0

∫

T3
∇xp ·

∫

R3
(v − εu)Fε dv dx ds

∣∣∣∣

+ o(1)L∞([0,T ′]). (10.4)

With this inequality, one concludes as follows. The sequence of fluctuations

1

ε
(Fε −M) is relatively compact inw∗ −L∞

(
R+;w−L1((1+ |v|2

)
dx dv

))

so that, modulo extraction of a subsequence

∫

R3
Fε dv→ 1 inL∞

(
R+;L1(

T
3))

and

1

ε

∫

R3
vFε dv→U in w∗ −L∞

(
R+;w−L1(

T
3)).

Because of the local conservation of mass that is satisfied by the renormalized solutionFε,
one has

divx U = 0.

Hence

1

ε

∫ t

0

∫

T3
∇xp ·

∫

R3
(v − εu)Fε dv dx ds→

∫ t

0

∫

T3
∇xp · (U − u)dx ds = 0

so that

Xε(t)→ 0 as ε→ 0 for eacht ∈
[
0, T ′

]
.
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By convexity and weak limit, one has

1

2

∥∥(U − u)(t)
∥∥2
L2(T3)

� lim
ε→0

1

ε2
H(Fε|M(1,εu,1))(t)

for eacht ∈ [0, T ′]. Therefore, passing to the limit in (10.4) shows thatU = u, as an-
nounced.

We shall not describe the proof of Lemma 10.3, which is really technical. In this proof,
one has to master the difficulties created by the high velocity tails of the number density;
this is done by using decay estimates due to Grad and Caflisch [23] on the gain term of the
linearized collision operator, we refer to [109] for a complete proof.

But the difficulties in the proof of Lemma 10.3 are special to the Boltzmann equation;
the main line of the relative entropy method is as described above. This method is due to
Yau [121] who used it for the hydrodynamic limit of Ginzburg–Landau models.

11. Applications of the moment method

The moment method is based on compactness results which are used to pass to the limit
in the local conservation laws of mass momentum and energy as the Knudsen number
vanishes. This method does not require estimates other than the natural bounds on mass,
energy, entropy and entropy production. On principle, it could therefore be used when both
the solutions of the scaled Boltzmann equation and of the limiting hydrodynamic equations
are not known to be regular.

First, we state the various theorems on hydrodynamic limits that can be proved in this
way.

11.1. The acoustic limit

We start from the Boltzmann equation in the acoustic scaling posed in the periodic box

∂tFε + v · ∇xFε =
1

ε
B(Fε,Fε), (t, x, v) ∈R

∗
+ ×T

3×R
3,

(11.1)
Fε|t=0= F in

ε .

Assume thatb satisfies the weak cut-off assumption (8.1) as well as the bound

0<
∫

S2
b(z,ω)dω� Cb

(
1+ |z|2

)β
a.e.,z ∈R

3, (11.2)

for someβ ∈ [0,1].
We assume that

∫ ∫

T3×R3
F in
ε dx dv = 1,
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∫ ∫

T3×R3
vF in

ε dx dv = 0, (11.3)

∫ ∫

T3×R3

1

2
|v|2F in

ε dx dv = 3

2
.

SetM to be the centered, reduced Gaussian distribution

M(v)= 1

(2π)3/2
e−|v|

2/2, (11.4)

so that

∫

R3
M dx dv = 1,

∫

R3
vM dx dv = 0,

∫

R3

1

2
|v|2M dx dv = 3

2
.

The acoustic limit of the Boltzmann equation (11.1) is given by the following theorem.

THEOREM 11.1 (Golse and Levermore [52]).Let δε > 0 be such that

δε→ 0 and δε| ln δε|β/2= o
(
ε1/2)

asε→ 0. Assume that

F in
ε (x, v)−M

δεM
→ ρ in(x)+ uin(x) · v + θ in(x)

1

2

(
|v|2− 3

)

entropically at rateδε. For eachε > 0, let Fε be a renormalized solution relative toM of
the scaled Boltzmann equation(11.1)with initial dataF in

ε .
Then, for eacht � 0, the family

Fε(t, x, v)−M

δεM
→ ρ(t, x)+ u(t, x) · v+ θ(t, x)

1

2

(
|v|2− 3

)

entropically at rateδε, where(ρ,u, θ) is the solution of the acoustic system

∂tρ + divx u= 0,

∂tu+∇x(ρ + θ)= 0, (t, x) ∈R
∗
+ ×T

3,

3

2
∂tθ + divx u= 0,
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with initial data

(ρ,u, θ)|t=0=
(
ρ in, uin, θ in).

Notice that our assumptions on the family of initial data imply that

(
ρ in, uin, θ in) ∈ L2(

T
3),

and that

∫

T3
ρ in(x)dx = 0,

∫

T3
uin(x)dx = 0 and

∫

T3
θ in(x)dx = 0.

In particular, the existence and uniqueness theory for the acoustic system described in
Section 7.1.2 applies here, and the solution(ρ,u, θ) satisfies

(ρ,u, θ) ∈ C
(
R+;L2(

T
3))

and

∫

T3
ρ in(x)dx = 0,

∫

T3
uin(x)dx = 0 and

∫

T3
θ in(x)dx = 0.

11.2. The Stokes–Fourier limit

We start from the Boltzmann equation in the Stokes scaling posed in the periodic box

ε ∂tFε + v · ∇xFε =
1

ε
B(Fε,Fε), (t, x, v) ∈R

∗
+ ×T

3×R
3,

(11.5)
Fε|t=0= F in

ε .

Assume that the collision kernelb comes from a hard cut-off potential, i.e., that it sat-
isfies (5.2) for someα ∈ [0,1]. Assume further that, for eachε > 0, the initial dataF in

ε

satisfies the relations (11.3).

THEOREM 11.2 (Golse and Levermore [52]).Let δε > 0 be such that

δε→ 0 and δε| ln δε|α = o(ε)

asε→ 0. Assume that

F in
ε (x, v)−M

δεM
→ uin(x) · v+ θ in(x)

1

2

(
|v|2− 5

)
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entropically at rateδε, whereuin satisfies

divx u
in = 0

and whereM is the centered, reduced Gaussian distribution(11.4).For eachε > 0, let
Fε be a renormalized solution relative toM of the scaled Boltzmann equation(11.5)with
initial data F in

ε .
Then, for eacht � 0, the family

Fε(t, x, v)−M

δεM
→ u(t, x) · v + θ(t, x)

1

2

(
|v|2− 5

)

entropically at rateδε, where(u, θ) is a solution of the Stokes–Fourier system

∂tu+∇xp = ν�xu, divx u= 0, (t, x) ∈R
∗
+ ×T

3,

∂tθ = κ�xθ,

with initial data

(u, θ)|t=0=
(
uin, θ in).

The viscosity and heat conductivity are given by

ν = 1

10

∫

R3
Â :AM dv, κ = 2

15

∫

R3
B̂ ·BM dv,

see also formula(6.9) for expressions of these quantities in terms of the functionsa andb
defined in(6.12).

We recall that̂A andB̂ are defined in terms of

A(v)= v⊗ v− 1

3
|v|2I, B = 1

2

(
|v|2− 5

)
v

by

LM Â=A, Â ⊥ KerLM ,

LM B̂ = B, B̂ ⊥ KerLM .

Our assumptions on the family of initial data imply that

(
uin, θ in) ∈ L2(

T
3),

while
∫

T3
uin(x)dx = 0 and

∫

T3
θ in(x)dx = 0.
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Hence, the existence and uniqueness theory for the Stokes–Fourier system described in
Section 7.1.1 applies here, and the solution(u, θ) satisfies

(u, θ) ∈ C
(
R+;L2(

T
3))∩C∞

(
R
∗
+ ×R

3)

and
∫

T3
uin(x)dx = 0 and

∫

T3
θ in(x)dx = 0.

11.3. The Navier–Stokes–Fourier limit

We start from the Boltzmann equation in the Navier–Stokes scaling, posed in the Euclidean
space, with Maxwellian equilibrium at infinity

ε ∂tFε + v · ∇xFε =
1

ε
B(Fε,Fε), (t, x, v) ∈R

∗
+ ×R

3×R
3,

Fε(t, x, v)→M |x| →+∞, (11.6)

Fε|t=0= F in
ε ,

whereM is the centered, reduced Gaussian distribution (11.4).
Assume that the collision kernelb comes from a hard cut-off potential, i.e., that it satis-

fies (5.2) for someα ∈ [0,1].

THEOREM 11.3 (Golse and Saint-Raymond [60,61]).Assume that

F in
ε (x, v)−M

εM
→ uin(x) · v+ θ in(x)

1

2

(
|v|2− 5

)

entropically at rateε, whereuin satisfies

divx u
in = 0.

For eachε > 0, let Fε be a renormalized solution relative toM of the scaled Boltzmann
equation(11.5)with initial dataF in

ε .
Then the family

(
1

ε

∫

R3
vFε(t, x, v)dv,

1

ε

∫

R3

(
1

3
|v|2− 1

)(
Fε(t, x, v)−M

)
dv

)

is weakly relatively compact inL1
loc(R+ ×R

3), and each of its limit points asε→ 0 is

(u, θ) ∈ C
(
R+,w−L2(

R
3))∩L2(

R+;H 1(
R

3)),
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a solution of the Navier–Stokes–Fourier system

∂tu+ divx(u⊗ u)+∇xp = ν�xu, divx u= 0, (t, x) ∈R
∗
+ ×T

3,

∂tθ + divx(uθ)= κ�xθ,

with initial data

(u, θ)|t=0=
(
uin, θ in).

The viscosity and heat conductivity are given by

ν = 1

10

∫

R3
Â :AM dv, κ = 2

15

∫

R3
B̂ ·BM dv

again, see(6.9) for expressions of these quantities in terms of the functionsa andb defined
in (6.12).Moreover, this solution(u, θ) satisfies, for eacht > 0, the inequality

1

2

∥∥u(t)
∥∥2
L2 +

5

4

∥∥θ(t)
∥∥2
L2 +

∫ t

0

∫

R3

(
ν|∇xu|2+

5

2
κ|∇xθ |2

)
dx ds

�
1

2

∥∥uin
∥∥2
L2 +

5

4

∥∥θ in
∥∥2
L2.

In particular, ifθ in = 0, this theorem shows that any weak limit point of

1

ε

∫

R3
vFε(t, x, v)dv

in L1
loc(R+ ×R

3) asε→ 0 is a Leray solution of the Navier–Stokes equations with initial
datauin.

This theorem explains the following observation by Lions: “[. . .] the global existence of
[renormalized] solutions [. . .] can be seen as the analogue for Boltzmann’s equation to the
pioneering work on the Navier–Stokes equations by J. Leray” (see [83], p. 432).

11.4. Sketch of the proof of the Navier–Stokes–Fourier limit by the moment method

The proof of the Navier–Stokes–Fourier limit theorem above involves many ideas devel-
oped in a sequence of papers over the past 15 years:
• the BGL program was defined in [10]; this reference provided the general entropy and

entropy production estimates used to control the number density fluctuation and its
distance to local equilibrium; as a result, the evolution Stokes and the steady Navier–
Stokes motion equations were derived under the assumption that the renormalized
solutions of the Boltzmann equation considered satisfy the local conservation of mo-
mentum as well as a nonlinear compactness estimate (for the Navier–Stokes limit)
that will be described below in more details;
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• under the same assumptions as in [10], Lions and Masmoudi [86] were able to de-
rive the evolution Navier–Stokes motion equations, by a kind of “compensated com-
pactness” argument bearing on fast oscillating acoustic waves; they also introduced
a slightly modified notion of renormalized solution which led them to a complete
derivation of the evolution Stokes motion equation;

• in [11], it was observed for the first time that the local conservation law of momen-
tum could beproved in the hydrodynamic limit, thereby relieving the need for as-
suming that local conservation law at the level of the renormalized solutions of the
Boltzmann equation; this led to a complete proof of the acoustic limit for bounded
collision kernels; a more complete understanding of how the local conservation laws
of both momentum and energy could be proved in the hydrodynamic limit was even-
tually reached in [52]; the latter reference provided an essentially optimal derivation
of the Stokes motion and energy equations as well as a derivation of the acoustic sys-
tem that allowed for the most general hard cut-off potentials; however, the acoustic
system was established only under some unphysical restriction on the scaling of the
number density fluctuation;

• in [106,108], Saint-Raymond gave a complete derivation of both the Navier–Stokes
motion and energy equations for the BGK model with constant relaxation time; her
proof was based on obtaining for the first time some weaker analogue of the nonlinear
compactness assumption used in [10];

• finally, a complete derivation of the incompressible Navier–Stokes motion and heat
equations from the Boltzmann equation was proposed for the first time in [60] for
bounded collision kernels (such as occurring in the case of cut-off Maxwell mole-
cules); this reference used all the methods constructed in the previous works men-
tioned above, together with a new velocity averaging method specific to theL1 case
and that amplified Saint-Raymond’s observation in [106]; this result was later ex-
tended to all hard cut-off potentials (including hard spheres) in [61].

It is this last reference that we describe below; although its scope is more general than
that of [60], it involves a new idea for handling unbounded collision kernels that actually
simplifies the discussion in [60].

11.4.1. A priori estimates. In this subsection we quickly list the a priori estimates on the
family Fε of solutions of the Boltzmann equation that are uniform inε > 0. As can be
seen from Theorem 8.10, the only such estimate comes from the DiPerna–Lions variant of
Boltzmann’sH -theorem,

H
(
Fε(t)

∣∣M
)
+ 1

4ε2

∫ t

0

∫

R3

∫ ∫ ∫

R3×R3×S2

(
F ′εF

′
ε∗ − FεFε∗

)

× ln

(
F ′εF

′
ε∗

FεFε∗

)
bdv dv∗ dωdx ds

�H
(
F in
ε

∣∣M
)
. (11.7)

We shall further transform (11.7) with the two following inequalities.
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Pointwise inequalities. For eachξ andη ∈R
∗
+,

(√
ξ − 1

)2
�

1

4
(ξ ln ξ − ξ + 1) (11.8)

while

(√
ξ −√η

)2
�

1

4
(ξ − η)(ln ξ − lnη). (11.9)

Since(Fε −M)/(εM) converges entropically at rateε, one has

H
(
F in
ε

∣∣M
)
� C inε2. (11.10)

This bound and the relative entropy inequality (11.7) entail the following entropy bound
for eacht > 0

H
(
Fε(t)

∣∣M
)
� C inε2 (11.11)

and the following entropy production bounds

∫ +∞

0

∫

R3

∫ ∫ ∫

R3×R3×S2

(
F ′εF

′
ε∗ − FεFε∗

)
ln

(
F ′εF

′
ε∗

FεFε∗

)
bdv dv∗ dωdx dt

� 4C inε4. (11.12)

Introducing the relative number density and relative number density fluctuations,

Gε =
Fε

M
and gε =

Fε −M

εM
, (11.13)

the two pointwise inequalities (11.8) and (11.9) convert the entropy and entropy production
bounds into the two uniform a priori estimates

∫

R3

〈(√
Gε(t)− 1

)2〉dx �
1

4
C inε2 (11.14)

and

∫ +∞

0

∫

R3

〈〈(√
G′εG′ε∗ −

√
GεGε∗

)2〉〉dx dt �C inε4. (11.15)

The importance of the two a priori bounds above (11.14) and (11.15) in the derivation of the
Navier–Stokes limit cannot be overestimated. In fact, various analogues of these bounds
were used earlier in the context of nonlinear diffusion limits, see [12] and especially [58].
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The importance of the entropy and entropy dissipation bounds for hydrodynamic limits
of diffusive type was noticed in these works. We recall that

〈φ〉 =
∫

R3
φ(v)M(v)dv,

and we further introduce the notation

〈〈Φ〉〉 =
∫ ∫ ∫

R3×R3×S2
Φ(v, v∗,ω)dµ(v, v∗,ω),

where

dµ(v, v∗,ω)= b(v− v∗,ω)M(v)dvM(v∗)dv∗ dω.

In the sequel, we outline the main ideas in the derivation of the Navier–Stokes motion
equation in Theorem 11.3, since the derivation of the heat equation is essentially analogous.

Of course, this proof more or less follows the formal argument presented in Section 6.1.
However, several key properties of the solutions to the scaled Boltzmann equation used in
this formal argument – such as, for instance, the local conservation laws of momentum and
energy – are not known to be satisfied by renormalized solutions. Hence the proof sketched
below differs noticeably from the formal argument in several places, while the general idea
remains essentially the same.

11.4.2. Normalizing functions. As explained in Section 8.2, the Boltzmann equation can
be equivalently renormalized with any admissible nonlinearity whose derivative saturates
the quadratic growth of the collision integral.

Throughout the proof of the Navier–Stokes limit theorem, we shall essentially use two
kinds of normalizing nonlinearities
• compactly supported nonlinearities that coincide with the identity near the reference

Maxwellian state, and
• variants of the maximal, i.e., square-root renormalization.
Nonlinearities of the first kind are used to define the renormalized form of the Boltzmann

equation in which one passes to the vanishingε limit, while the square-root normaliza-
tion is used to establish compactness properties of the family of solutions to the scaled
Boltzmann equation.

The first kind of normalizing nonlinearities is defined through the class of bump func-
tionsγ ∈ C∞(R+) such that

γ |[0,3/2] ≡ 1, γ |[2,+∞) ≡ 0, γ is nonincreasing onR+. (11.16)

The Boltzmann equation is then renormalized with the nonlinearity

Γ (Z)= (Z − 1)γ (Z);



278 F. Golse

later on, we denote

γ̂ (Z)= d

dZ

(
(Z − 1)γ (Z)

)
= Γ ′(Z). (11.17)

The scaled Boltzmann equation renormalized withΓ is put in the form

∂t (gεγε)+
1

ε
v · ∇x(gεγε)=

1

ε3
γ̂εQM(Gε,Gε), (11.18)

where we have denoted

γε = γ (Gε), γ̂ε = γ̂ (Gε),

and whereQ designates the Boltzmann collision integral intertwined with the multiplica-
tion byM (see (6.6)),

Q(G,G)=M−1B(MG,MG).

Later on, we shall pass to the limit in the momentum equation deduced from (11.18).
The second class of normalizing nonlinearities that we shall use to establish compactness

properties of the number density fluctuationsGε is defined as

Γζ (Z)=
√
ζ +Z, ζ > 0,

where the parameterζ will later be adapted toε.

11.4.3. Governing equations for moments ofgε. As explained in Theorem 8.10, renor-
malized solutions to the Boltzmann equation satisfy the local conservation of mass (i.e., the
continuity equation); in terms of the number density fluctuationgε, this local conservation
law is expressed as

ε ∂t 〈gε〉 + divx〈vgε〉 = 0. (11.19)

Now, the entropy bound (11.11) implies that

(
1+ |v|2

)
gε is relatively compact inw−L1

loc

(
dt dx;L1(M dv)

)
. (11.20)

Before saying a few words on (11.20), let us explain how we use it. Modulo extraction of
a subsequence, one has

gε→ g in w−L1
loc

(
dt dx;L1((1+ |v|2

)
M dv

))

and hence

〈gε〉→ 〈g〉 and 〈vgε〉→ 〈vg〉 in w−L1
loc(dt dx).
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Passing to the limit asε→ 0 in (11.19) leads to

divx〈vg〉 = 0,

so that, denoting

u= 〈vg〉

the relation above is the incompressibility condition in the Navier–Stokes equations, i.e.,

divx u= 0.

Let us go back to (11.20) and explain how it follows from the entropy bound (11.11),
see [10] for more details on this. Define

h(z)= (1+ z) ln(1+ z)− z, z >−1.

In terms ofh, the entropy bound (11.11) is expressed as

1

ε2

∫

R3

〈
h
(
εgε(t)

)〉
dx � C in.

If the entropy bound (11.11) was equivalent to anLp(M dv dx) bound for somep > 1,
Hölder’s inequality would imply that(1+ |v|)2gε is bounded inL∞(dt;Lr(M dv dx)) for
somer > 1, since(1+ |v|2) ∈ Lq(M dv) for eachq ∈ (1,+∞). However, the entropy
control (11.11) ongε is weaker than anLp(M dv dx) bound. But (11.20) follows from a
careful use of Young’s inequality

p|z|� α

ε2
h(εz)+ 1

α
h∗(p), p > 0, z >−1,0< ε < α,

where

h∗(p)= ep − p− 1

designates the Legendre dual ofh. The compactness (11.20) follows from replacingz
with gε andp with 1

4(1+|v|2) in the inequality above, letting thenα→ 0 in the inequality
so obtained.

Let us now explain how the motion equation in the Navier–Stokes system is derived
from the Boltzmann equation. This is of course the main part in the proof, and it involves
several technicalities.

In particular, we shall need truncations in the velocity variable at a level that is tied toε.
For each functionξ ≡ ξ(v) and eachK > 6, we define

ξKε (v)= ξ(v)1|v|2�K| ln ε|. (11.21)
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Multiplying each side of the scaled, renormalized Boltzmann equation (11.18) by each
component ofvKε and averaging inv leads to

∂t 〈vgεγε〉 + divx Fε(A)+∇x
1

ε

〈
1

3
|v|2Kε

gεγε

〉
=Dε(v), (11.22)

whereFε(A) is the truncated, renormalized traceless part of the momentum flux

Fε(A)=
1

ε
〈AKεgεγε〉 (11.23)

while Dε(v) is the momentum conservation defect

Dε(v)=
1

ε3

〈〈
vKε γ̂ε

(
G′εG

′
ε∗ −GεGε∗

)〉〉
. (11.24)

Notice that truncating large velocities in the number density, or large values thereof (which
is what the renormalization procedure does) break the symmetries in the collision integral
leading to the local conservation of momentum (see Proposition 3.1): this accounts for
the defectDε(v) on the right-hand side of (11.22). Asε→ 0, vKε → v while Gε→ 1 so
that γ̂ε→ 1; hence, the missing symmetries are restored in the integrand definingDε(v).
Hence, one can hope thatDε(v)→ 0 asε→ 0.

In fact, the strategy for establishing the Navier–Stokes limit theorem consists of the
following three steps.

Step1. Prove that, modulo extraction of a subsequence

〈vgεγε〉→ 〈vg〉 = u in w−L1
loc(dt dx),

while

P 〈vgεγε〉→ u in C
(
R+;D′

(
R

3)),

whereP denotes the Leray projection, i.e., the orthogonal projection on divergence-free
vector fields inL2(R3).

Step2. Likewise, prove that

Dε(v)→ 0 inL1
loc(dt dx).

Step3. Finally prove that

P
(
divx Fε(A)

)
→ P divx(u⊗ u)− ν�xu in D′

(
R
∗
+ ×R

3).

Once these three steps are completed, one appliesP to both sides of (11.22), which gives

∂tP 〈vgεγε〉 + P
(
divx Fε(A)

)
= PDε(v). (11.25)
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Taking limits in each term asε→ 0 shows thatu satisfies the Navier–Stokes motion equa-
tion. As for the initial condition, observe that it is guaranteed by the uniform convergence
in t , i.e., by the second statement in Step 1.

11.4.4. Vanishing of the momentum conservation defect.We start with Step 2, i.e., we
explain how to prove the following proposition.

PROPOSITION11.4. Under the same assumptions as in Theorem11.3,

Dε(v)→ 0 in L1
loc(dt dx).

First, we start from the elementary formula

G′εG
′
ε∗ −GεGε∗

=
(√

G′εG′ε∗ −
√
GεGε∗

)(√
G′εG′ε∗ +

√
GεGε∗

)

=
(√

G′εG′ε∗ −
√
GεGε∗

)2+ 2
√
GεGε∗

(√
G′εG′ε∗ −

√
GεGε∗

)

and split the momentum conservation defect as

Dε(v)=D1
ε(v)+D2

ε(v)

with

D1
ε(v)=

1

ε3

〈〈
vKε γ̂ε

(√
G′εG′ε∗ −

√
GεGε∗

)2〉〉

and

D2
ε(v)=

2

ε3

〈〈
vKε γ̂ε

√
GεGε∗

(√
G′εG′ε∗ −

√
GεGε∗

)〉〉
.

ThatD1
ε(v)→ 0 inL1

loc(dt dx) follows from the entropy production estimate (11.15). Set-
ting

Ξε =
1

ε2

√
GεGε∗

(√
G′εG′ε∗ −

√
GεGε∗

)

we further splitD2
ε(v) as

D2
ε(v) = −

2

ε
〈〈v1|v|2>Kε

γ̂εΞε〉〉 +
2

ε

〈〈
vγ̂ε
(
1− γ̂ε∗γ̂ ′εγ̂

′
ε∗
)
Ξε

〉〉

+ 1

ε

〈〈
(v+ v∗)γ̂εγ̂ε∗γ̂ ′εγ̂

′
ε∗Ξε

〉〉
.
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The first term is easily mastered by the entropy production estimate (11.15) and the fol-
lowing classical estimate on the tail of Gaussian integrals

∫

RN

e−|v|
2/2|v|a1|v|2>R dv =O

(
R(a+N)/2−1e−R/2

)
asR→+∞.

Observe that the integrand in the third term has the same symmetries as the original col-
lision integrand (before truncation in|v| and renormalization). It is also mastered by a
combination of the entropy production estimate (11.15) with the Gaussian tail estimate
above.

The most difficult part in the analysis of the momentum conservation defect is by far the
second term in the decomposition ofD2

ε(v) above. That it vanishes inL1
loc(dt dx) asε→ 0

ultimately relies upon the following estimate.

Nonlinear compactness estimate.

(
1+ |v|

)α
(√

Gε − 1

ε

)2

is uniformly integrable and tight on[0, T ] ×K ×R
3

(11.26)

for the measure dt dxM dv, for eachT > 0 and each compactK ⊂ R
3, whereα is the

relative velocity exponent that appears in the hard cut-off assumption (3.55) on the collision
kernelb.

We shall not give further details on the proof thatD2
ε(v)→ 0 in L1

loc(dt dx), which is
based on the above nonlinear compactness estimate together with the entropy production
bound (11.15).

Let us however say a few words on the nonlinear compactness estimate itself. The rela-
tive entropy bound (11.11) is essentially as good as anL∞(dt;L2(M dv dx)) bound ongε
on the set of(t, x, v)’s such thatGε(t, x, v) = O(1). Elsewhere, it essentially reduces to
an O(ε) bound inL∞(dt;L1(M dv dx)), which is quite not enough for the Navier–Stokes
limit. This is why the first works on this limitassumedsome variant of this nonlinear
compactness estimate. For instance, in either [10] or [86], it was assumed that

(
1+ |v|2

) g2
ε

1+Gε

is uniformly integrable and tight on[0, T ] ×K ×R
3,

(11.27)

whereas all that was known on this quantity was the estimate

(
1+ |v|2

) g2
ε

1+Gε

=O
(
| ln ε|

)
in L1

loc

(
dt dx;L1(M dv)

)

(see [10]). This led to a decomposition of the number density fluctuation as

gε = g♭ε + εg♯ε,
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where the “good” part of the fluctuation is

g♭ε =
2gε

1+Gε

=O(1) in L∞
(
dt;L2(M dv dx)

)
,

while the “bad” part is

g♯ε =
g2
ε

1+Gε

=O(1) in L∞
(
dt;L1(M dv dx)

)
.

In later works – for instance in [106,108] and [60] – this decomposition was slightly mod-
ified as follows. Pick a bump functionγ ∈ C∞c (R∗+) such that

γ |[ 3
4 ,

5
4 ]
≡ 1, supp(γ )⊂

[
1

2
,

3

2

]
and 0� γ � 1,

and define

g♭ε = gεγ (Gε), g♯ε =
1− γ (Gε)

ε
gε.

It was proved in [60] that

∣∣g♭ε
∣∣2 is uniformly integrable and tight on[0, T ] ×K ×R

3 (11.28)

for the measure dt dxM dv, while

g♯ε =O

(
1

ln | ln ε|

)
in L1

loc

(
dt dx;L1(M dv)

)
. (11.29)

Observe the difference between these last two controls and (11.27): with the new defin-
ition of g♭ε andg♯ε , it is no longer true that|g♭ε|2 � Cg

♯
ε , while (

gε
1+Gε

)2 �
g2
ε

1+Gε
, so that

(11.27) actually entailed that the square of the good part in the old flat-sharp decompo-
sition is uniformly integrable, even with a quadratic weight inv. In fact, the techniques
in [60] did not allow adding a quadratic weight inv as in (11.27), so that this compactness
assumption remained unproved; fortunately, it was possible to complete the proof of the
Navier–Stokes limit for cut-off Maxwell molecules with only the bounds (11.28)–(11.29),
and the weighted estimate

(
1+ |v|

)s(
1− γ (Gε)

)
=O

(
ε2

√
ln | ln ε|

)
in L1

loc

(
dt dx;L1(M dv)

)
. (11.30)

This control shows that the set where the bad part of the number density fluctuation domi-
nates is small in weightedv-space. There is a definite lack of symmetry between the con-
trols (11.29), bearing on large values ofgε, and (11.30), bearing on large|v|’s. This lack
of symmetry is remedied in the most recent variant (11.26) of these nonlinear compactness
estimates (see [61]), we shall return to this when sketching the proof of (11.26).
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11.4.5. The asymptotic momentum flux.With the vanishing of conservation defects
(Step 2 in the proof of the Navier–Stokes limit) settled in the previous section, we turn
our attention to Step 3, i.e., passing to the limit in the divergence of the momentum flux
modulo gradients. This is by far the most difficult part of our analysis, and does require
several preparations. In the present subsection, we reduce the momentum flux to some as-
ymptotic normal form, to which we eventually apply compactness results to be described
later.

LEMMA 11.5. LetΠ be theL2(M dv)-orthogonal projection onKerL; then, under the
same assumptions as in Theorem11.3,

Fε(A)=
〈
A

(
Π

√
Gε − 1

ε

)2〉
− 2

〈
Â

1

ε2
QM

(√
Gε,

√
Gε

)〉
+ o(1)L1

loc(dt dx),

where we recall that the tensor field̂A is defined by

Â ⊥ KerLM and LM

(
Â
)
=A= v⊗ v− 1

3
|v|2I.

The proof of this lemma is based upon splitting the momentum flux as

Fε(A) =
1

ε

〈
AKεγε

Gε − 1

ε

〉

=
〈
AKεγε

(√
Gε − 1

ε

)2〉
+ 2

ε

〈
AKεγε

√
Gε − 1

ε

〉

= F1
ε(A)+ F2

ε(A),

as a consequence of the elementary identity

1

ε
(Gε − 1) = 1

ε

(√
Gε − 1

)(√
Gε + 1

)

= 1

ε

(√
Gε − 1

)2+ 2

ε

(√
Gε − 1

)
.

Then, one applies the following corollary of the nonlinear compactness estimate (11.26).

COROLLARY 11.6. Under the same assumptions as in Theorem11.3,

√
Gε − 1

ε
−Π

√
Gε − 1

ε
→ 0 in L2(dt dx;L2((1+ |v|α

)
M dv

))

asε→ 0.
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With the corollary above, one can show that the termF1
ε(A) in the decomposition of the

momentum flux is asymptotically close to

〈
A

(
Π

√
Gε − 1

ε

)2〉

(notice that the high velocity truncation is disposed of sinceΠ(
√
Gε − 1)/ε has at most

polynomial growth inv as|v| →+∞). That the second termF2
ε(A) is asymptotically close

to
〈
Â

1

ε2
QM

(√
Gε,

√
Gε

)〉
,

asε→ 0+, uses Lemma 6.2.
Next, we explain how Lemma 11.5 is used in the proof of the Navier–Stokes limit. To

begin with, since

√
Gε − 1

ε
≃ 1

2
gεγε,

one has

〈
A

(
Π

√
Gε − 1

ε

)2〉
≃ 〈vKεgεγε〉 ⊗ 〈vKεgεγε〉 −

1

3

∣∣〈vKεgεγε〉
∣∣2I.

On the other hand, the entropy production estimate (11.15) implies that, modulo extraction
of a subsequence, one has

1

ε2

(√
G′εG′ε∗ −

√
GεGε∗

)
→ q

in w − L2(dt dx dµ). Passing to the limit in the scaled, renormalized Boltzmann equa-
tion (11.18) entails the relation

∫ ∫

R3×S2
qb(v − v∗,ω)M dv∗ dω

= v · ∇xg =
1

2
A : ∇xu+ terms that are odd inv.

Eventually we arrive at the following asymptotic form of the momentum flux.

PROPOSITION11.7. Under the same assumptions as in Theorem11.3,one has

Fε(A) = 〈vKεgεγε〉 ⊗ 〈vKεgεγε〉 −
1

3

∣∣〈vKεgεγε〉
∣∣2I

− ν
(
∇xu+ (∇xu)T

)
+ o(1)L1

loc(dt dx),
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where

u= 〈vg〉 and g = lim
ε→0

gε in w−L1
loc

(
dt dx;L1(M dv)

)
.

11.4.6. Strong compactness arguments.In order to pass to the limit in the quadratic term
〈vKεgεγε〉 and to conclude that

P divx

(
〈vKεgεγε〉 ⊗ 〈vKεgεγε〉 −

1

3

∣∣〈vKεgεγε〉
∣∣2I
)

→ P divx

(
u⊗ u− 1

3
|u|2I

)

in the sense of distributions onR∗+ ×R
3 asε→ 0, the weak convergence properties ofgε

established so far are clearly insufficient. One needs instead somestrong compactness
properties on the family〈vKεgεγε〉.

(a)Strong compactness in thex-variable. Velocity averaging is the natural way to obtain
compactness in the space variablex for kinetic equations in the parabolic scaling (11.6).

For the purpose of studying the compactness of〈vKεgεγε〉 in thex-variable, we use the
following variant of theL2-based velocity averaging theorem.

LEMMA 11.8. Let φε be a bounded family inL2
loc(dt dx;L2(M dv)) such that|φε|2 is

locally uniformly integrable onR∗+ ×R
3×R

3 for the Lebesgue measure. Assume that

(ε ∂t + v · ∇x)φε is bounded inL1
loc(dt dx dv).

Then, for eachψ ∈ L2(M dv), the family〈φεψ〉 is relatively compact inL2
loc(dt dx) with

respect to thex-variable, meaning that, for eachT > 0 and each compactK ⊂ R
3, one

has
∫ ∫

[0,T ]×K

∣∣〈φεψ〉(t, x + y)− 〈φεψ〉(t, x)
∣∣2 dt dx→ 0

asy→ 0 uniformly inε.

See [60] for the proof, which is somewhat similar to theL1 case of velocity averaging
recalled in Section 8.2.2 (especially Proposition 8.6).

Now, we apply the lemma above to

φε =
√
εc +Gε − 1

ε

since

(ε ∂t + v · ∇x)φε =
1

ε2

Q(Gε,Gε)

2
√
εc +Gε

=O(1)L1
loc(dt dx dv)
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for c ∈ (1,2), by the entropy production estimate (11.15). Since

√
εc +Gε − 1

ε
≃ 1

2
gεγε,

applying the velocity averaging lemma above leads to the following compactness (“in the
x-variable”) result.

PROPOSITION11.9. Under the same assumptions as in Theorem11.3, for eachT > 0
andK ⊂R

3 compact, one has

∫ ∫

[0,T ]×K

∣∣〈vKεgεγε〉(t, x + y)− 〈vKεgεγε〉(t, x)
∣∣2 dt dx→ 0

uniformly inε asy→ 0.

(b) Strong compactness in thet-variable. It remains to obtain compactness in the time
variable. As we shall see, the solenoidal part of〈vKεgεγε〉 is strongly compact in the
t-variable, but its orthogonal complement, which is a gradient field, is not because of high
frequency oscillations int .

PROPOSITION 11.10. Under the assumptions of Theorem11.3,modulo extraction of a
subsequence, one has

P 〈vKεgεγε〉→ u

in C(R+;w−L2
x) and inL2

loc(dt dx) asε→ 0.

PROOF. Indeed, Proposition 11.9 and the translation invariance of the Leray projectionP

together with the fact thatP is a pseudo-differential operator of order 0 imply that

∫ ∫

[0,T ]×K

∣∣P 〈vKεgεγε〉(t, x + y)− P 〈vKεgεγε〉(t, x)
∣∣2 dt dx→ 0 (11.31)

uniformly in ε asy→ 0. On the other hand, the conservation law (11.25) implies that

∂t

∫

R3
P 〈vKεgεγε〉 · ξ dx =O(1) in L1

loc(dt), (11.32)

for each compactly supported, solenoidal vector fieldξ ∈ H 3(R3), since we know from
Lemma 11.5 and the bounds (11.14) and (11.15), thatFε(A) is bounded inL1

loc(dt dx).
Also,

gεγε �
(
1+

√
2
)√Gε − 1

ε
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so that (11.14) implies that

〈vKεgεγε〉 =O(1) in B
(
R+;L2(

R
3)), (11.33)

whereB(X,Y ) denotes the class of bounded maps fromX to Y .
Since the class ofH 3, compactly supported solenoidal vector fields is dense in that of

all H 3 solenoidal vector fields (see Appendix A of [85]), (11.33) and (11.32) imply that

P 〈vKεgεγε〉 is relatively compact inC
(
R+;w−L2(

R
3)), (11.34)

by a variant of Ascoli’s theorem that can be found in Appendix C of [85].
As for theL2

loc(dt dx) compactness, observe that (11.34) implies that

P 〈vKεgεγε〉 ⋆ χδ is relatively compact inL2
loc(dt dx),

whereχδ designates any mollifying sequence and⋆ is the convolution in thex-variable
only. Hence

P 〈vKεgεγε〉 · P 〈vKεgεγε〉 ⋆ χδ→ Pu · Pu ⋆ χδ

in w−L1
loc(dt dx) asε→ 0. By (11.31),

P 〈vKεgεγε〉 ⋆ χδ→ P 〈vKεgεγε〉

in L2
loc(dt dx) uniformly in ε asδ→ 0. With this, we conclude that

∣∣P 〈vKεgεγε〉
∣∣2→ |Pu|2 in w−L1

loc(dt dx)

which implies thatP 〈vKεgεγε〉→ Pu strongly inL2
loc(dt dx). �

Next, consider

∇xπε = 〈vKεgεγε〉 − P 〈vKεgεγε〉.

Since

〈vKεgεγε〉→ u in w−L2
loc(dt dx) and divx u= 0

one has

∇xπε→ 0 inw−L2
loc(dt dx) (11.35)

asε→ 0. Decompose then

P divx
(
〈vKεgεγε〉 ⊗ 〈vKεgεγε〉

)

= P divx
(
P 〈vKεgεγε〉 ⊗ P 〈vKεgεγε〉

)
+ P divx

(
P 〈vKεgεγε〉 ⊗ ∇xπε

)

+ P divx
(
∇xπε ⊗ P 〈vKεgεγε〉

)
+ P divx(∇xπε ⊗∇xπε).
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By Proposition 11.10, the first term converges toP divx(u⊗ u) in the sense of distribu-
tions, while the second and third terms converge to 0 in the sense of distributions because
of (11.35).

As for the last term, letζδ = ξδ ⋆ ξδ ⋆ ξδ , whereξδ is an approximate identity. One can
prove that

ε ∂tζδ ⋆x ∇xπε +∇xζδ ⋆x
〈
1

3
|v|2Kε

gεγε

〉
→ 0 inL1

loc

(
R+;H 1

loc

(
R

3)),

ε ∂tζδ ⋆x

〈
1

3
|v|2Kε

gεγε

〉
+ 5

3
�xζδ ⋆x πε→ 0 inL1

loc

(
R+;H 1

loc

(
R

3))

as a result of (11.22), the vanishing of momentum and energy conservation defects
(see Proposition 11.4 for the momentum, and proceed analogously for the energy)
and the fact thatFε(A) is bounded inL1

loc(dt dx) (see Lemma 11.5, and the bounds
(11.14) and (11.15)). From the above system, Lions and Masmoudi observed in [86] that

divx(∇xζδ ⋆x πε ⊗∇xζδ ⋆x πε)

= 1

2
∇x
(
|∇xζδ ⋆x πε|2−

5

3
ζδ ⋆x

〈
1

3
|v|2Kε

gεγε

〉2)
+ o(1)L1

loc(dt dx).

Together with the uniform compactness “in thex-variable” proved in Proposition 11.9
and (11.31) this implies that

P divx(∇xπε ⊗∇xπε)→ 0

in the sense of distributions. Collecting the observations above, we have just proved the
following proposition.

PROPOSITION 11.11. Under the assumptions of Theorem11.3,modulo extraction of a
subsequence, one has

P divx
(
〈vKεgεγε〉 ⊗ 〈vKεgεγε〉

)
→ P divx(u⊗ u)

in the sense of distributions onR∗+ ×R
3 asε→ 0.

With this proposition, we have completed all three steps in the proof of the Navier–
Stokes limit (Theorem 11.3).

11.5. The nonlinear compactness estimate

It only remains to prove the nonlinear compactness estimate (11.26), on which the two most
important steps in the proof of the Navier–Stokes limit – i.e., the vanishing of conservation
defects and the limiting form of the momentum flux – are based.
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This nonlinear compactness estimate results from new ideas on velocity averaging inL1;
consistently with our presentation of this subject in Section 8.2.2, we shall describe these
ideas on the steady transport equation.

We start with a definition of the notion of partial uniform integrability in a product space.

DEFINITION 11.12. Letµ andν be positive regular Borel measures onR
N ; we say that

a familyφε of elements ofL1(RN
x ×R

N
y ;dµ(x)dν(y)) is uniformly integrable in the vari-

abley if

∫

RN

(
sup

ν(A)<η

∫

A

∣∣φε(x, y)
∣∣dν(y)

)
dµ(x)→ 0

asη→ 0, uniformly inε.

EXAMPLE . Assume thatν is a finite measure; then, for eachp > 1, any bounded family
in L1(dµ(x);Lp(dν(y)) is uniformly integrable iny. Indeed, ifφε is any such family, one
has

∫

RN

(
sup

ν(A)<η

∫

A

∣∣φε(x, y)
∣∣dν(y)

)
dµ(x)� η1/p′

∫

RN

∥∥φε(x, ·)
∥∥
Lq (dν) dx,

wherep′ = p/(p− 1), by applying Hölder’s inequality to the inner integral.

As usual, we shall say that a familyφε ∈ L1(RN
x × R

N
y ;dµ(x)dν(y)) is locally uni-

formly integrable iny if, for each compactK ⊂ R
N ×R

N , the family1Kφε is uniformly
integrable iny.

With this notion of partial uniform integrability, we can formulate an important improve-
ment of theL1-variant of velocity averaging stated in Proposition 8.6 and Theorem 8.7.

THEOREM 11.13 (Golse and Saint-Raymond [59]).Let fε be a bounded family in
L1

loc(R
N ×R

N ;dx dy) such that
• the familyv · ∇xfε is bounded inL1

loc(R
N ×R

N ;dx dy), and
• the familyfε is locally uniformly integrable in the variablev.

Then
(1) the familyfε is locally uniformly integrable(in both variables(x, v)), and
(2) for each compactly supportedφ ∈ L∞(RN ), the family of averages

∫

RN

fε(x, v)φ(v)dv

is relatively compact inL1
loc(R

N ;dx).
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This result amplifies an earlier remark by Saint-Raymond who observed in [106] that,
under the extra assumption thatfε is bounded inL1

x(L
∞
y ), the family of averages

∫

RN

fε(x, v)φ(v)dv

is locally uniformly integrable.

SKETCH OF THE PROOF OFTHEOREM 11.13. We shall explain how to prove Saint-
Raymond’s result under the assumptions of the theorem above.

Step1. Let χ ≡ χ(t, x, v) be the solution of the free transport equation

∂tχ + v · ∇xχ = 0, (x, v) ∈R
N ×R

N , t > 0,

χ(0, x, v)= 1A(x), (x, v) ∈R
N ×R

N .

Clearly,χ(t, x, v)= 1A(x − tv) for eacht > 0; it can therefore be put in the form

χ(t, x, v)= 1At,x (v), t > 0, (x, v) ∈R
N ×R

N ,

where, for eacht > 0,

At,x =
{
v ∈R

N
∣∣x − tv ∈A

}
.

Further,At,x is measurable and, for eacht > 0 andx ∈R
N , one has

|At,x | =
∫

RN

χ(t, x, v)dv =
∫

RN

1A(x − tv)dv = 1

tN

∫

RN

1A(z)dz= |A|
tN

.

Step2. Without loss of generality, assume thatfε andφε in the statement of the theorem
are nonnegative, and that all thefε ’s are supported in the same compactK of R

N ×R
N .

Then

∫

A

∫

RN

fε(x, v)φ(v)dv dx

=
∫

RN

∫

At,x

fε(x, v)φ(v)dv dx

−
∫ t

0

∫ ∫

RN×RN

χ(s, x, v)v · ∇xfε(x, v)φ(v)dx dv ds (11.36)

as can be seen by integrating by parts the second integral on the right-hand side of the
equality above.
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Pickη > 0 arbitrarily small; the second integral on the right-hand side of (11.36) satisfies

∣∣∣∣
∫ t

0

∫ ∫

RN×RN

χ(s, x, v)v · ∇xfε(x, v)φ(v)dx dv ds

∣∣∣∣� t‖v · ∇xfε‖L1‖φ‖L∞

and therefore can be made less thanη by choosing

0< t <
η

1+ ‖v · ∇xfε‖L1‖φ‖L∞
.

For thist > 0, the first integral on the right-hand side of (11.36) satisfies

∫

RN

∫

At,x

fε(x, v)φ(v)dv dx→ 0

as |A| → 0 uniformly in ε, sincefε is uniformly integrable inv and |At,x | = |A|/tN , as
established in Step 1.

Therefore, for eachη > 0, there existsα > 0 such that|A|< α implies that

∫

A

∫

RN

fε(x, v)φ(v)dv dx � 2η

uniformly in ε > 0, which entails that the family of averages

∫

RN

fε(x, v)φ(v)dv

is locally uniformly integrable. �

The nonlinear compactness estimate (11.26) will of course be obtained from state-
ment (1) in Theorem 11.13. In fact, we first observe that, for eachc ∈ (1,2),

φδε =
(√

εc +Gε − 1

ε

)2

γ

(
εδ

(√
εc +Gε − 1

ε

))

satisfies

φδε =O(1) in L∞t
(
L1(M dv dx)

)
,

while

(ε ∂t + v · ∇x)φδε =O(1) in L1
loc(dt dxM dv).

We next letδ→ 0 and remove theεc from under the square root (in that order) so that

φδε ≃
(√

Gε − 1

ε

)2

.
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In order to apply Theorem 11.13 toφδε , it remains to prove that this family is uniformly
integrable in thev-variable. In fact, we prove the following results.

PROPOSITION11.14. Under the assumptions of Theorem11.3,for eachT > 0 and each
compactK ⊂R

3, the family

(
1+ |v|

)α
(√

Gε − 1

ε

)2

is uniformly integrable in thev-variable on[0, T ] ×K ×R
3 for the measuredt dxM dv.

(We recall thatα is the relative velocity exponent in the hard cut-off assumption on the
collision kernelb, see(3.55).)

This proposition improves upon the result in [60], that applied to cut-off Maxwell mole-
cules only (i.e., to the case whereα = 0). Its proof is fairly technical, so that we shall just
sketch the main idea in it.

Start from the identity

LM

(√
Gε − 1

ε

)

= εQM

(√
Gε − 1

ε
,

√
Gε − 1

ε

)
− 1

ε
QM

(√
Gε,

√
Gε

)
. (11.37)

Next, we recall the Bardos–Caflisch–Nicolaenko spectral gap forLM in weighted space
(see Theorem 3.11)

〈φLMφ〉� C0
〈(

1+ |v|
)α
φ2〉, φ ∈ (KerLM)

⊥

together with the following continuity estimate forQ (see [56])

∥∥QM(φ,φ)
∥∥
L2((1+|v|)−αM dv) � C‖φ‖L2(M dv)‖φ‖L2((1+|v|)αM dv).

Using both estimates in the identity above leads to the following control

(
1−O(ε)

∥∥∥∥
√
Gε − 1

ε

∥∥∥∥
L2(M dv)

)∥∥∥∥
√
Gε − 1

ε
−Π

√
Gε − 1

ε

∥∥∥∥
L2((1+|v|)αM dv)

� O(ε)L2
t,x
+O(ε)

∥∥∥∥
√
Gε − 1

ε

∥∥∥∥
2

L2(M dv)
.

This control suggests that

√
Gε − 1

ε
is close to its hydrodynamic projectionΠ

√
Gε − 1

ε
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precisely in that weightedL2 space that appears in the statement of Proposition 11.14.
Since the hydrodynamic projectionΠ

√
Gε−1
ε

is as regular inv as one can hope for (being
a quadratic polynomial inv), this eventually entails uniform integrability inv once the
difficulties related to the(t, x) dependence in the estimate above have been handled. As
we already indicated above, the remaining part of the proof is too technical to be described
here, and we refer the interested reader to [61] for a complete argument.

Instead of giving more details on this proof, we comment on the differences between
the nonlinear compactness estimate (11.28)–(11.30) obtained in [60] in the case of cut-
off Maxwell molecules, and the most recent variant of such controls obtained in [61],
namely (11.26). In fact, the main difference between these controls lies in the method for
obtaining uniform integrability inv.

In [60], the decomposition (11.37) was replaced with

Gε =
(
Gε −

A+(MGε,MGε)

M〈Gε〉

)
+ A+(MGε,MGε)

M〈Gε〉
(11.38)

(in fact, with a more technical variant of (11.38) involving several truncations), where
A+ was the gain part of a fictitious collision operator

A+(φ,φ)=
∫ ∫

R3×S2
φ′φ′∗

∣∣cos(v− v∗,ω)
∣∣dv∗ dω.

Roughly speaking the term

(
Gε −

A+(MGε,MGε)

M〈Gε〉

)

was easily controlled by the entropy production bound, while the term

A+(MGε,MGε)

M〈Gε〉

improved the regularity and decay inv due to estimates by Grad [62] and Caflisch [23] –
that are linear analogues of the result by Lions on the smoothing properties of the gain part
in the Boltzmann collision integral (Lemma 3.10).

However, the main drawback of the decomposition (11.38) was that it naturally involved
the quantity

gεγε +
1− γε

ε

(see (2.17) in [60]), thereby leading to a dissymmetry between the roles of largev’s and
large values ofgε in the estimates (11.28)–(11.30). This, as we already mentioned, was an
obstruction in upgrading (11.28)–(11.29) with a(1+ |v|)α weight as in (11.26).

The method used in [61] essentially differs from that of [60]; to begin with, we do not
attempt to establish that the number densityFε is close in some sense to its associated local
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equilibrium MFε (i.e., the Maxwellian with same local density, energy and momentum
asFε), an idea that is very natural in the context of the BGK model of the Boltzmann
equation, see [106,108].

Instead, we seek to prove that some variant of the number density fluctuation, namely
the quantity

√
Gε−1
ε

≃ 1
2gε, becomes close to its associated infinitesimal Maxwellian, i.e.,

itsL2(M dv)-orthogonal projection on KerLM . This new approach naturally leads to using
the Dirichlet form of the linearized collision operator, whose relative coercivity transver-
sally to KerLM provides exactly the(1+ |v|)α weight needed in the proof.

12. Conclusions and open problems

This survey of the Boltzmann equation and its hydrodynamic limits remains incomplete
in several respects. As already mentioned in the Introduction, we have chosen to empha-
size global theories (such as the DiPerna–Lions theory for the Boltzmann equation, or the
Leray theory for the Navier–Stokes equations) for the evolution problem posed on a spa-
tial domain without boundaries. More realistic formulations of the hydrodynamic limits of
the Boltzmann equation would certainly involve boundary value problems. At the formal
level, the influence of boundaries on hydrodynamic limits is discussed at length in Sone’s
authoritative monograph [114].

More specifically, hydrodynamic limits of boundary value problems may, in some par-
ticular cases, involve boundary layer equations whose mathematical study is a subject of
its own and has inspired a considerable amount of literature. These boundary layers are
meant to forget the specific dependence of the boundary data upon the velocity variable so
as to match it with the inner form of the number density, which, as explained in this survey,
is a local Maxwellian or infinitesimal Maxwellian in the hydrodynamic limit. This is obvi-
ously not the place for a description of that theory, to begin with because these boundary
layers are essentially steady (instead of evolution) problems. The interested reader could
start with Chapter 5, Section 5 of [27] and then get acquainted with the mathematical the-
ory of half-space problems as exposed in [6,26,31,56,57,92] and [118]. These works deal
with linearized, or at best, weakly nonlinear problems. Nonlinear boundary layer equations
with nonzero net mass flux at the boundary – typically in the case of a gas condensing on,
or evaporating from a solid boundary – have been studied in depth numerically by Sone,
Aoki and their collaborators, see Chapter 7 of [114] and the references therein. At the for-
mal level, their theory is expected to agree with a general theory of boundary conditions
for the Euler system of compressible fluids, yet to be formulated at the time of this writing.

In some cases however, boundary layer are not leading order effects. This is the case
of the incompressible Stokes or Navier–Stokes limit of the Boltzmann equation for a gas
in a container with specular or diffuse reflection, or Maxwell’s accommodation condi-
tion at the boundary; see [95], which extends to such boundary value problems the results
in [52]. The analogue of the DiPerna–Lions theory for the boundary value problem is due
to Mischler [96] and is by no means a straightforward extension of [37]. It requires rather
subtle analytical tools because natural boundary conditions for the Boltzmann equation –
except in the case of specular reflection of gas molecules at the boundary – do not inter-
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act well with the renormalization procedure which is essential in controlling the collision
integral.

Let us conclude with a few open problems, in addition to those already mentioned in the
body of this article.

It would be of considerable interest to derive the global BV solutions of the compressible
Euler system constructed by T.-P. Liu from the Boltzmann equation. As in the case of
the incompressible Euler limit of the Boltzmann equation, the entropy production bound
entailed by Boltzmann’sH -theorem does not balance the action of the streaming operator
on the number density: the compactness of hydrodynamic moments of the number density
is probably to be sought in some stability property of BV solutions of the compressible
Euler system. Most likely, such a theory should use Bressan’s remarkable ideas in that
direction (see [19,20]).

As an indication of the level of difficulty of this problem, let us simply mention that the
hydrodynamic limit of the Boltzmann equation leading to a single Riemann problem has
not been established so far, except in the case of a single, weak shock wave. Shock pro-
files for the Boltzmann equation were formally discussed in [25]; for the hard sphere gas,
a complete construction of these profiles in the weakly nonlinear regime can be found in
a series of important papers by Nicolaenko [98–100]. All these constructions were based
on a deep understanding of the algebra of the linearized Boltzmann equation in connection
with the underlying saddle point structure of subsonic states in gas dynamics. They sug-
gested some topological structure that remains to be unraveled and could ultimately lead to
a construction of shock profiles of arbitrary strength. The extension to other cut-off mole-
cular interactions is due to Caflisch and Nicolaenko [24]. However, all these constructions
led to solutions of the Boltzmann equation whose positivity was not established. This latter
problem was solved only very recently by Liu and Yu [89].

Another open problem would be to improve Theorem 11.1, by relaxing the unphysical
assumption made on the size of the number density fluctuationsδε to reach the physically
natural condition thatδε → 0 asε→ 0. This would probably require more information
on the local conservation laws of momentum and energy for renormalized solutions of the
Boltzmann equation. Such information would most likely be an important prerequisite for
making progress on the compressible Euler limit.

Finally, we have only considered evolution problems in this survey. Although steady
problems are beyond the scope of the present book, they are perhaps even more important
in some applications (such as aerodynamics). For instance, it is well known that, for any di-
vergence free force fieldf ≡ f (x) ∈ L2(Ω;R3), the steady incompressible Navier–Stokes
equations in a smooth, bounded open domainΩ ⊂R

3

−ν�xu= f −∇xp− (u · ∇x)u, divx u= 0, x ∈Ω,
(12.1)

u|∂Ω = 0

has at least one classical solutionu ≡ u(x) ∈ H 2(Ω,R3), obtained by a Leray–Schauder
fixed point argument (see, for instance, [73]). Unfortunately, the parallel theory for the
Boltzmann equation is not as advanced: for one thing, at the time of this writing, there is no
analogue of the DiPerna–Lions result for the steady Boltzmann equation with a prescribed
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external force field. The reader interested in those matters is advised to read the survey
article by Maslova [93]; see also her book [94]; among classical references on the subject,
there are some papers by Guiraud (see [64–66]), and more recent work by Arkeryd and
Nouri (see, for instance, [3]). See also [116] for the case of a gas flow modeled by the
Boltzmann equation around a convex body. Finally, a rather exhaustive description of such
steady problems and their hydrodynamic limits (at the formal level) may be found in Sone’s
book [114].

In spite of the difficulties inherent to the steady Boltzmann equation, the fact that the
solutions of (12.1) are more regular than what is known in the case of the evolution problem
could be of considerable help, at least in the context of the hydrodynamic limit.
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tence of a second-order dissipation term which in turn prevents the system from formation
of shocks.
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Introduction

The main problem in quasilinear hyperbolic equations consists in the fact that shock-free
solutions exist, in general, only for small times even if the data are smooth, and weak so-
lutions are difficult to handle. A recent overview can be found, e.g., in [4]. The situation is
substantially different if the nonlinearity in the constitutive law has a hysteresis character.
In many cases, shocks do not occur and the solution remains regular. The monograph [14]
was an attempt to give an explanation of this fact. It was shown that in thep-system, tra-
jectories of entropy solutions to the Riemann problem tend to follow the convex hull of
the constitutive graph. If now the constitutive graph consists ofconvex hysteresis loops, it
is natural to expect that the solution trajectories will follow the hysteresis branches and,
in terms of gas dynamics, only rarefaction takes place. There is a substantial difference
between viscous (rate-dependent) and plastic (rate-independent) dissipation in hyperbolic
equations. While the former transforms the problem into essentially a parabolic one with
unbounded speed of propagation, the latter preserves the hyperbolic character of the bal-
ance equations and the propagation speed is bounded independently of the hysteresis term,
see Proposition 1.0.2.

Existence, uniqueness and qualitative properties of solutions to the wave equation with
elastoplastic hysteresis were studied in [14] for a fairly general class of hysteresis operators
and under mixed boundary conditions, where displacement is prescribed on one end and
stress on the other end of the space interval. The material presented here is mostly new.
Besides the interaction with additional lower-order nonlinearities, we consider the case
of Dirichlet boundary conditions, where the displacement (or velocity, depending on the
setting) is prescribed on both ends. This is more difficult, since the a priori estimate for the
space derivative of the stress depends on the sup-norm of the stress for which no boundary
condition is available. The estimation technique thus has to use more refined arguments
based on special properties of the hysteresis memory. In order to reduce the complexity,
we restrict ourselves to the so-calledPrandtl–Ishlinskii hysteresis operator, although much
of the results remain valid for a larger class of convex hysteresis operators, and an example
is presented in Section 1.4.

If convexity of the hysteresis loops is lost, like in Maxwell’s equations for large ampli-
tude electromagnetic waves in ferromagnetic materials, then the regular behavior cannot be
expected and shocks are again likely to occur. The only publication on this subject seems to
be [26], where existence of weak solutions on a bounded time interval has been established
for a very general class of hysteresis operators.

The text is organized as follows. In Section 1 we state and solve the problem of exis-
tence, uniqueness and asymptotic stability of regular solutions to an initial–boundary value
problem for a wave equation with a Prandtl–Ishlinskii stress–strain law. We also show that
the regularity is preserved under nonlinear perturbations of the constitutive law if convexity
is not violated. The time-periodic problem is investigated in Section 2 and we again prove
results of existence, uniqueness and asymptotic stability for this case. The last Section 3
is a collection of known results on the Prandtl–Ishlinskii model. This part has an auxiliary
character and has only be included in order to keep the exposition as self-contained as
possible.
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1. An initial–boundary value problem

We consider the model problem

{
∂tv = ∂xσ + f (σ, v, x, t),

∂tε = ∂xv,

ε =F[λ,σ ]
(1.0.1)

describing, e.g., longitudinal oscillations of a homogeneous elastoplastic beam, where
(x, t) ∈ QT := ]0,1[× ]0, T [, and the mass density is normalized to 1. We assume that
F is a hysteresis operator andf is a function, both satisfying Hypothesis 1.0.1. For sys-
tem (1.0.1) we prescribe initial and boundary conditions

v(x,0)= v0(x), ε(x,0)= ε0(x) for x ∈]0,1[, (1.0.2)

v(0, t)= v(1, t)= 0 for t ∈]0, T [. (1.0.3)

HYPOTHESIS1.0.1. (i)F is a Prandtl–Ishlinskii operator of the form(3.5.2)with non-
decreasing generating functionh : [0,∞[→]0,∞[, and with a given initial configuration
λ ∈ C([0,1];ΛK) for someK > 0.

(ii) f :R2×QT →R is a given function such thatf (σ, v, ·, ·), ∂tf (σ, v, ·, ·) :QT →R

are measurable for all(σ, v) ∈ R
2, f (·, ·, x, t), ∂tf (·, ·, x, t) :R2→ R are continuous for

a.e. (x, t) ∈QT , f 0 := f (0,0, ·, ·) ∈ C([0, T ];L2(0,1)), and there exist functionsαf ∈
L1(0, T ) andβf ∈ L1(0, T ;L2(0,1)) such that the inequalities

{∣∣f (σ1, v1, x, t)− f (σ2, v2, x, t)
∣∣� αf (t)

(
|σ1− σ2| + |v1− v2|

)
,∣∣∂tf (σ, v, x, t)

∣∣� βf (x, t),
(1.0.4)

hold for a.e. (x, t) ∈QT and everyσ,σ1, σ2, v, v1, v2 ∈R.
(iii) v0, ε0 ∈W1,2(0,1), v0(0)= v0(1)= 0.

In the case without hysteresis, i.e.,h(r)= h(0) for all r � 0, system (1.0.1) is semilinear
hyperbolic with wave propagation speed

c0=
1√
h(0)

. (1.0.5)

We now show that even if hysteresis is present, the speed of propagation is bounded by the
same constantc0 independently of the initial data and of the hysteresis dissipation, so that
the hyperbolic character of the problem is not violated, at variance with the case where
viscosity is included into the model.

PROPOSITION1.0.2. Let Hypothesis1.0.1be fulfilled, and letc0 be the constant in(1.0.5).
Let there exist an interval[x1, x2] ⊂ ]0,1[ such that the dataσ 0, v0, λ, f satisfyσ 0(x)=
v0(x) = λ(x, ·) ≡ 0 for x ∈ [x1, x2], f (0,0, x, t) = 0 for a.e. (x, t) ∈ Ω := {(x, t) ∈
QT ;x1+ c0t < x < x2− c0t}. Then every solution(v, σ ) of (1.0.1)vanishes in	Ω .
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PROOF. We apply the classical energy method proposed by Courant and Hilbert, see [5].
PutU(x, t)= U[λ,σ ](x, t), whereU is the potential energy operator associated withF ac-
cording to (3.4.1). We have the pointwise inequality

U(x, t)�
1

2c2
0

σ 2(x, t) a.e. (1.0.6)

For t ∈ [0, T ] set

A(t)=R

∫ t

0
αf
(
t ′
)
dt ′, whereR = 1+

√
1+ c2

0. (1.0.7)

For a.e.(x, t) ∈Ω , we have by (3.4.2), (3.4.3) and (1.0.4) that

∂t

(
e−A(t)

(
1

2
v2+U

))
− ∂x

(
e−A(t)vσ

)

= e−A(t)
(
−Rαf (t)

(
1

2
v2+U

)
+ v(∂tv − ∂xσ)+ ∂tU − σ ∂xv

)

� e−A(t)
(
−Rαf (t)

(
1

2
v2+U

)
+ vf (σ, v, x, t)

)

� αf (t)e
−A(t)

(
−R

(
1

2
v2+ 1

2c2
0

σ 2
)
+ |v|

(
|σ | + |v|

))
� 0.

For an arbitraryτ ∈ [0, (x2−x1)/(2c0)]∩ [0, T ], we denoteΩτ = {(x, t) ∈Ω; t < τ }. The
Green theorem yields

0�

∫ ∫

Ωτ

(
∂t

(
e−A(t)

(
1

2
v2+U

))
− ∂x

(
e−A(t)vσ

))
dx dt

=
∫ x2−c0τ

x1+c0τ

e−A(τ)
(

1

2
v2+U

)
(x, τ )dx

+
∫ x1+c0τ

x1

e−A((x−x1)/c0)

(
1

2
v2+U + 1

c0
vσ

)(
x,
x − x1

c0

)
dx

+
∫ x2

x2−c0τ

e−A((x2−x)/c0)

(
1

2
v2+U − 1

c0
vσ

)(
x,
x2− x

c0

)
dx.

All three integrals on the right-hand side of the above inequality are nonnegative by (1.0.6).
This is only possible if bothv andσ vanish in	Ω , which completes the proof. �
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1.1. Existence and uniqueness of solutions

THEOREM 1.1.1. Let Hypothesis1.0.1be fulfilled. Then there exists a unique solution
(v, σ, ε) ∈ C(	QT ;R3) of system(1.0.1)–(1.0.3)such that∂tv, ∂xv, ∂tσ, ∂xσ, ∂tε belong to
the spaceL∞(0, T ;L2(0,1)), and (1.0.1)holds almost everywhere inQT .

PROOF. The uniqueness argument is straightforward. We consider two solutions(v1, σ1,

ε1), (v2, σ2, ε2), and putv̄ = v1− v2, σ̄ = σ1− σ2, ε̄ = ε1− ε2. The hypothesis yields that
v̄(x,0)= ε̄(x,0)= 0 for all x ∈ [0,1]. From Proposition 3.2.1 it follows thatσi = F̂[µ,εi]
for i = 1,2, hence alsōσ(x,0)= 0. For a.e.(x, t) ∈QT , we have

{
∂t v̄ = ∂x σ̄ + f (σ1, v1, x, t)− f (σ2, v2, x, t),

∂t ε̄ = ∂x v̄.
(1.1.1)

Testing the first equation in (1.1.1) byv̄, the second bȳσ , and using (1.0.4), we obtain

∫ 1

0
(v̄ ∂t v̄ + σ̄ ∂t ε̄)dx � αf (t)

∫ 1

0

(
|v̄| + |σ̄ |

)
|v̄|dx. (1.1.2)

Let c0 be as in (1.0.5). From (3.3.2) and the elementary inequality 2pq � δp2+ q2/δ for
p,q, δ > 0, it follows for t � 0 that

∫ 1

0

(
|v̄|2+ 1

c2
0

|σ̄ |2
)
(t)dx

�
(
1+

√
1+ c2

0

)∫ t

0
αf (τ )

∫ 1

0

(
|v̄|2+ 1

c2
0

|σ̄ |2
)
(τ )dx dτ, (1.1.3)

and the Gronwall argument yields thatv̄ = σ̄ = 0 a.e.
The existence statement will be proved by space semidiscretization. Forn ∈ N we con-

sider the system of equations

v̇j = n(σj+1− σj )+ fj (σj , vj , t), j = 1, . . . , n− 1, (1.1.4)

ε̇j = n(vj − vj−1), j = 1, . . . , n, (1.1.5)

εj =F[λj , σj ], j = 1, . . . , n, (1.1.6)

coupled with “boundary conditions”

v0(t)= vn(t)= 0, (1.1.7)

and initial conditions

vj (0)= v0
j , εj (0)= ε0

j , (1.1.8)
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where we set

fj (σ, v, t)= n

∫ j/n

(j−1)/n
f (σ, v, x, t)dx, λj (r)= n

∫ j/n

(j−1)/n
λ(x, r)dx,

(1.1.9)

v0
j = n

∫ j/n

(j−1)/n
v0(x)dx, ε0

j = n

∫ j/n

(j−1)/n
ε0(x)dx (1.1.10)

for all admissible values of arguments and indices, except for the compatibility condition
v0

0 = v0
n = 0. It follows from Propositions 3.2.1 and 3.2.2 that (1.1.6) can be written in the

form

σj = F̂[µj , εj ] (1.1.11)

with Lipschitz continuous operatorŝF[µj , ·] :C[0, T ] → C[0, T ]. System (1.1.4)–(1.1.5)
is of the type

ż(t)=Φ[z, ·](t), z(0)= z0, (1.1.12)

for an unknown functionz : [0, T ] → R
2n−1, z = (v1, . . . , vn−1, ε1, . . . , εn), with a map-

ping Φ :C([0, T ];R2n−1) × [0, T ] → C([0, T ];R2n−1) given by the right-hand side
of (1.1.4)–(1.1.5). We solve (1.1.12) as a fixed point problem inC([0, T ];R2n−1) for the
operator

S[z](t)= z0+
∫ t

0
Φ[z, ·](τ )dτ. (1.1.13)

By Hypothesis 1.0.1 and Proposition 3.2.2, there existsa ∈ L1(0, T ) such that, for all
z1, z2 ∈ C([0, T ];R2n−1) andt ∈ [0, T ], we have

∣∣Φ[z1, ·](t)−Φ[z2, ·](t)
∣∣� a(t)‖z1− z2‖[0,t], (1.1.14)

hence

∣∣S[z1] − S[z2]
∣∣(t)�

∫ t

0
a(τ)‖z1− z2‖[0,τ ] dτ. (1.1.15)

For t ∈ [0, T ] setA(t)= exp(
∫ t

0 a(τ)dτ) and

‖z‖A,[0,t] = max
τ∈[0,t]

(
1

A(τ)
‖z‖[0,τ ]

)
for z ∈ C

(
[0, T ];R2n−1). (1.1.16)
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In particular,‖ · ‖A,[0,T ] is a norm inC([0, T ];R2n−1) which is equivalent to‖ · ‖[0,T ].
By (1.1.15), we have for allt ∈ [0, T ] that

1

A(t)

∥∥S[z1] − S[z2]
∥∥
[0,t]

�
1

A(t)

∫ t

0
a(τ)A(τ)

1

A(τ)
‖z1− z2‖[0,τ ] dτ

�
A(t)− 1

A(t)
‖z1− z2‖A,[0,t] �

A(T )− 1

A(T )
‖z1− z2‖A,[0,T ]. (1.1.17)

We see thatS is a contraction onC([0, T ];R2n−1) endowed with norm‖ · ‖A,[0,T ], and its
unique fixed point is a solution to (1.1.4)–(1.1.8).

We now derive estimates which enable us to pass to the limit asn→∞. To this end, we
differentiate (1.1.4)–(1.1.5) and test byv̇j andσ̇j , respectively. From Hypothesis 1.0.1 we
obtain

v̈j v̇j � n(σ̇j+1− σ̇j )v̇j +
(
βj (t)+ αf (t)

(
|σ̇j | + |v̇j |

))
|v̇j |, (1.1.18)

ε̈j σ̇j = n(v̇j − v̇j−1)σ̇j , (1.1.19)

whereβj (t)= n
∫ j/n
(j−1)/n βf (x, t)dx. The boundary conditions (1.1.7) yield

n−1∑

j=1

(σ̇j+1− σ̇j )v̇j +
n∑

j=1

(v̇j − v̇j−1)σ̇j = 0, (1.1.20)

and by virtue of Theorem 3.4.1 we have for allt ∈]0, T ] that

∫ t

0
ε̈j σ̇j dτ �

1

2
(ε̇j σ̇j )(t−)−

1

2
(ε̇j σ̇j )(0+). (1.1.21)

From (1.1.5) and (1.1.8), it follows thatε̇j (0+) = ε̇j (0) = n(v0
j − v0

j−1). Using (1.1.11)
and (3.2.11) we obtain

∣∣σ̇j (0+)
∣∣ = lim

t→0+
1

t

∣∣σj (t)− σj (0)
∣∣

� lim
t→0+

2

h(0)t

∥∥εj − εj (0)
∥∥
[0,t]

= 2

h(0)

∣∣ε̇j (0)
∣∣, (1.1.22)

hence

1

n

n∑

j=1

(σ̇j ε̇j )(0+)�
2n

h(0)

n∑

j=1

∣∣v0
j − v0

j−1

∣∣2. (1.1.23)
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The right-hand side of (1.1.23) can be estimated independently ofn. To do so, we decom-
pose the sum as

n

n∑

j=1

∣∣v0
j − v0

j−1

∣∣2= n

(
∣∣v0

1

∣∣2+
∣∣v0
n−1

∣∣2+
n−1∑

j=2

∣∣v0
j − v0

j−1

∣∣2
)
. (1.1.24)

Formula (1.1.10) yields

n
∣∣v0

1

∣∣2 = n3
∣∣∣∣
∫ 1/n

0

∫ (1/n)−x

0
∂xv

0(x′
)
dx′ dx

∣∣∣∣
2

� n

∫ 1/n

0

∫ (1/n)−x

0

∣∣∂xv0(x′
)∣∣2 dx′ dx,

and similarly,

n
∣∣v0
n−1

∣∣2 � n

∫ 1/n

0

∫ 1

((n−1)/n)−x

∣∣∂xv0(x′
)∣∣2 dx′ dx.

For j = 2, . . . , n− 1, we have

n
∣∣v0
j − v0

j−1

∣∣2 = n3
∣∣∣∣
∫ 1/n

0

∫ (j/n)−x

((j−1)/n)−x
∂xv

0(x′
)
dx′ dx

∣∣∣∣
2

� n

∫ 1/n

0

∫ (j/n)−x

((j−1)/n)−x

∣∣∂xv0(x′
)∣∣2 dx′ dx.

From the above computations it follows that

n

n∑

j=1

∣∣v0
j − v0

j−1

∣∣2 �

∫ 1

0

∣∣∂xv0(x′
)∣∣2 dx′. (1.1.25)

We similarly have

1

n

n−1∑

j=1

∣∣v̇j (0)
∣∣2 �

1

n

n−1∑

j=1

(
n
∣∣σj+1(0)− σj (0)

∣∣+
∣∣fj
(
σj (0), vj (0),0

)∣∣)2.

(1.1.26)

From (1.1.11) and Propositions 3.2.1 and 3.2.2 it follows that

∣∣σj+1(0)− σj (0)
∣∣� 2

h(0)

∣∣ε0
j+1− ε0

j

∣∣
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and arguing as in (1.1.25) we obtain

n

n−1∑

j=1

∣∣σj+1(0)− σj (0)
∣∣2 �

(
2

h(0)

)2∫ 1

0

∣∣∂xε0(x)
∣∣2 dx. (1.1.27)

We further have

lim
n→∞

1

n

n−1∑

j=1

∣∣fj
(
σj (0), vj (0),0

)∣∣2 �

∫ 1

0

∣∣f
(
σ(x,0), v0(x), x,0

)∣∣2 dx (1.1.28)

and

1

n

n−1∑

j=1

β2
j (t)�

∫ 1

0
β2
f (x, t)dx. (1.1.29)

Let us introduce auxiliary functions

Wn(t)=
1

n

n−1∑

j=1

v̇2
j (t), Sn(t)=

1

n

n∑

j=1

σ̇ 2
j (t). (1.1.30)

In the following series of estimates,C denotes any positive constant independent of
n andT , andCT is a constant independent ofn and possibly dependent onT .

We integrate (1.1.18) and (1.1.19) from 0 tot . Combining the inequalitẏεj (t)σ̇j (t) �

h(0)σ̇ 2
j (t) (which follows from (3.2.17)) with (1.1.20)–(1.1.29), we obtain

Sn(t)+Wn(t)

� C

(
1+

∫ t

0

√
Wn(τ )

∫ 1

0
β2
f (x, τ )dx + α(τ)

(
Sn(τ )+Wn(τ )

)
dτ

)
.

(1.1.31)

Using the inequalityW1/2
n � (1+ Wn)/2 and the hypothesis that the functionα̃(t) =

(
∫ 1

0 β
2
f (x, t)dx)1/2+ αf (t) belongs toL1(0, T ), we obtain from (1.1.31) that

Sn(t)+Wn(t)� CT

(
1+

∫ t

0

(
α̃(τ )

(
Sn(τ )+Wn(τ )

))
dτ

)
(1.1.32)

for almost allt ∈]0, T [, and Gronwall’s lemma yields that

Sn(t)+Wn(t)� CT a.e. (1.1.33)
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We now define piecewise linear and piecewise constant approximations of(v, σ ) by the
formulæ

v̂(n)(x, t)= vj−1(t)+ n

(
x − j − 1

n

)(
vj (t)− vj−1(t)

)
, (1.1.34)

σ̂ (n)(x, t)= σj−1(t)+ n

(
x − j − 1

n

)(
σj (t)− σj−1(t)

)
, (1.1.35)

v̄(n)(x, t)= vj−1(t), (1.1.36)

σ̄ (n)(x, t)= σj (t), (1.1.37)

σ (n)(x, t)= σj−1(t), (1.1.38)

λ̄(n)(x, t)= λj (t), (1.1.39)

f̄ (σ, v, x, t)= fj−1(σ, v, t), (1.1.40)

ε̄(n) =F
[
λ̄(n), σ̄ (n)

]
, (1.1.41)

for x ∈ [(j − 1)/n, j/n[, j = 1, . . . , n, continuously extended tox = 1, where we set
f0(σ, v, t)= 0. Equations (1.1.4) and (1.1.5) then have the form

∂t v̄
(n) = ∂x σ̂

(n) + f̄
(
σ (n), v̄(n), x, t

)
, (1.1.42)

∂t ε̄
(n) = ∂x v̂

(n). (1.1.43)

From (1.1.34) it follows that the functions∂t v̂(n), ∂t σ̂ (n), ∂t v̄(n), ∂t σ̄ (n) are bounded in
L∞(0, T ;L2(0,1)) independently ofn. We further have

∫ 1

0

∣∣f̄
(
σ (n), v̄(n), x, t

)∣∣2 dx

= 1

n

n−1∑

j=1

f 2
j (σj , vj , t)

�
1

n

n−1∑

j=1

(
fj
(
σj (0), vj (0),0

)
+
∫ t

0

∂

∂τ

(
fj (σj , vj , τ )

)
dτ

)2

� CT , (1.1.44)

hence also∂x v̂(n), ∂x σ̂ (n) are bounded inL∞(0, T ;L2(0,1)) independently ofn. De-
note H∞,2(QT ) = {u ∈ L2(QT ); ∂tu, ∂xu ∈ L∞(0, T ;L2(0,1))}. By compact embed-
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ding H∞,2(QT ) →֒→֒ C(	QT ) we find functionsv,σ ∈ H∞,2(QT ) and a subsequence
of {(v̂(n), σ̂ (n))} (still indexed byn) such that

∂t σ̂
(n)→ ∂tσ

∂x σ̂
(n)→ ∂xσ

∂t v̂
(n)→ ∂tv

∂x v̂
(n)→ ∂xv





weakly-star inL∞
(
0, T ;L2(0,1)

)
, (1.1.45)

σ̂ (n)→ σ

v̂(n)→ v

}
uniformly inC(QT ). (1.1.46)

We furthermore have forx ∈ [(j − 1)/n, j/n[ that

∣∣σ̂ (n)(x, t)− σ(x, t)
∣∣2 �

∣∣σj (t)− σj−1(t)
∣∣2 �

n∑

j=1

∣∣σj (t)− σj−1(t)
∣∣2

�
1

n

∥∥∂x σ̂ (n)
∥∥2
L∞(0,T ;L2(0,1)),

and similarly,

∣∣σ̂ (n)(x, t)− σ̄ (x, t)
∣∣2 �

1

n

∥∥∂x σ̂ (n)
∥∥2
L∞(0,T ;L2(0,1)),

∣∣v̂(n)(x, t)− v̄(x, t)
∣∣2 �

1

n

∥∥∂x v̂(n)
∥∥2
L∞(0,T ;L2(0,1)),

hence

σ̄ (n)→ σ

σ (n)→ σ

v̄(n)→ v





uniformly inL∞
(
0,1;C[0, T ]

)
. (1.1.47)

The results of Section 3.5 enable us to pass to the limit in (1.1.41)–(1.1.43) and check that
(v, σ ) is a solution of (1.0.1)–(1.0.3). The fact thatε is continuous with respect tox follows
directly from Proposition 3.2.2 withλi(r)= λ(xi, r) andwi(t)= σ(xi, t), i = 1,2, for any
x1, x2 ∈ [0,1]. �

1.2. Global boundedness

In order to investigate the asymptotic behavior of solutions ast →∞, we first establish
conditions under which the solutions remain globally bounded. In particular, we assume
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that the right-hand side of (1.0.1) is independent ofσ . In other words, we consider the
system





∂tv = ∂xσ + f (v, x, t),

∂tε = ∂xv,

ε =F[λ,σ ]
(1.2.1)

under the following hypotheses.

HYPOTHESIS 1.2.1. The right-hand sidef :R×]0,1[× ]0,∞[→ R of (1.2.1) is such
that the functionsf (v, ·, ·), ∂tf (v, ·, ·) : ]0,1[× ]0,∞[→ R are measurable for all
v ∈R, f (·, x, t), ∂tf (·, x, t) :R → R are continuous for a.e. (x, t) ∈]0,1[× ]0,∞[,
f 0 := f (0, ·, ·) ∈ L∞(0,∞;L2(0,1)), and there exist a constantγf > 0 and a function
βf ∈ L∞(0,∞;L2(0,1)) such that for almost all arguments we have

−γf � ∂vf (v, x, t)� 0, (1.2.2)
∣∣∂tf (v, x, t)

∣∣� βf (x, t). (1.2.3)

HYPOTHESIS1.2.2. Leth andκ be the functions associated with the operatorF accord-
ing to (3.2.1)and (3.4.8).For p > 0 set

µ(p)=max

{
h(p),

h3/4(p)

κ1/2(p)

}
, (1.2.4)

and assume that

lim
p→∞

µ2(p)h(p)

p2
= 0. (1.2.5)

HYPOTHESIS1.2.3. The functionH defined by(3.2.3)satisfies the implication

∃L,m,R0 > 0,∀r > 0,

R � max{R0,Lr} "⇒ 2H(R − r)−H(R)�mR. (1.2.6)

REMARK 1.2.4. Condition (1.2.2) says that “negative friction” is excluded. The hysteresis
dissipation is not strong enough to keep the solution away from resonance if the energy
supply becomes dominant. On the other hand, the results remain valid even if no friction
(∂vf = 0) is present.

The functionsh(p) and κ(p) characterize theslope and thecurvature of the hys-
teresis branches, respectively. Condition (1.2.5) is fulfilled if, for example, there exist
0< h∗ � h∗, r0 > 0 and−1< α < 2/3, such that

h∗max{r0, r}α−1 � h′(r)� h∗max{r0, r}α−1 a.e. (1.2.7)
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A sufficient condition for (1.2.6) reads, for instance,

∃δ0 > 0, lim sup
r→∞

H((1+ δ0)r)

H(r)
< 2. (1.2.8)

Indeed, (1.2.8) can be rewritten in the form

∃δ0,m,q0 > 0,∀δ ∈]0, δ0],

q � q0 "⇒ H((1+ δ)q)

H(q)
� 2− (1+ δ0)m

h(0)
. (1.2.9)

Then (1.2.6) follows from (1.2.9) withL = 1 + 1/δ0, r = δq, R0 = (1 + δ0)q0,
R = (1+ δ)q.

A variant of l’Hôpital’s rule implies that condition (1.2.8) is in turn satisfied if, for ex-
ample,h(r) is concave for larger .

The existence and uniqueness of a global solution to problem (1.2.1) coupled with
(1.0.2)–(1.0.3) under Hypotheses 1.0.1 and 1.2.1 follow from Theorem 1.1.1. The aim
of this subsection is to prove the following global boundedness result.

THEOREM 1.2.5. Let Hypotheses1.0.1and1.2.1–1.2.3hold. Then there exists a constant
C > 0 independent oft such that the solution(v, σ ) to (1.2.1), (1.0.2)–(1.0.3)satisfies a.e.
the conditions

∫ 1

0

(
(∂tv)

2+ (∂xv)
2+ (∂tσ)

2+ (∂xσ)
2)(x, t)dx � C, (1.2.10)

∣∣v(x, t)
∣∣+

∣∣σ(x, t)
∣∣� C. (1.2.11)

The proof of Theorem 1.2.5 is split into two parts. We first prove Lemma 1.2.6.
Since no boundary conditions forσ are prescribed, the transition from Lemma 1.2.6 to
(1.2.10)–(1.2.11) is not straightforward and a deeper result on hysteresis memory structure
will have to be established in the subsequent Lemma 1.2.7.

In accordance with the previous notation, we define fort > 0 the setsQt = [0,1]×[0, t]
and foru ∈ L∞(Qt ) put

‖u‖Qt = supess
{∣∣u(x, τ )

∣∣; (x, τ ) ∈Qt

}
. (1.2.12)

LEMMA 1.2.6. Let Hypotheses1.0.1, 1.2.1 and 1.2.2hold, and let(v, σ ) be the solution
to (1.2.1), (1.0.2)–(1.0.3).Then for everyδ > 0 there existsp0 > 0 such that for allp � p0

the following implication holds true for a.e. t � 0,

‖σ‖Qt � p "⇒ 1

p2

∫ 1

0

(
(∂tσ)

2+ (∂xσ)
2)(x, t)dx � δ. (1.2.13)
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PROOF. Taking into account the convergences (1.1.45)–(1.1.47), it suffices to consider the
discrete system

v̇j = n(σj+1− σj )+ fj (vj , t), j = 1, . . . , n− 1, (1.2.14)

ε̇j = n(vj − vj−1), j = 1, . . . , n, (1.2.15)

εj =F[λj , σj ], j = 1, . . . , n, (1.2.16)

analogous to (1.1.4)–(1.1.6) with boundary and initial conditions (1.1.7)–(1.1.8), and prove
that for everyδ > 0 there existsp0 > 0 independent ofn andt such that for allp � p0 the
following implication holds:

max
j=1,...,n

‖σj‖[0,t] � p

"⇒ 1

p2

(
1

n

n∑

j=1

σ̇ 2
j (t)+ n

n−1∑

j=1

(σj+1− σj )
2(t)

)
� δ. (1.2.17)

To do so, we define forj = 1, . . . , n− 1 auxiliary functions

Gj (v, t)= vfj (v, t)−
∫ v

0
fj
(
v′, t

)
dv′ for (v, t) ∈R× [0,∞[, (1.2.18)

and set

E(t)= 1

2n

(
n−1∑

j=1

v̇2
j (t)+

n∑

j=1

ε̇j (t)σ̇j (t)

)
, (1.2.19)

S(t)= 1

n

n∑

j=1

∣∣σ̇j (t)
∣∣3, (1.2.20)

W(t)= 1

n

n−1∑

j=1

v̇2
j (t), (1.2.21)

Z(t)= 1

n

n−1∑

j=1

(
Gj

(
vj (t), t

)
− vj (t)v̇j (t)

)
. (1.2.22)

We have, by definition,

−γf v2
j (t)�Gj

(
vj (t), t

)
� 0. (1.2.23)
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The boundary condition (1.1.7) and equation (1.1.5) yield

1

n

n−1∑

j=1

v2
j (t)� n

n∑

j=1

(vj − vj−1)
2(t)= 1

n

n∑

j=1

ε̇2
j (t). (1.2.24)

Assume now that maxj=1,...,n ‖σj‖[0,T ] � p for someT > 0 andp �K . From (3.2.16) we
obtain fort ∈ [0, T ] that

∣∣ε̇j (t)
∣∣� h(p)

∣∣σ̇j (t)
∣∣ for j = 1, . . . , n. (1.2.25)

This inequality, together with (3.2.17), implies that

1

n

n−1∑

j=1

v2
j (t)� h(p)

1

n

n∑

j=1

ε̇j (t)σ̇j (t). (1.2.26)

We now fix a constantc∗ > 0 such that

∣∣Z(t)
∣∣� c∗h(p)E(t) (1.2.27)

for all t ∈ [0, T ]. Using (1.2.14)–(1.2.15) yields for a.e.t ∈]0, T [ that

Ż(t)+W(t) = 1

n

n∑

j=1

ε̇j (t)σ̇j (t)+
1

n

n−1∑

j=1

(∂tGj − vj ∂tfj )(t)

�
1

n

n∑

j=1

ε̇j (t)σ̇j (t)+
1

n

n−1∑

j=1

∣∣vj (t)
∣∣∣∣βj (t)

∣∣, (1.2.28)

whereβj is as in (1.1.18), hence, by (1.2.25) and (1.2.26),

Ż(t)+ 1

2
W(t)+E(t) �

3

2n

n∑

j=1

ε̇j (t)σ̇j (t)+C

(
1

n

n−1∑

j=1

v2
j (t)

)1/2

� Ch(p)
(
1+ S2/3(t)

)
, (1.2.29)

whereC denotes as before any positive constant independent ofn, T andp. The counter-
part of (1.1.18)–(1.1.19) reads

v̈j v̇j � n(σ̇j+1− σ̇j )v̇j +
∣∣βj (t)

∣∣∣∣v̇j (t)
∣∣, (1.2.30)

ε̈j σ̇j = n(v̇j − v̇j−1)σ̇j , (1.2.31)
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hence

1

n

n−1∑

j=1

v̈j (t)v̇j (t)+
1

n

n∑

j=1

ε̈j (t)σ̇j (t)�CW1/2(t) a.e. (1.2.32)

From Theorem 3.4.1 it follows that for all 0� s < t � T we have

E(t−)−E(s+)+ 1

4
κ(p)

∫ t

s

S(τ)dτ � C

∫ t

s

W1/2(τ )dτ. (1.2.33)

Let c∗ be as in (1.2.27). Inequalities (1.2.29) and (1.2.33) yield for all 0� s < t that

(
Z+ 2c∗µ(p)E

)
(t−)−

(
Z + 2c∗µ(p)E

)
(s+)

+ 1

2
c∗µ(p)κ(p)

∫ t

s

S(τ)dτ +
∫ t

s

(
1

2
W(τ)+E(τ)

)
dτ

� C

∫ t

s

(
µ(p)W1/2(τ )+ h(p)

(
1+ S2/3(τ )

))
dτ, (1.2.34)

hence

(
Z+ 2c∗µ(p)E

)
(t−)−

(
Z + 2c∗µ(p)E

)
(s+)+

∫ t

s

E(τ)dτ

� C

(
µ2(p)+ h(p)+ h3(p)

κ2(p)µ2(p)

)
(t − s)

� C∗
(
1+µ2(p)

)
(t − s), (1.2.35)

whereC∗ is some frozen value ofC, and set

E1(t)= Z(t)+ 2c∗µ(p)E(t),
(1.2.36)

E2(t)=
∫ t

0
E(τ)dτ −C∗

(
1+µ2(p)

)
t.

By (1.2.35), the functionE1+E2 is nonincreasing, hence for every nonnegative absolutely
continuous test functionη(t) and everyt ∈ [0, T ], we have

∫ t

0
(E1+E2)(τ )η̇(τ )dτ �

(
E1(t−)+E2(t)

)
η(t)−E1(0+)η(0), (1.2.37)

or equivalently,

E1(t−)η(t)�E1(0+)η(0)+
∫ t

0
E1(τ )η̇(τ )dτ −

∫ t

0
Ė2(τ )η(τ )dτ. (1.2.38)
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We choose

η(t)= eqt , q = 1

3c∗µ(p)
. (1.2.39)

Using (1.1.23)–(1.1.28), we estimateE1(0+) byC(1+µ(p)), so that (1.2.38) yields

E1(t−)eqt � C
(
1+µ(p)

)
+
∫ t

0
(qE1−E)(τ)eqτ dτ

+ 1

q
C∗
(
1+µ2(p)

)(
eqt − 1

)
. (1.2.40)

We haveqE1(τ )−E(τ)= qZ(τ)− 1
3E(τ)� 0, hence

E1(t−)� C
(
1+µ(p)

)
e−qt + 1

q
C∗
(
1+µ2(p)

)
, (1.2.41)

that is,

E(t)�
1

c∗µ(p)
E1(t)� C

(
1+µ2(p)

)
for a.e.t ∈ [0, T ]. (1.2.42)

Using (1.2.26) we have

1

n

n−1∑

j=1

v2
j (t)� Ch(p)

(
1+µ2(p)

)
, (1.2.43)

and (1.2.14) yields

n

n∑

j=1

(σj+1− σj )
2(t)� Ch(p)

(
1+µ2(p)

)
for t ∈ [0, T ], (1.2.44)

and (1.2.17) follows from (1.2.5) and (3.2.17). This completes the proof of Lemma 1.2.6.
�

LEMMA 1.2.7. Let Hypothesis1.2.3 hold, and let λ : [0,1] → ΛK , ε,σ : [0,1] ×
[0, T ] → R be continuous mappings, ε = F[λ,σ ]. Assume that there exist constantsc1,
c2, c3 independent oft such that

∣∣∣∣
∫ 1

0
ε(x, t)dx

∣∣∣∣� c1 ∀t ∈ [0, T ], (1.2.45)

∣∣σ(x,0)
∣∣� c2 ∀x ∈ [0,1], (1.2.46)

∫ 1

0

∣∣∂xσ(x, t)
∣∣dx � 2c3 ∀t ∈ [0, T ]. (1.2.47)
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Put

R =max

{
Lc3,

c1+ 1

m
,c2+ 1,K,R0

}
. (1.2.48)

Then|σ(x, t)|<R for all (x, t) ∈ [0,1] × [0, T ].

PROOF. Assume that the statement is false. Then there existx0, t0 such that one of the
following two alternatives occurs,

(i) σ(x0, t0)=R, σ(x, t) >−R for (x, t) ∈ [0,1] × [0, t0[;
(ii) σ(x0, t0)=−R, σ(x, t) < R for (x, t) ∈ [0,1] × [0, t0[.

The two cases are similar, we therefore consider only (i).
For allx ∈ [0,1] we have

σ(x, t0)� σ(x0, t0)−
∫ 1

0

∣∣∂xσ(x, τ )
∣∣dτ �R − 2c3, (1.2.49)

hence by definition (3.1.13) of the play,

pr [λ,σ ](x, t0)� σ(x, t0)− r �R − 2c3− r (1.2.50)

for all r > 0. By Lemma 3.1.2, we have

pr [λ,σ ](x, t)� min
{
λ(x, r),−R + r

}
(1.2.51)

for all r > 0 and(x, t) ∈ [0,1] × [0, t0]. We have

λ(x, r)=
{

0 for r �K,
λ(x, r)− λ(x,K)�−K + r for 0< r <K,

(1.2.52)

hence

pr [λ,σ ](x, t)� min{0,−R+ r}. (1.2.53)

Consequently, combining (1.2.50) with (1.2.53), we obtain

pr [λ,σ ](x, t0)� max
{
R− 2c3− r,min{0,−R+ r}

}
, (1.2.54)

and (3.2.1) withw replaced byσ yields for everyx ∈ [0,1] that

ε(x, t0) � h(0)(R − 2c3)+
∫ R−c3

0
(R − 2c3− r)dh(r)

+
∫ R

R−c3

(−R + r)dh(r)

= 2H(R− c3)−H(R)

� 1+ c1, (1.2.55)
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which is a contradiction with the assumption (1.2.45). �

We are now ready to pass to the proof of Theorem 1.2.5 and thus conclude this subsec-
tion.

PROOF OF THEOREM 1.2.5. By virtue of the boundary conditions forv, the solution
to (1.2.1) has the property

∫ 1

0
ε(x, t)dx =

∫ 1

0
ε0(x)dx

for everyt � 0. We therefore can apply Lemma 1.2.7 and find a constant	C > 0 indepen-
dent oft such that for everyt � 0 we have

‖σ‖Qt � 	C
(

1+
∫ 1

0
(∂xσ)

2(x, t)dx

)
. (1.2.56)

By Lemma 1.2.6 and (1.2.56), we have the implication

∀δ > 0,∃p0 > 0,∀p � p0,∀t � 0,

‖σ‖Qt � p "⇒ ‖σ‖Qt � 	C(1+ δp). (1.2.57)

Choosing, for instance,δ = 1/(2	C ), we see that|σ(x, t)| cannot exceed the value
2(p0 + 	C ). Using again Lemma 1.2.6 we obtain uniformL2(0,1)-bounds for∂tσ(·, t)
and∂xσ(·, t), which in turn (as a consequence of (3.2.16)) imply a uniformL2(0,1)-bound
for ∂tε(·, t). The bounds for∂tv and∂xv follow directly from (1.2.1). �

1.3. Asymptotic stabilization

Solutions to hyperbolic equations with linear viscous terms and without forcing asymptot-
ically vanish with exponential rate. This is not the case if hysteresis is the only source of
dissipation. In our situation, the decay rate is of the order 1/t , and Example 1.3.3 confirms
that this estimate is optimal. Keeping initial and boundary conditions (1.0.2)–(1.0.3), we
consider the system with time-independent external forcing





∂tv = ∂xσ + f (v, x),

∂tε = ∂xv,

ε =F[λ,σ ]
(1.3.1)

under the following hypothesis.

HYPOTHESIS 1.3.1. The functionf :R×]0,1[→ R is such that the functionsf (v, ·) :
]0,1[→ R is measurable for allv ∈ R, f (·, x) :R→ R is continuous for a.e. x ∈]0,1[,
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f 0 := f (0, ·) ∈ L2(0,1), and there exists a constantγf > 0 such that for almost all argu-
ments we have

−γf � ∂vf (v, x)� 0. (1.3.2)

The main result of this subsection reads as follows.

THEOREM 1.3.2. Let Hypotheses1.0.1and1.3.1hold, and let

lim
p→∞

h(p)

p2
= 0. (1.3.3)

Then there exists a constantC > 0 independent oft such that the solution(v, σ ) to (1.3.1),
(1.0.2)–(1.0.3)satisfies a.e. the conditions

∫ 1

0

(
(∂tv)

2+ (∂xv)
2+ (∂tσ)

2+ (∂xσ)
2)(x, t)dx � C, (1.3.4)

∣∣v(x, t)
∣∣+

∣∣σ(x, t)
∣∣� C. (1.3.5)

If, moreover, the functionκ from (3.4.8)does not vanish on[0,∞[, then there exist con-
stantsσ∞ ∈R andC > 0 independent oft such that

∫ 1

0

(
(∂tv)

2+ (∂xv)
2+ (∂tσ)

2+
(
∂xσ + f 0)2)(x, t)dx �

C

(1+ t)2
, (1.3.6)

∣∣v(x, t)
∣∣� C

1+ t
, (1.3.7)

lim
t→∞

∣∣∣∣σ(x, t)+
∫ x

0
f 0(x′

)
dx′ − σ∞

∣∣∣∣= 0, (1.3.8)

and the limit in(1.3.8)is uniform with respect tox.

PROOF. We proceed as in the proof of Theorem 1.2.5. relations (1.2.30)–(1.2.33) remain
valid withβj ≡ 0 andC = 0, henceE(t) is nonincreasing in[0,∞[. The value ofE(0+) is
bounded by a constant according to (1.1.23)–(1.1.28), hence so isE(t). In order to simplify
the notation, we argue formally using (1.3.1), having however in mind the discrete system
of the form (1.2.14)–(1.2.16). With this convention, we have

∫ 1

0

(
(∂tv)

2+ ∂tσ ∂tε
)
(x, t)dx � C, (1.3.9)

whereC is some constant independent oft > 0. We now fixT > 0 andp > 0 such that

‖σ‖QT
� p. (1.3.10)
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By (1.3.1) and (3.2.16)–(3.2.17), we have

∫ 1

0
(∂xv)

2(x, t)dx =
∫ 1

0
(∂tε)

2(x, t)dx � h(p)

∫ 1

0
(∂tσ ∂tε)(x, t)dx � Ch(p)

(1.3.11)

with a constantC (here and in the sequel) independent oft ∈ [0, T ] andp > 0, hence

∫ 1

0
v2(x, t)dx �Ch(p) ∀t ∈ [0, T ] (1.3.12)

and
∫ 1

0
(∂xσ)

2(x, t)dx � C +
∫ 1

0

(
(∂tv)

2+ γf v
2)(x, t)dx

� C
(
1+ h(p)

)
. (1.3.13)

From Lemma 1.2.7 it follows that‖σ‖QT
� C

√
1+ h(p). Choosingp sufficiently large

we thus obtain from (1.3.3) the global bounds (1.3.4)–(1.3.5).
To prove (1.3.6)–(1.3.7), we pass again to the space-discrete approximations. Note that

a uniform upper bound for|σ(x, t)| is already available by virtue of (1.3.5). We there-
fore do not have to consider the dependence onp in (1.2.25)–(1.2.34). Using again the
fact thatβj ≡ 0 in (1.2.28), (1.2.30), and thatκ is positive, we obtain the counterpart of
(1.2.29) and (1.2.33) in the form

Ż(t)+E(t)� CS2/3(t) a.e., (1.3.14)

E(t−)−E(s+)+ c

∫ t

s

S(τ)dτ � 0 ∀0� s < t, (1.3.15)

with some constantsc,C > 0. In agreement with (1.2.27), we now fix somem > 0 such
that

∣∣Z(t)
∣∣� 1

8m
E(t) a.e. (1.3.16)

and set

Em(t) :=E(t)+ 4m

1+mt
Z(t)�

1

2
E(t). (1.3.17)

We have for all 0� s < t that

Em(t−)−Em(s+)+
∫ t

s

(
cS(τ)+ 4m

1+mτ
E(τ)+ 4m2

(1+mτ)2
Z(τ)

)
dτ

�

∫ t

s

4mC

1+mτ
S2/3(τ )dτ, (1.3.18)
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hence, by Hölder’s inequality, there exists another constantC > 0 such that

Em(t−)−Em(s+)+
∫ t

s

(
4m

1+mτ
E(τ)+ 4m2

(1+mτ)2
Z(τ)

)
dτ

�

∫ t

s

C

(1+mτ)3
dτ. (1.3.19)

In view of (1.3.16), we have

4E(τ)+ 4m

(1+mτ)
Z(τ)� 3Em(τ ) a.e., (1.3.20)

hence

Em(t−)−Em(s+)+
∫ t

s

3m

1+mτ
Em(τ )dτ �

∫ t

s

C

(1+mτ)3
dτ (1.3.21)

for all 0� s < t . We argue similarly as in (1.2.37). The function

t �→Em(t)+
∫ t

0

(
3m

1+mτ
Em(τ )−

C

(1+mτ)3

)
dτ

is nonincreasing, hence for every nonnegative absolutely continuous test functionη(t) we
have

∫ t

0

(
Em(τ )η̇(τ )−

(
3m

1+mτ
Em(τ )−

C

(1+mτ)3

)
η(τ)

)
dτ

�Em(t−)η(t)−Em(0+)η(0). (1.3.22)

Forη(t)= (1+mt)3 this yields

Em(t−)(1+mt)3 �Em(0+)+Ct. (1.3.23)

From (1.3.23) and (1.3.17), we obtainE(t) � C(1+ t)−2 a.e., and inequalities (1.3.6)
and (1.3.7) easily follow. It remains to prove the convergence (1.3.8) ofσ .

We fix constantsR >K , F0 > 0 such that

∫ 1

0

∣∣f 0(x′
)∣∣dx′ � F0,

∣∣σ(x, t)
∣∣�R ∀(x, t) ∈ [0,1] × [0,∞[, (1.3.24)

and define auxiliary functions

σ̃ (x, t)= σ(x, t)+
∫ x

0
f 0(x′

)
dx′, (1.3.25)
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λ̃(x, r)=
{
λ(x, r) for 0� r �R,

P
[
0, λ̃(x,R)

]
(r −R) for r �R,

(1.3.26)

ε̃(x, t)=F
[
λ̃, σ̃

]
(x, t), (1.3.27)

where the mappingP is defined by (3.1.16). Note that|λ̃(x,R)|� F0, henceλ̃(x, r) = 0
for r �R + F0. We now claim that

∂t ε̃(x, t)= ∂tε(x, t) a.e. (1.3.28)

To check this conjecture, we denote

ξr(x, t)= pr [λ,σ ](x, t), ξ̃r(x, t)= pr
[
λ̃, σ̃

]
(x, t) (1.3.29)

for r > 0 and(x, t) ∈ [0,1] × [0,∞[. By (3.3.1) we have

∂

∂t

(
ξ̃r(x, t)− ξr(x, t)−

∫ x

0
f 0(x′

)
dx′
)2

� 0, (1.3.30)

hence
∣∣∣∣ξ̃r(x, t)− ξr(x, t)−

∫ x

0
f 0(x′

)
dx′
∣∣∣∣

�

∣∣∣∣ξ̃r(x,0)− ξr(x,0)−
∫ x

0
f 0(x′

)
dx′
∣∣∣∣ (1.3.31)

for all admissible values ofr , x andt . We have by (3.1.10) and (3.1.16) that

ξr(x,0)= P
[
λ(x, ·), σ (x,0)

]
(r), ξ̃r(x,0)= P

[
λ̃(x, ·), σ̃ (x,0)

]
(r),

hence

ξ̃r(x,0)= ξr(x,0)+
∫ x

0
f 0(x′

)
dx′ for 0< r �R, (1.3.32)

and (1.3.31) implies that

∂

∂t
ξ̃r(x, t)=

∂

∂t
ξr(x, t) a.e. for 0< r �R. (1.3.33)

On the other hand, we haveλ(x, r) = 0 for r � R and |λ̃(x,R) − σ̃ (x, t)| � R, hence
‖mλ̃(x,·)(σ̃ (x, ·))‖[0,t] �R for all x andt . From Lemma 3.1.2 we conclude that

∂

∂t
ξ̃r(x, t)=

∂

∂t
ξr(x, t) a.e. forr > R. (1.3.34)



Long-time behavior of solutions to hyperbolic equations with hysteresis 327

Combining (1.3.33) with (1.3.34), we obtain (1.3.28) from the definition (3.2.1) of the
operatorF . This enables us to rewrite the system (1.3.1) in the form

{
∂tv = ∂x σ̃ + f (v, x)− f (0, x),

∂t ε̃ = ∂xv
(1.3.35)

together with identity (1.3.27). In particular, we have for allt � 0 that

∫ 1

0
ε̃(x, t)dx =

∫ 1

0
ε̃(x,0)dx = const. (1.3.36)

Puts(t)=
∫ 1

0 σ̃ (x, t)dx. The estimate

∣∣ṡ(t)
∣∣� C

1+ t
,

which follows from (1.3.6), is not sufficient for concluding thats(t) converges ast→∞.
To prove that this convergence indeed takes place, we have to use again special properties
of the operatorF , more precisely Lemma 3.1.2. Set

s̄ = lim sup
t→∞

s(t), s = lim inf
t→∞

s(t), (1.3.37)

and assume that̄s > s. We fix someα > 0 sufficiently small (it will be specified
in (1.3.47)), and using (1.3.6) we find 0< t0 < t1 < t2 such that

∫ 1

0

∣∣∂x σ̃ (x, t)
∣∣dx � α, s − α � s(t)� s̄ + α for t � t0, (1.3.38)

s(t1)� s + α, s(t2)� s̄ − α. (1.3.39)

For all x ∈ [0,1] andt � t0, we have

∣∣σ̃ (x, t)− s(t)
∣∣�

∫ 1

0

∣∣∂x σ̃ (x, t)
∣∣dx � α,

hence

σ̃ (x, t1)� s + 2α, σ̃ (x, t2)� s̄ − 2α. (1.3.40)

For r > 0 setλi(x, r)= pr [λ̃, σ̃ ](x, ti), i = 1,2. On the one hand, we have by definition of
the play that

λ1(x, r)� σ̃ (x, t1)+ r � s + 2α + r,
(1.3.41)

λ2(x, r)� σ̃ (x, t2)− r � s̄ − 2α − r,
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on the other hand, Lemma 3.1.2 and the semigroup property (3.1.21) yield that

λ2(x, r)� min
{
λ1(x, r), s̄ − 2α + r

}
, (1.3.42)

hence

λ2(x, r)� min
{
λ1(x, r), λ1(x, r)− 4α

}
= λ1(x, r)− 4α. (1.3.43)

Combining (1.3.43) with (1.3.41), we obtain

λ2(x, r)� max
{
λ1(x, r), s̄ + 2α − r

}
− 4α, (1.3.44)

consequently,

λ2(x, r)− λ1(x, r) � max
{
0, s̄ + 2α− r − λ1(x, r)

}
− 4α

� max{0, s̄ − s − 2r} − 4α. (1.3.45)

Inserting inequality (1.3.45) into the integral in the definition (3.2.1) ofF (note thath is
nondecreasing), we obtain

ε̃(x, t2)− ε̃(x, t1)

= h(0)
(
σ̃ (x, t2)− σ̃ (x, t1)

)
+
∫ R+F0

0

(
λ2(x, r)− λ1(x, r)

)
dh(r)

� 2H

(
s̄ − s

2

)
− 4αh(R + F0). (1.3.46)

Choosingα > 0 such that

2H

(
s̄ − s

2

)
− 4αh(R + F0)� α, (1.3.47)

we obtain
∫ 1

0

(
ε̃(x, t2)− ε̃(x, t1)

)
dx � α, (1.3.48)

in contradiction with (1.3.36). We conclude that

s̄ = s =: σ∞, (1.3.49)

and the proof of Theorem 1.3.2 is complete. �

Note thatε(x, t) also converges uniformly to some functionε∞ ∈ C[0,1]. Indeed,
by (3.2.11) we have for 0� s < t that

∣∣ε(x, t)− ε(x, s)
∣∣� C

∥∥σ(x, ·)− σ(x, s)
∥∥
[s,t]
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with a constantC > 0 independent ofx, t ands. The convergencẽσ(·, t)→ σ∞ is uniform
with respect tox, hence alsoε(·, t) converge uniformly. Since allε(·, t) are continuous by
Theorem 1.1.1, we conclude thatε∞ is continuous.

EXAMPLE 1.3.3. In order to illustrate the optimality of the 1/t decay rate ast→∞, we
consider the following ODE system describing an elastoplastic spring-mass oscillator

v̇ =−σ, (1.3.50)

ε̇ = v, (1.3.51)

ε =F[0, σ ], (1.3.52)

with initial conditions

v(0)= 0, ε(0)= ε0 > 0, (1.3.53)

whereF[0, ·] is the Prandtl–Ishlinskii operator (3.2.1) withλ≡ 0, andε0 is given. In fact,
(1.3.50)–(1.3.52) is related to the space-discrete system (1.1.4)–(1.1.6) forn= 2 which is
of the form

v̇1= 2(σ2− σ1), (1.3.54)

ε̇1= 2v1, (1.3.55)

ε̇2=−2v1, (1.3.56)

εj =F[0, σj ], j = 1,2. (1.3.57)

Indeed, assumingε1(0) = −ε2(0) and using the fact that bothF and its inversêF (see
Proposition 3.2.1) are odd, we obtainε1=−ε2, σ1=−σ2, so that, after suitable rescaling,
system (1.3.54)–(1.3.57) is equivalent to (1.3.50)–(1.3.52). We thus may use the argument
of the proof of Theorem 1.3.2 and conclude that there exists a constantC > 0 such that

∣∣v(t)
∣∣+

∣∣σ(t)
∣∣� C

1+ t
∀t � 0. (1.3.58)

It will immediately follow from Proposition 1.3.4 that this decay rate is optimal. On
the other hand, we show in Remark 1.3.6 thatε(t) does not asymptotically vanish, but
converges ast →∞ to some positive limitε∞ > 0. In mechanical interpretation, this
means in agreement with practical experience that the initial deformation is not completely
recovered during free elastoplastic oscillations.

PROPOSITION1.3.4. Let the generating functionh of the Prandtl–Ishlinskii operatorF
be locally Lipschitz continuous in[0,∞[, h(0) > 0, h′(r) > 0 a.e. Then there exist se-
quences0= t0 < t1 < t2 < · · · andσ0 > σ1 > σ2 > · · ·> 0 such that the solution(v, σ ) to
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(1.3.50)–(1.3.53)has the properties

lim
k→∞

(tk − tk−1)= inf
k=1,2,...

(tk − tk−1)= π

√
h(0), (1.3.59)

(−1)kσ is increasing in[tk−1, tk], (−1)kσ(tk)= σk, (1.3.60)

∃c > 0, σk �
c

1+ k
∀k ∈N. (1.3.61)

The proof will be carried out by induction. The following lemma constitutes a basis for
the induction step.

LEMMA 1.3.5. Under the hypotheses of Proposition1.3.4,let t∗ � 0 be such that

σ∗ := σ(t∗) > 0, σ̇ (t∗)= 0, (1.3.62)

∃r∗ � σ∗, pr [0, σ ](t∗)= σ∗ − r for r ∈ [0, r∗]. (1.3.63)

Then there existst∗ > t∗ such thatσ̇ (t) < 0 in ]t∗, t∗[, σ̇ (t∗) = 0 and σ ∗ := σ(t∗) ∈
]−σ∗,0[.

PROOF. By virtue of (3.2.16)–(3.2.17) we havev(t∗) = 0, v̇(t∗) < 0, hence there exists
t̄ > t∗ such thaṫσ(t) < 0 in ]t∗, t̄ [. We set

t∗ = sup
{
t̄ > t∗; σ̇ (t) < 0 in

]
0, t̄
[
, σ
(
t̄
)
>−σ∗

}
. (1.3.64)

As in the proof of Proposition 1.0.2, we compute the balance of the total energy
1
2v

2+ U[0, σ ], but in a slightly refined form. Let us first evaluate explicitlypr [0, σ ](t)
for t ∈ [t∗, t∗]. Setλ∗(r)= pr [0, σ ](t∗). Identity (3.1.20) and assumption (1.3.63) yield

pr [0, σ ](t)=
{
σ(t)+ r for r < 1

2

(
σ∗ − σ(t)

)
,

λ∗(r) for r � 1
2

(
σ∗ − σ(t)

)
,

(1.3.65)

and formulæ (3.4.1)–(3.4.3) yield

d

dt

(
1

2
v2+ U[0, σ ]

)
(t) = −

∫ ∞

0

∣∣∣∣
d

dt
pr [0, σ ](t)

∣∣∣∣r dh(r)

= σ̇ (t)

∫ (1/2)(σ∗−σ(t))

0
r dh(r)

= σ̇ (t)Γ

(
1

2

(
σ∗ − σ(t)

))
, (1.3.66)

where we setΓ (s)= sh(s)−H(s) for s � 0,H being given by (3.2.3). We denote byH
the function

H(r)=
∫ r

0
H(s)ds for r � 0. (1.3.67)
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With this notation, we can integrate (1.3.66) fromt∗ to t and obtain fort ∈ [t∗, t∗[ that

1

2
v2(t)−

(
σ∗ + σ(t)

)
H

(
1

2

(
σ∗ − σ(t)

))

=−
(
σ∗ − σ(t)

)
H

(
1

2

(
σ∗ − σ(t)

))
+ 4H

(
1

2

(
σ∗ − σ(t)

))
. (1.3.68)

The functionH is strictly convex, hence the right-hand side of (1.3.68) is negative for
t ∈]t∗, t∗[ andσ∗ + σ(t) thus remains negative even fort → t∗. By definition (1.3.64)
of t∗ only one of the following two cases can occur,

(a) t∗ =∞, σ ∗ := limt→∞ σ(t) >−σ∗;
(b) t∗ <∞, σ̇ (t∗)= 0, σ ∗ := σ(t∗) >−σ∗.

Case (a) can easily be excluded. Indeed, we then would have

lim
t→∞

σ̇ (t)= lim
t→∞

ε̇(t)= lim
t→∞

v(t)= 0. (1.3.69)

We rewrite (1.3.68) in the form

1

2
v2(t)− 2σ(t)H

(
1

2

(
σ∗ − σ(t)

))
= 4H

(
1

2

(
σ∗ − σ(t)

))
, (1.3.70)

and passing to the limit ast→∞ we obtain

−2σ ∗H
(

1

2

(
σ∗ − σ ∗

))
= 4H

(
1

2

(
σ∗ − σ ∗

))
. (1.3.71)

This implies thatσ ∗ < 0, and from (1.3.50) we obtain limt→∞ v̇(t) = −σ ∗ > 0, which
contradicts (1.3.69). Consequently, the case (b) takes place together with (1.3.71), and the
assertion of Lemma 1.3.5 follows. �

PROOF OFPROPOSITION1.3.4. We first apply Lemma 1.3.5 att∗ = 0. We have by (3.2.4)
thatσ0 := σ(0)=H(ε0) > 0, hence the conditions are fulfilled withr∗ = σ0. We conclude
that there existst1 > 0 such thatσ̇ (t1) = 0, σ1 := −σ(t1) ∈]0, σ0[, and settingr0 := σ0,
r1 := 1

2(σ0+ σ1) ∈]σ1, r0[, we obtain from (1.3.65) that

pr [0, σ ](t1)=





−σ1+ r for r < r1,

σ0− r for r ∈ [r1, r0[,
0 for r � r0.

(1.3.72)

Recall that the play operatorpr [0, ·] is odd. We therefore may use again Lemma 1.3.5
for −σ instead ofσ with t∗ = t1, r∗ = r1, σ∗ = σ1, and findt2 > t1 such thatσ̇ (t2) = 0,
σ2 := σ(t2) ∈]0, σ1[, σ > 0 in ]t1, t2[, and

pr [0, σ ](t2)=
{
σ2− r for r < r2,

pr [0, σ ](t1) for r � r2.
(1.3.73)
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By induction, we now construct a decreasing sequence{σk}∞k=1 of positive numbers and an
increasing sequence 0= t0 < t1 < t2 < · · · such that (1.3.60) holds, and

pr [0, σ ](tk)=
{
(−1)k(σk − r) for r < rk := 1

2(σk−1+ σk),

pr [0, σ ](tk−1) for r � rk,
(1.3.74)

for all r > 0 andk ∈N. By (1.3.71), we furthermore have

σk =
2H(rk)

H(rk)
=:A(rk) ∀k ∈N, (1.3.75)

hence

σk−1− σk = 2
(
rk −A(rk)

)
=: B(rk). (1.3.76)

We can differentiate the functionB defined in (1.3.76) and obtain for allx > 0 the identity

B ′(x)= 4

H 2(x)

∫ x

0
H(s)

(
h(x)− h(s)

)
ds. (1.3.77)

By hypothesis,h is positive, increasing and Lipschitz continuous on[0, σ0], henceB is
increasing,B(0+)= 0 and

0<B(x)�Cx2 ∀x > 0, (1.3.78)

with the convention that, similarly as in previous subsections,C denotes any positive con-
stant independent ofk. Using (1.3.75)–(1.3.78) we see, on the one hand, that the limit
σ∞ = limk→∞ σk fulfils B(σ∞)= 0, henceσ∞ = 0. On the other hand, we have

1

σk
− 1

σk−1
= σk−1− σk

σkσk−1
�C

rk

σk
� C

rkH(rk)

H(rk)
. (1.3.79)

The functionx �→ (xH(x)/H(x)) is bounded in]0, σ0], since its limit atx→ 0+ is 1/2.
Hence,

1

σk
− 1

σk−1
�C for k ∈N, (1.3.80)

and (1.3.61) follows.
It remains to check that (1.3.59) holds. Assume for definiteness thatk is even; the other

case is similar. Fort ∈ [tk−1, tk] we have as in (1.3.65) and (1.3.74) that

pr [0, σ ](t)=
{
σ(t)− r for r < r(t) := 1

2

(
σ(t)− σ(tk−1)

)
,

pr [0, σ ](tk−1) for r � r(t),
(1.3.81)
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hence by (3.2.1),

ε(t)− ε(tk−1)= 2H
(
r(t)

)
, (1.3.82)

or equivalently,

σ(t)− σ(tk−1)= 2H−1
(

1

2

(
ε(t)− ε(tk−1)

))
. (1.3.83)

As a consequence of (1.3.50)–(1.3.51) and (1.3.83), the functionε solves the differential
equation (according to our notation we haveσ(tk−1)=−σk−1)

ε̈(t)− σk−1+ 2H−1
(

1

2

(
ε(t)− ε(tk−1)

))
= 0. (1.3.84)

Testing (1.3.84) bẏε(t), integrating fromtk−1 to t and using the fact thaṫε(tk−1) = 0,
ε̇ > 0 otherwise, we obtain

ε̇(t)=
√

2σk−1
(
ε(t)− ε(tk−1)

)
− 8Ĥ

(
1

2

(
ε(t)− ε(tk−1)

))
, (1.3.85)

where

Ĥ(r)=
∫ r

0
H−1(s)ds. (1.3.86)

For t = tk we obtain from (1.3.85), in particular, that

σk−1
(
ε(tk)− ε(tk−1)

)
= 4Ĥ

(
1

2

(
ε(tk)− ε(tk−1)

))
. (1.3.87)

Setpk = 1
2(ε(tk)− ε(tk−1)). Then (1.3.85) can be rewritten as

ε̇(t)= 2
√

2√
pk

√
1

2

(
ε(t)− ε(tk−1)

)
Ĥ(pk)− pkĤ

(
1

2

(
ε(t)− ε(tk−1)

))
. (1.3.88)

The substitution

s(t)= 1

2pk

(
ε(t)− ε(tk−1)

)

yields

ṡ(t)=
√

2

pk

√
s(t)Ĥ(pk)− pkĤ

(
s(t)

)
, (1.3.89)
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hence
√

2

pk
(tk − tk−1)=

∫ 1

0

ds√
sĤ(pk)− pkĤ(s)

. (1.3.90)

The functionĥ= (H−1)′ is decreasing and

sĤ(pk)− pkĤ(s)= s

∫ pk

0

∫ r

sr

ĥ(z)dzdr

for s ∈ [0,1], hence
√

2

pk

√
ĥ(pk)

∫ 1

0

ds√
s(1− s)

�

√
2

pk
(tk − tk−1)�

√
2

pk

√
ĥ(0)

∫ 1

0

ds√
s(1− s)

.

(1.3.91)

We have by (1.3.82) thatpk =H(rk), henceĥ(pk)= 1/h(rk), and we conclude that

π

√
h(rk)� tk − tk−1 � π

√
h(0). (1.3.92)

We already know that limk→∞ rk = 0, and the proof of Proposition 1.3.4 is complete.�

REMARK 1.3.6. We have seen that{ε(tk)} is an alternating sequence of decreasing local
maxima and increasing local minima ofε whose differencespk tend to 0, henceε∞ =
limt→∞ ε(t) exists. It cannot be expected, however, thatε∞ = 0. This follows from the
identity

ε∞ = ε0+ 2
∞∑

k=1

(−1)kpk =
∞∑

k=1

(p2k−2− 2p2k−1+ p2k), (1.3.93)

provided we putp0 := ε0. We still havepk =H(rk) for all k � 0, and the relation

r2k−2− 2r2k−1+ r2k =
1

2

(
B(r2k−2)−B(r2k−1)

)
> 0 (1.3.94)

holds for everyk ∈N by virtue of (1.3.76) and (1.3.77). The functionH is increasing and
convex, hence

p2k−1=H(r2k−1) < H

(
1

2
(r2k−2+ r2k)

)
�

1

2
(p2k−2+ p2k), (1.3.95)

and we see thatε∞ in (1.3.93) is positive. Similarly, the total energyE(t) = 1
2v

2(t) +
U[0, σ ](t) does not asymptotically vanish. PuttingEk =E(tk)= U[0, σ ](tk) for k � 0, we
obtain by a computation similar as in the proof of Lemma 1.3.5 that

E0=H(σ0), Ek−1−Ek = (σk−1− σk)H(rk) for k ∈N. (1.3.96)
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SinceH is strictly convex, we have

(σk−1− σk)H(rk) <

∫ σk−1

σk

H(s)ds =H(σk−1)−H(σk),

hence, using the fact thatE(t) is nonincreasing, we have

lim
t→∞

E(t)=E0−
∞∑

k=1

(Ek−1−Ek) > 0. (1.3.97)

This fact is not surprising either. A nonzero part of the initial energy is stored in the rema-
nent deformation of the spring, the rest is dissipated into heat.

To conclude this subsection, let us note that if we allowh′(0+) to be infinite, then
the decay rate may be faster than 1/t . The computation in [14], Example III.2.6, shows,
however, that it is never exponential. The case whereF in (1.3.52) is replaced by the
Preisach operator (3.2.18) is investigated in [15].

1.4. Quasilinear perturbations

The results listed in the previous subsections are related to the variational and monotone
character of the Prandtl–Ishlinskii operator as linear combination of solution operators to
simple variational inequalities. For the existence of solutions, theconvexity of the hystere-
sis loopsis, however, more substantial than monotonicity. We now show that the exis-
tence and regularity result is stable also with respect toquasilinear perturbations. In other
words, no shocks occur provided the convex–concave hysteresis behavior is preserved.
Since monotonicity is lost, the question of uniqueness of solutions is open.

To be more specific, we consider the stress–strain relation in the form

ε =F
[
λ,G(σ)

]
, (1.4.1)

whereG :R→ R is a smooth “almost linear” increasing function, andF is the Prandtl–
Ishlinskii operator given by (3.2.1). Note that the superpositionF ◦ G is the so-called
generalized Prandtl–Ishlinskii operatoras a special case of the Preisach operator (3.2.18),
see [9] for the relationship between the functionsh, g andψ . Similar operators play an im-
portant role in modelling of piezoelectricity, see [18]. Changing accordingly the notation,
we rewrite system (1.0.1) with constitutive law of the type (1.4.1) in a more convenient
form with a parameterδ > 0 as





∂tv = ∂x
(
σ + δg(σ )

)
+ f (σ, v, x, t),

∂tε = ∂xv,

ε =F[λ,σ ].
(1.4.2)

The existence part of Theorem 1.1.1 holds forδ sufficiently small in the following form.
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THEOREM 1.4.1. Let Hypothesis1.0.1be fulfilled, let the functionκ from (3.4.8)be pos-
itive on [0,∞[, and letg be a nondecreasing function inR with locally Lipschitz con-
tinuous derivative. Then there existsδ0 > 0 such that system(1.4.2), (1.0.2)–(1.0.3)for
0 � δ � δ0 admits a solution(v, σ, ε) ∈ C(	QT ;R3) such that∂tv, ∂xv, ∂tσ, ∂xσ, ∂tε be-
long toL∞(0, T ;L2(0,1)), and (1.4.1)holds almost everywhere inQT .

PROOF. We discretize the system (1.4.1) in space in the form similar to (1.1.4)–(1.1.6),
more precisely,

v̇j = n(σj+1− σj )+ δn
(
g(σj+1)− g(σj )

)

+ fj (σj , vj , t), j = 1, . . . , n− 1, (1.4.3)

ε̇j = n(vj − vj−1), j = 1, . . . , n, (1.4.4)

εj =F[λj , σj ], j = 1, . . . , n. (1.4.5)

For each fixedn andδ, the existence of solutions to (1.4.3)–(1.4.5) together with condi-
tions (1.1.7)–(1.1.10) is obtained in the same way as in the proof of Theorem 1.1.1. The
estimates, however, have to be carried out in a more careful way.

We fix a boundp1 � maxj=1,...,n |σj (0)| independent ofn, and for eachp > p1 we solve
(1.4.3)–(1.4.5) withδ = δ(p) > 0 such that

δ(p) max
|s|�p

g′(s)� 1, δ(p)sup ess
|s|�p

∣∣g′′(s)
∣∣� κ(p)

4h(p)
. (1.4.6)

We define the maximal timeT (n,p) > 0 for which all|σj (t)| remain bounded byp, that is,

T (n,p)=max
{
t ∈ [0, T ]; max

j=1,...,n

∣∣σj (t)
∣∣� p

}
. (1.4.7)

The counterpart of (1.1.18)–(1.1.19) reads

v̈j v̇j � n(σ̇j+1− σ̇j )v̇j + δ(p)n
d

dt

(
g(σj+1)− g(σj )

)
v̇j

+
(
βj (t)+ αf (t)

(
|σ̇j | + |v̇j |

))
|v̇j |, (1.4.8)

ε̈j σ̇j = n(v̇j − v̇j−1)σ̇j , (1.4.9)

hence

1

n

n−1∑

j=1

v̈j v̇j +
1

n

n∑

j=1

(
1+ δ(p)g′(σj )

)
ε̈j σ̇j

�
1

n

n−1∑

j=1

(
βj (t)+ αf (t)

(
|σ̇j | + |v̇j |

))
|v̇j |. (1.4.10)
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We use Theorem 3.4.1 to obtain, for all 0� s < t � T (n,p) and allj = 1, . . . , n, that

∫ t

s

ε̈j σ̇j dτ �
κ(p)

4

∫ t

s

|σ̇j |3 dτ + 1

2
(ε̇j σ̇j )(t−)−

1

2
(ε̇j σ̇j )(s+). (1.4.11)

We see that the function

t �→ 1

2
(ε̇j σ̇j )(t)+

κ(p)

4

∫ t

0
|σ̇j |3 dτ −

∫ t

0
ε̈j σ̇j dτ

is nonincreasing in[0, T (n,p)]. For each absolutely continuous nonnegative test functionη

and for allt ∈ [0, T (n,p)], we thus have

∫ t

0

(
1

2
(ε̇j σ̇j )(τ )η̇(τ )+

(
(ε̈j σ̇j )(τ )−

κ(p)

4

∣∣σ̇j (τ )
∣∣3
)
η(τ)

)
dτ

�
1

2
(ε̇j σ̇j )(t)η̇(t)−

1

2
(ε̇j σ̇j )(0+)η̇(0). (1.4.12)

We now setη(t) = 1 + δ(p)g′(σj (t)) in (1.4.12). By hypothesis (1.4.6), we have
1� η(t)� 2 for t ∈ [0, T (n,p)], hence

1

2
(ε̇j σ̇j )(t) � (ε̇j σ̇j )(0+)+

∫ t

0

(
1+ δ(p)g′

(
σj (τ )

))
(ε̈j σ̇j )(τ )dτ

+
∫ t

0

(
δ(p)g′′

(
σj (τ )

)(
ε̇j σ̇

2
j

)
(τ )− κ(p)

4

∣∣σ̇j (τ )
∣∣3
)

dτ. (1.4.13)

From (3.2.16) and hypothesis (1.4.6), it follows that for allt ∈ [0, T (n,p)] we have

δ(p)
∣∣g′′
(
σj (t)

)
ε̇j (t)

∣∣� κ(p)

4

∣∣σ̇j (t)
∣∣,

hence the last integral on the right-hand side of (1.4.13) is nonpositive. We therefore have

1

2n

(
n−1∑

j=1

v̇2
j (t)+

n∑

j=1

(ε̇j σ̇j )(t)

)

�
1

2n

(
n−1∑

j=1

v̇2
j (0)+ 2

n∑

j=1

(ε̇j σ̇j )(0+)
)

+ 1

n

∫ t

0

(
n−1∑

j=1

(v̈j v̇j )(τ )+
1

n

n∑

j=1

(
1+ δ(p)g′

(
σj (τ )

))
(ε̈j σ̇j )(τ )

)
dτ

(1.4.14)
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for a.e.t ∈]0, T (n,p)[. The initial conditions on the right-hand side of (1.4.14) can be esti-
mated independently ofn andp similarly as in the proof of Theorem 1.1.1, and as a conse-
quence of (3.2.17) we havėεj (t)σ̇j (t)� h(0)σ̇ 2

j (t) a.e. Combining (1.4.14) with (1.4.10)
and using Gronwall’s inequality we find a constantCT independent ofn andp (and possi-
bly dependent onT ) such that

1

n

(
n−1∑

j=1

v̇2
j (t)+

n∑

j=1

σ̇ 2
j (t)

)
� CT ∀t ∈

[
0, T (n,p)

]
. (1.4.15)

Arguing as in the proof of Theorem 1.1.1, we find a constant	CT independent ofn andp
such that

n

(
n∑

j=1

(vj − vj−1)
2(t)+

n−1∑

j=1

(σj+1− σj )
2(t)

)
+ max

j=1,...,n

∣∣σj (t)
∣∣

� 	CT ∀t ∈
[
0, T (n,p)

]
. (1.4.16)

We now fix anyp0 � max{p1,	CT } and setδ0= δ(p0). Then we haveT (n,p)= T for all
n ∈ N, and the estimates (1.4.15) and (1.4.16) hold a.e. in[0, T ]. This enables us to com-
plete the proof passing to the limit asn→∞ similarly as in the proof of Theorem 1.1.1.

�

2. Periodic solutions

In this section, we consider the system (1.0.1) with boundary conditions (1.0.3) and with
the time-periodicity condition

v(x, t + T )= v(x, t), σ (x, t + T )= σ(x, t) (2.0.17)

for all (x, t) ∈ [0,1]×[0,∞[ instead of (1.0.2), whereT > 0 is a fixed period. Our analysis
will be carried out in the spacesLpT = L

p

loc(]0,1[× ]0,∞[) for 1 � p �∞ and in the
spaceC0

T of continuous functions, all satisfying theT -periodicity condition. Having in
mind Corollary 3.1.3 which states that outputs of hysteresis operators with periodic inputs
may possibly become periodic only after one period, we define the norms

‖w‖p =
(∫ 2T

T

∫ 1

0

∣∣w(x, t)
∣∣p dx dt

)1/p

for w ∈ LpT ,1� p <∞, (2.0.18)

‖w‖∞ = sup ess
{∣∣w(x, t)

∣∣; (x, t) ∈]0,1[× ]T ,2T [
}

for w ∈ L∞T . (2.0.19)

We endow the spaceC0
T with the norm‖ · ‖∞ as well. Recall that the compact embeddings

H
2,3
T :=

{
w ∈ L2

T ; ∂xw ∈ L2
T , ∂tw ∈ L3

T

}
→֒→֒ C0

T ,
(2.0.20)

H
3,2
T :=

{
w ∈ L2

T ; ∂xw ∈ L3
T , ∂tw ∈ L2

T

}
→֒→֒ C0

T
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take place, and we fix constantsM,M ′ > 0 such that

‖w‖∞ �

∣∣∣∣
∫ 2T

T

∫ 1

0
w(x, t)dx dt

∣∣∣∣+M
(
‖∂xw‖2+ ‖∂tw‖3

)

∀w ∈H 2,3
T ,

(2.0.21)

‖w‖∞ �

∣∣∣∣
∫ 2T

T

∫ 1

0
w(x, t)dx dt

∣∣∣∣+M ′(‖∂xw‖3+ ‖∂tw‖2
)

∀w ∈H 3,2
T .

An estimate forM,M ′ can be found in [14], Appendix 2.
We find sufficient conditions for the existence and uniqueness of solutions to the

Dirichlet-periodic problem and prove its global asymptotic stability.

2.1. Statement of main results

In addition to Hypothesis 1.0.1, we impose the following more restrictive assumptions
onf .

HYPOTHESIS2.1.1. The following conditions hold for all admissible arguments:
(i) f (σ, v, x, t + T )= f (σ, v, x, t);

(ii) f 0, βf ∈ L2
T ;

(iii) |∂σf (σ, v, x, t)|� γf ;
(iv) −γf � ∂vf (σ, v, x, t)� 0, whereγf > 0 is a fixed constant.

In this subsection we list the main results on existence (Theorem 2.1.2), uniqueness
(Theorem 2.1.3) and asymptotic stability (Theorem 2.1.6) of periodic solutions to sys-
tem (1.0.1), (1.0.3). Proofs are postponed to the next subsections.

THEOREM2.1.2. Let Hypotheses1.0.1and2.1.1hold. Assume in addition to(3.2.15)that
the functionsh andκ in (3.2.1)and (3.4.8)satisfy the condition

lim sup
p→∞

h(p)

pκ(p)
=: q <∞ (2.1.1)

with

4
√
T γfMq

(
1+ T

2π

γf
(
1+ γf eγf

))
< 1. (2.1.2)

Then(1.0.1)with boundary conditions(1.0.3)and periodicity conditions(2.0.17)admit a
solution(v, σ ) ∈H 3,2

T ×H
2,3
T , and (1.0.1)are satisfied for a.e. (x, t) ∈]0,1[× ]T ,∞[.



340 P. Krejčí

The situation is similar as in Sections 1.2 and 1.3, cf. Remark 1.2.4. We are able to prove
existence only if no negative friction is present. Moreover, uniqueness is obtained only if
f is independent ofσ , that is, if problem (1.0.1) has the form (1.2.1). On the other hand,
we can replace (2.1.1) by a weaker condition (2.1.3).

THEOREM 2.1.3. Let Hypotheses1.0.1and2.1.1hold withf independent ofσ . Assume,
instead of(2.1.1),that

lim sup
p→∞

h3/4(p)

pκ1/2(p)
=: q̃ <∞ (2.1.3)

with

2T 1/4
√
‖βf ‖2Mq̃

(
1+ T

2π

γf

)
< 1. (2.1.4)

Let furtherρ ∈ R be given. Then problem(1.2.1)with boundary conditions(1.0.3)and
periodicity conditions(2.0.17)admits a unique solution(v, σ ) ∈H 3,2

T ×H
2,3
T , (1.2.1)are

satisfied for a.e. (x, t) ∈]0,1[× ]T ,∞[ and

1

T

∫ 2T

T

σ(0, t)dt = ρ. (2.1.5)

REMARK 2.1.4. From (2.1.1) it follows that

lim sup
p→∞

h(p)

p(h(p)− h(p− 1))
� q, (2.1.6)

hence

1

(q + 1)p
�
h(p)− h(p− 1)

h(p)
� logh(p)− logh(p− 1) (2.1.7)

for p larger than somep1 > 0. We thus obtain that

lim
p→∞

h(p)=∞, lim
p→∞

√
h(p)

p
= lim

p→∞

√
h(p)

pκ(p)

√
κ(p)

p
= 0. (2.1.8)

In particular, if condition (2.1.1) is satisfied, then (2.1.3) holds withq̃ = 0. The class of
functions satisfying (2.1.1) is nonempty. For example, for every locally Lipschitz continu-
ous functionh such that

h∗max{r0, r}α−1 � h′(r)� h∗max{r0, r}α−1 a.e., (2.1.9)
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where 0< h∗ � h∗, r0 > 0, α ∈]0,1] are given numbers, we have forp > r0 that
κ(p)� h∗pα−1, h(p)� h(0)+ h∗pα/α, hence (2.1.1) holds. For the validity of (2.1.3), it
suffices to have for instance

h∗max{r0, r}α1−1 � h′(r)� h∗max{r0, r}α2−1 a.e. (2.1.10)

with someα1 ∈]−1,1] andα1 � α2 � (2/3)(α1+ 1).

REMARK 2.1.5. In Remark 2.3.1 at the end of Section 2.3, we comment on the nonunique-
ness related to the fact thatρ is arbitrary. Also the value ofρ can be determined uniquely
if we consider the Dirichlet boundary conditions in displacements instead of velocities.

To conclude this subsection, we state, as a complement to Theorem 2.1.3, a result on
asymptotic stability of periodic solutions.

THEOREM 2.1.6. Let Hypotheses1.0.1, 2.1.1hold with f independent ofσ , and let
κ(p) > 0 for all p > 0. Let us define the set

B =
{
(v, σ ) ∈ L∞

(
]0,1[× ]0,∞[

)2;

∂tv, ∂tσ, ∂xv, ∂xσ ∈ L∞
(
0,∞;L2(0,1)

)
, v(0, t)= v(1, t)= 0

}
,

(2.1.11)

and assume that( v, σ ) ∈ B is a solution of the problem





∂tv = ∂xσ + f (v, x, t),

∂tε = ∂xv,

ε =F[λ,σ ],
(2.1.12)

whereλ ∈ C([0,1];ΛK) andK > 0 are fixed. Then there existsλ ∈ C([0,1];ΛK) with
K =max{K,‖σ‖∞} and a periodic solution(v, σ ) ∈ B of (1.2.1)such that

lim
t→∞

(∣∣v(·, t)− v(·, t)
∣∣
L∞(0,1) +

∣∣σ(·, t)− σ(·, t)
∣∣
L∞(0,1)

)
= 0. (2.1.13)

REMARK 2.1.7. The assumptions of Theorem 2.1.6 are satisfied for instance under the
hypotheses of Theorem 1.2.5. In such a case, condition (2.1.3) automatically holds.

2.2. Existence

This subsection is devoted to the proof of Theorem 2.1.2. We fix someρ ∈R and consider
the problem

∂tv = ∂xσ
∗ + f

(
σ ∗ + σ̂ , v, x, t

)
− 1

T

∫ 2T

T

f
(
σ ∗ + σ̂ , v, x, τ

)
dτ, (2.2.1)

∂tε
∗ = ∂xv, (2.2.2)
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ε∗ =F
[
λ,σ ∗

]
, (2.2.3)

d

dx
σ̂ (x)=− 1

T

∫ 2T

T

f
(
σ ∗ + σ̂ , v, x, τ

)
dτ, σ̂ (0)= ρ, (2.2.4)

together with theT -periodicity condition and

v(0, t)= v(1, t)= 0,
∫ 2T

T

v(x, t)dt =
∫ 2T

T

σ ∗(x, t)dt = 0 (2.2.5)

for all admissible arguments. We observe that if(v, σ ∗, σ̂ , ε∗) is a solution to (2.2.1)–
(2.2.5), then(v, σ ) with σ = σ ∗ + σ̂ and ε = F[λ,σ ] satisfy the conditions of Theo-
rem 2.1.2 since, by Proposition 3.3.1, we have∂tε = ∂tε

∗ for a.e.t > T .
The solution will be constructed by the Galerkin method. Forj ∈ Z, k ∈N∪ {0}, t � 0,

x ∈ [0,1] we define basis functions

ej (t)=
{

sin 2πj
T
t if j > 0,

cos2πj
T
t if j � 0,

(2.2.6)

ϕk(x)= sinkπx, ψk(x)= coskπx. (2.2.7)

For all relevant values ofj, k, x, t we have

d

dt
ej (t)=

2πj

T
e−j (t),

d

dx
ϕk(x)= kπψk(x), (2.2.8)

d

dx
ψk(x)=−kπϕk(x).

For each fixedn ∈N we setJn = {−n,−n+ 1, . . . ,−1,1, . . . , n− 1, n}, and define func-
tionsv(n), σ (n), ε(n), σ̂ (n) by the formulæ

v(n)(x, t)=
∑

j∈Jn

n∑

k=1

vjkej (t)ϕk(x), (2.2.9)

σ (n)(x, t)=
∑

j∈Jn

n∑

k=1

σjkej (t)ψk(x), (2.2.10)

ε(n)(x, t)=F
[
λ,σ (n)

]
(x, t), (2.2.11)

d

dx
σ̂ (n)(x)=− 1

T

∫ 2T

T

f
(
σ (n) + σ̂ (n), v(n), x, τ

)
dτ, σ̂ (n)(0)= ρ, (2.2.12)
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wherevjk, σjk are solutions of the system

∫ 2T

T

∫ 1

0

(
∂tv

(n) − ∂xσ
(n) − f

(
σ (n) + σ̂ (n), v(n), x, t

))

× ej (t)ϕk(x)dx dt = 0, (2.2.13)
∫ 2T

T

∫ 1

0

(
∂tε

(n) − ∂xv
(n)
)
ej (t)ψk(x)dx dt = 0 (2.2.14)

for all j ∈ Jn, k = 0,1, . . . , n. We first have to prove that (2.2.13)–(2.2.14) has a solution.
The unknown in the problem is the vectorv = (vjk, σjk), j ∈ Jn, k = 0,1, . . . , n, with
vj0= 0 for all j ∈ Jn, hencev can be considered as an element ofV :=R

2n×n×R
2n×(n+1).

The mappings which withv ∈ V associate the functionsε(n) ∈ C0
T and σ̂ (n) ∈ C[0,1] are

continuous, hence the system (2.2.13)–(2.2.14) is of the form

Φ(v)= 0, (2.2.15)

whereΦ is a continuous mapping fromV to V. We define a homotopyΦs : V → V with
parameters ∈ [0,1] by the left-hand side of the system

∫ 2T

T

∫ 1

0

(
∂tv

(n) − ∂xσ
(n) − sf

(
σ (n) + σ̂ (n)s , v(n), x, t

))

× ej (t)ϕk(x)dx dt = 0, (2.2.16)
∫ 2T

T

∫ 1

0

(
∂tε

(n) − ∂xv
(n)
)
ej (t)ψk(x)dx dt = 0, (2.2.17)

where

ε(n)(x, t)=F
[
sλ,σ (n)

]
(x, t), (2.2.18)

d

dx
σ̂ (n)s (x)=− s

T

∫ 2T

T

f
(
σ (n) + σ̂ (n)s , v(n), x, τ

)
dτ, σ̂ (n)s (0)= ρ. (2.2.19)

We now check that (2.2.16)–(2.2.19) has no solution on the boundary of a sufficiently
large ball independently ofs ∈ [0,1]. The operatorF[0, ·] corresponding to the initial
configurationλ ≡ 0 is odd, hence alsoΦ0 is odd inV, so that its Brouwer degree with
respect to this ball and to the point 0∈ V is nonzero. By homotopy, also the degree of
Φ1=Φ is nonzero, hence a solution exists inside the ball. We thus establish the existence
of a solution to (2.2.16)–(2.2.19) provided we prove the following statement.

There existp∞, p̃∞ > 0 independent ofn ∈ N ands ∈ [0,1] such
that if v ∈ V is a solution of (2.2.16)–(2.2.19) with‖σ (n)‖∞ = p,
thenp � p∞ and‖v(n)‖∞ � p̃∞.

(2.2.20)
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To prove conjecture (2.2.20), we consider somep � K , whereK is as in Hypothe-
sis 1.0.1, somen ∈ N, s ∈ [0,1], and a solution of (2.2.16)–(2.2.19) with‖σ (n)‖∞ � p.
We test (2.2.16) by(2πj/T )2vjk , (2.2.17) by(2πj/T )2σjk and sum them up. Integrating
by parts and using theT -periodicity we obtain

∫ 2T

T

∫ 1

0
∂t tε

(n) ∂tσ
(n) dx dt

=
∫ 2T

T

∫ 1

0
∂tv

(n) ∂t
(
sf
(
σ (n) + σ̂ (n)s , v(n), x, t

))
dx dt. (2.2.21)

Similarly, testing (2.2.16) by−(2πj/T )v−jk and (2.2.17) by−(2πj/T )σ−jk yields

∫ 2T

T

∫ 1

0

∣∣∂tv(n)
∣∣2 dx dt

=
∫ 2T

T

∫ 1

0

(
∂tε

(n) ∂tσ
(n) + s ∂tv

(n)f
(
σ (n) + σ̂ (n)s , v(n), x, t

))
dx dt. (2.2.22)

By Hypothesis 2.1.1, we have the pointwise relations

∂tv
(n) ∂t

(
sf
(
σ (n) + σ̂ (n)s , v(n), x, t

))
�
∣∣∂tv(n)

∣∣(γf
∣∣∂tσ (n)

∣∣+ |βf |
)
, (2.2.23)

sf
(
σ (n) + σ̂ (n)s , v(n), x, t

)
∂tv

(n)

= ∂t
(
sF
(
σ̂ (n)s , v(n), x, t

))
− s(∂tF)

(
σ̂ (n)s , v(n), x, t

)

+ s
(
f
(
σ (n) + σ̂ (n)s , v(n), x, t

)
− f

(
σ̂ (n)s , v(n), x, t

))
∂tv

(n), (2.2.24)

where we setF(σ, v, x, t)=
∫ v

0 f (σ, v
′, x, t)dv′. We have(∂tF)(σ, v, x, t)� |v||βf | a.e.

Combining (2.2.21)–(2.2.24) and using (3.4.10) and (3.2.16) we obtain that

1

4
κ(p)

∥∥∂tσ (n)
∥∥3

3 �
∥∥∂tv(n)

∥∥
2

(
γf
∥∥∂tσ (n)

∥∥
2+ ‖βf ‖2

)
, (2.2.25)

∥∥∂tv(n)
∥∥2

2 � h(p)
∥∥∂tσ (n)

∥∥2
2+ γf

∥∥σ (n)
∥∥

2

∥∥∂tv(n)
∥∥

2+ ‖βf ‖2
∥∥v(n)

∥∥
2. (2.2.26)

We now use the embedding inequalities

∥∥∂tσ (n)
∥∥

2 � T 1/6
∥∥∂tσ (n)

∥∥
3,

∥∥σ (n)
∥∥

2 �
T

2π

∥∥∂tσ (n)
∥∥

2, (2.2.27)

∥∥v(n)
∥∥

2 �
T

2π

∥∥∂tv(n)
∥∥

2
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(note that bothσ (n)(x, ·) andv(n)(x, ·) have zero average on[0, T ]) and set

x(p)= 1

p
sup
{∥∥∂tσ (n)

∥∥
3;
∥∥σ (n)

∥∥
∞ � p

}
,

y(p)= 1

p
sup
{∥∥∂tv(n)

∥∥
2;
∥∥σ (n)

∥∥
∞ � p

}
, (2.2.28)

z(p)= 1

p
sup
{∥∥∂xσ (n)

∥∥
2;
∥∥σ (n)

∥∥
∞ � p

}
,

where the supremum is taken over all possible solutions of (2.2.16)–(2.2.19) and over all
n ∈N. From (2.2.25)–(2.2.28) we obtain

1

4
pκ(p)x3(p)� y(p)

(
T 1/6γf x(p)+

‖βf ‖2

p

)
, (2.2.29)

y2(p)� T 1/3h(p)x2(p)+ T

2π

y(p)

(
T 1/6γf x(p)+

‖βf ‖2

p

)
, (2.2.30)

and an elementary computation based on hypothesis (2.1.1) and (2.1.8) yields that

lim sup
p→∞

√
h(p)x(p)� 4T 1/3γf q, lim sup

p→∞
y(p)� 4T 1/2γf q. (2.2.31)

We estimatez(p) using (2.2.16), which yields
∥∥∂xσ (n)

∥∥
2 �

∥∥∂tv(n)
∥∥

2+
∥∥f 0

∥∥
2+ γf

(∥∥σ (n)
∥∥

2+
∥∥v(n)

∥∥
2+

∥∥σ̂ (n)s

∥∥
2

)

�

(
1+ T

2π

γf

)∥∥∂tv(n)
∥∥

2+
T

2π

γf
∥∥∂tσ (n)

∥∥
2+

∥∥f 0
∥∥

2

+ T 1/2γf

(∫ 1

0

∣∣σ̂ (n)s (x)
∣∣2 dx

)1/2

. (2.2.32)

To estimate the last term on the right-hand side of (2.2.32), we use (2.2.19) and obtain

d

dx

∣∣σ̂ (n)s (x)
∣∣ � s

T

∫ 2T

T

∣∣f
(
σ (n) + σ̂ (n)s , v(n), x, t

)∣∣dt

� γf
∣∣σ̂ (n)s (x)

∣∣+ 1

T

∫ 2T

T

∣∣f 0(x, t)
∣∣dt

+ γf

T

∫ 2T

T

(∣∣σ (n)
∣∣+

∣∣v(n)
∣∣)(x, t)dt, (2.2.33)

hence

max
x∈[0,1]

∣∣σ̂ (n)s (x)
∣∣� eγf

(
|ρ| + T −1/2(∥∥f 0

∥∥
2+ γf

(∥∥σ (n)
∥∥

2+
∥∥v(n)

∥∥
2

)))
.

(2.2.34)
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Combining (2.2.32) with (2.2.34) yields

∥∥∂xσ (n)
∥∥

2 � T 1/2γf eγf |ρ| +
(
1+ γf eγf

)∥∥f 0
∥∥

2

+
(

1+ T

2π

γf
(
1+ γf eγf

))∥∥∂tv(n)
∥∥

2

+ γf
T 7/6

2π

(
eγf + 1

)∥∥∂tσ (n)
∥∥

3, (2.2.35)

hence in view of (2.2.31),

lim sup
p→∞

z(p)� 4T 1/2γf q

(
1+ T

2π

γf
(
1+ γf eγf

))
. (2.2.36)

By virtue of (2.1.2), (2.1.8), (2.2.31) and (2.2.36), we may choosep∞ > 0 such that

M
(
x(p)+ z(p)

)
< 1 for p � p∞. (2.2.37)

In other words, from (2.0.21), (2.2.28) and (2.2.37), it follows that whenever we have a
solution of (2.2.16)–(2.2.19), then the implication

(
p � p∞,

∥∥σ (n)
∥∥
∞ � p

)
"⇒

∥∥σ (n)
∥∥
∞ <p (2.2.38)

holds, hence‖σ (n)‖∞ <p∞ independently ofn ∈N. From (2.2.17), (3.2.16) and (2.2.31),
we further obtain that‖∂xv(n)‖3 � h(p∞)‖∂tσ (n)‖3 � p∞h(p∞)x(p∞), ‖∂tv(n)‖2 �

p∞y(p∞), hence also‖v(n)‖∞ < M ′p∞(h(p∞)x(p∞) + y(p∞)) as a consequence
of (2.0.21). We thus proved conjecture (2.2.20) which implies that (2.2.16)–(2.2.19) has
a solution for everyn ∈ N. Moreover, we have found a bound independent ofn for σ (n)

in H
2,3
T and for v(n) in H

3,2
T . Using the compact embedding (2.0.20), we may find a

subsequence (still indexed byn) and some elementsσ ∗ ∈ H 2,3
T andv ∈ H 3,2

T such that∫ 2T
T

v(x, t)dt =
∫ 2T
T

σ ∗(x, t)dt = 0 a.e., and

v(n)→ v, σ (n)→ σ ∗ uniformly, (2.2.39)

∂tv
(n)→ ∂tv, ∂xσ

(n)→ ∂xσ
∗ weakly inL2

T , (2.2.40)

∂xv
(n)→ ∂xv, ∂tσ

(n)→ ∂tσ
∗ weakly inL3

T . (2.2.41)

We can pass to the limit asn→∞ in (2.2.11)–(2.2.14) and findε∗ ∈ C0
T , σ̂ ∈W1,2(0,1)

such that

ε∗(x, t)=F
[
λ,σ ∗

]
(x, t), (2.2.42)

d

dx
σ̂ (x)=− 1

T

∫ 2T

T

f
(
σ ∗ + σ̂ , v, x, τ

)
dτ, σ̂ (0)= ρ, (2.2.43)
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∫ 2T

T

∫ 1

0

(
∂tv − ∂xσ

∗ − f
(
σ ∗ + σ̂ , v, x, t

))
ϑ(x, t)dx dt = 0, (2.2.44)

∫ 2T

T

∫ 1

0

(
∂tε

∗ − ∂xv
)
ϑ(x, t)dx dt = 0 (2.2.45)

for every test functionϑ ∈ L2
T such that

∫ 2T
T

ϑ(x, t)dt = 0 a.e. We now obtain (2.2.1)–
(2.2.2) (and thus complete the proof of Theorem 2.1.2) by puttingϑ = ∂tv − ∂xσ

∗ −
f (σ ∗ + σ̂ , v, x, t) + (1/T )

∫ 2T
T

f (σ ∗ + σ̂ , v, x, τ )dτ in (2.2.44), andϑ = ∂tε
∗ − ∂xv

in (2.2.45).

2.3. Uniqueness

In this subsection, we prove Theorem 2.1.3. Since the nonlinearityf is now independent
of σ , the counterpart of (2.2.1)–(2.2.5) reads

∂tv = ∂xσ
∗ + f (v, x, t)− 1

T

∫ 2T

T

f (v, x, τ )dτ, (2.3.1)

∂tε
∗ = ∂xv, (2.3.2)

ε∗ =F
[
λ,σ ∗

]
, (2.3.3)

d

dx
σ̂ (x)=− 1

T

∫ 2T

T

f (v, x, τ )dτ, σ̂ (0)= ρ, (2.3.4)

together with theT -periodicity condition and

v(0, t)= v(1, t)= 0,
∫ 2T

T

v(x, t)dt =
∫ 2T

T

σ ∗(x, t)dt = 0. (2.3.5)

We will not repeat all details of the existence proof which exactly follows the lines
of the proof of Theorem 2.1.2. Estimates analogous to (2.2.25)–(2.2.26) for the system
(2.3.1)–(2.3.5) have the form

1

4
κ(p)

∥∥∂tσ (n)
∥∥3

3 � ‖βf ‖2
∥∥∂tv(n)

∥∥
2, (2.3.6)

∥∥∂tv(n)
∥∥2

2 � h(p)
∥∥∂tσ (n)

∥∥2
2+ ‖βf ‖2

∥∥v(n)
∥∥

2 (2.3.7)

which, with the notation of (2.2.28), yields similarly as in (2.2.31) that

lim sup
p→∞

√
h(p)x(p)� 2T 1/12q̃

√
‖βf ‖2,

(2.3.8)
lim sup
p→∞

y(p)� 2T 1/4q̃
√
‖βf ‖2.
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Instead of (2.2.32) we directly have

∥∥∂xσ (n)
∥∥

2 �

(
1+ T

2π

γf

)∥∥∂tv(n)
∥∥

2+
∥∥f 0

∥∥
2, (2.3.9)

and the rest of the existence argument is identical to the one in the previous subsection.
To prove the uniqueness, we consider two solutions(v1, σ

∗
1 ), (v2, σ

∗
2 ) of (2.3.1)–(2.3.5)

(with ε∗i , σ̂i , i = 1,2, having the corresponding meaning) associated with two different val-
uesρ1, ρ2 of ρ in (2.3.4). Set̄v = v1−v2, σ̄ = σ ∗1 −σ ∗2 , ε̄ = ε∗1−ε∗2. Asf is nonincreasing
in v, we obtain from (2.3.1)–(2.3.2) that

∫ 2T

T

∫ 1

0
∂t ε̄ σ̄ dx dt =

∫ 2T

T

∫ 1

0
v̄
(
f (v1, x, t)− f (v2, x, t)

)
dx dt � 0. (2.3.10)

By Proposition 3.3.2, there existsσ 0 ∈W1,2(0,1) such thatσ̄ (x, t)= σ 0(x) for t � T . In
view of (2.3.5), we haveσ 0≡ 0, henceσ ∗1 = σ ∗2 , consequently alsoε∗1 = ε∗2 andv1= v2.
We thus have

σ̂1(x)= σ̂2(x)= ρ1− ρ2 (2.3.11)

for all x ∈ [0,1], and the uniqueness follows.

REMARK 2.3.1. The ambiguity due to the arbitrary choice ofρ in (2.3.4) can be removed
by considering the Dirichlet boundary conditions in displacements instead of velocities.
More specifically, we denote by(v, σ ∗, σ̂0) the solution of (2.3.1)–(2.3.5) corresponding
to ρ = 0. We know from (2.3.11) that(v, σ ∗, σ̂0+ ρ) is then the solution to (2.3.1)–(2.3.5)
for anyρ. For (x, t) ∈ [0,1] × [T ,∞[ andρ ∈R set

ε(ρ)(x, t)=F
[
λ,σ ∗ + σ̂0+ ρ

]
(x, t),

(2.3.12)

u(ρ)(x, t)=
∫ t

T

v
(
x, t ′

)
dt ′ +

∫ x

0
ε(ρ)

(
x′, T

)
dx′.

We then have∂tu(ρ) = v, ∂xu(ρ) = ε(ρ), u(ρ)(x, t + T )= u(ρ)(x, t) for all (x, t) ∈ [0,1] ×
[T ,∞[, andu(ρ)(1, t)=

∫ 1
0 ε

(ρ)(x, T )dx. We claim that

∃!ρ ∈R, u(ρ)(1, t)= 0 ∀t � T . (2.3.13)

This conjecture follows from the fact that forρ1 > ρ2 we have by (3.3.6) and (2.3.11) that
ε(ρ1)(x, t)− ε(ρ2)(x, t)� h(0)(ρ1− ρ2), and thatε(ρ) depends continuously onρ.
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2.4. Asymptotic stability

This subsection is devoted to the proof of Theorem 2.1.6. Forλ1, λ2 ∈ C([0,1];ΛK),
(v1, σ1), (v2, σ2) ∈ B, we define the functional

V (λ1, λ2, v1, v2, σ1, σ2)(t)

=
∫ 1

0

(
h(0)(σ1− σ2)

2+ (v1− v2)
2)dx

+
∫ 1

0

∫ ∞

0

(
pr [λ1, σ1] − pr [λ2, σ2]

)2 dh(r)dx. (2.4.1)

Using (3.3.2) we check that whenever(vi, σi) for i = 1,2 are solutions of (1.2.1) with the
respective choice ofλ= λi , then

d

dt
V (λ1, λ2, v1, v2, σ1, σ2)(t)� 0 a.e. (2.4.2)

Forn ∈N andx ∈ [0,1], t � 0, r � 0, we define the sequences

vn(x, t)= v(x, t + nT ),

σn(x, t)= σ(x, t + nT ), (2.4.3)

λn(x, r)= pr
[
λ(·, ·), σ (·, ·)

]
(nT ).

By Lemma 3.1.2 and Proposition 3.1.1, we haveλn ∈ C([0,1];ΛK) for all n, and putting
εn(x, t)=F[λ,σ ](x, t + nT ) we obtain, for allx ∈ [0,1] andt � 0, that

εn(x, t)=F[λn, σn](x, t). (2.4.4)

The sequence{(vn, σn);n ∈ N} is equibounded inB; there exists therefore a subse-
quence{nk} in N and an element(v, σ ) ∈ B such that

(∂tvnk , ∂xvnk , ∂tσnk , ∂xσnk )→ (∂tv, ∂xv, ∂tσ, ∂xσ)

weakly-star inL∞
(
0,∞;L2(0,1)

)
,

(2.4.5)
(vnk , σnk )→ (v, σ )

locally uniformly in [0,1] × [0,∞[.

From (3.1.14) it follows that{λn} is an equibounded and equicontinuous sequence in
C([0,1];ΛK). SinceΛK is a compact subset ofC[0,K ], we may use the Arzelà–Ascoli
theorem and assume that the subsequence{nk} is such that

λnk → λ ∈ C
(
[0,1];ΛK

)
uniformly in [0,1] × [0,K ]. (2.4.6)
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All elements(vn, σn) are solutions to (1.2.1) withεn given by (2.4.4). Passing to the limit
asnk→∞ we conclude that(v, σ ) is a solution to (1.2.1). For allk ∈N we have by (2.4.2)
that

d

dt
V (λnk , λ, vnk , v, σnk , σ )(t)� 0 a.e., (2.4.7)

hence

sup
t�0

V (λnk , λ, vnk , v, σnk , σ )(t)� V (λnk , λ, vnk , v, σnk , σ )(0). (2.4.8)

The right-hand side of (2.4.8) tends to 0 ask→∞, and we conclude that

lim
k→∞

sup
t�0

∫ 1

0

(
|vnk − v|2+ |σnk − σ |2

)
(x, t)dx = 0. (2.4.9)

We now prove that bothv andσ areT -periodic. Putv+(x, t) = v(x, t + T ), σ+(x, t) =
σ(x, t + T ), λ+(x, r)= pr [λ(·, ·), σ (·, ·)](T ), and

β = lim
t→∞

V (λ+, λ, v+, v, σ+, σ )(t)� 0. (2.4.10)

For all t � 0 we have

β = lim
k→∞

V (λnk+1, λnk , vnk+1, vnk , σnk+1, σnk )(t)

= V (λ+, λ, v+, v, σ+, σ )(t), (2.4.11)

hence d
dt V (λ+, λ, v+, v, σ+, σ ) = 0 a.e. in[0,∞[. By construction we haveλ+(x,0) =

σ+(x,0), λ(x,0) = σ(x,0) for all x ∈ [0,1]. From Proposition 3.3.2 it follows that
there exists a functionR(x, t) such thatR(x, ·) is nondecreasing for everyx and
σ+(x, t)− σ(x, t)= λ+(x,R(x, t))− λ(x,R(x, t)). For everyx there exists therefore the
limit σ∞(x)= limt→∞(σ+(x, t)− σ(x, t))= limt→∞(σ (x, t + T )− σ(x, t)). Sinceσ is
bounded, we have

lim
t→∞

(
σ+(x, t)− σ(x, t)

)
= 0 ∀x ∈ [0,1]. (2.4.12)

Using again Proposition 3.3.2, we similarly obtain

lim
t→∞

(
pr [λ+, σ+](x, t)− pr [λ,σ ](x, t)

)
= 0 ∀x ∈ [0,1],∀r > 0. (2.4.13)

Let δ > 0 be arbitrarily given. We fix somem ∈ N andtm > 0 such that for allt � tm and
all j = 1, . . . ,m, we have

∣∣∣∣σ
(
j

m
, t + T

)
− σ

(
j

m
, t

)∣∣∣∣<
δ

2
. (2.4.14)
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For eachy ∈ [(j − 1)/m, j/m] andt � 0, we have

∣∣∣∣σ(y, t)− σ

(
j

m
, t

)∣∣∣∣�
1√
m

(∫ j/m

(j−1)/m

∣∣∂xσ(x, t)
∣∣2 dx

)1/2

�
C√
m

(2.4.15)

with some constantC independent oft andm. We thus can findt∗ > 0 such that

∣∣σ(·, t + T )− σ(·, t)
∣∣
L∞(0,1) < δ for t � t∗. (2.4.16)

Let ℓ ∈N be such that, by virtue of (2.4.9), we have

∣∣∣∣
∫ 1

0

∣∣σ(x, ·)− σnk (x, ·)
∣∣2 dx

∣∣∣∣
L∞(0,∞)

< δ2 for k � ℓ. (2.4.17)

Put t∗∗ = t∗ + nℓT . For s � T ∗∗, we haves − nℓT � t∗, hence

∣∣σ(·, s + T )− σ(·, s)
∣∣
L2(0,1) �

∣∣σ(·, s + T )− σ(·, s − nℓT + T )
∣∣
L2(0,1)

+
∣∣σ(·, s − nℓT + T )− σ(·, s − nℓT )

∣∣
L2(0,1)

+
∣∣σ(·, s − nℓT )− σ(·, s)

∣∣
L2(0,1)

� 3δ. (2.4.18)

Let now t � 0 be arbitrary. We fixk � ℓ such thatt + nkT � t∗∗. Then

∣∣σ(·, t + T )− σ(·, t)
∣∣
L2(0,1) �

∣∣σ(·, t + T )− σnk (·, t + T )
∣∣
L2(0,1)

+
∣∣σ(·, t + nkT + T )− σ(·, t + nkT )

∣∣
L2(0,1)

+
∣∣σ(·, t)− σnk (·, t)

∣∣
L2(0,1)

� 5δ. (2.4.19)

Since δ > 0 was arbitrary, we obtainσ(x, t + T ) = σ(x, t) for all x and t , and from
the fact that(v, σ ) is a solution to (1.2.1) we obtain alsov(x, t + T ) = v(x, t). Using
(2.4.11) and (2.4.13) we obtainβ = 0 andλ+ = λ.

To conclude the proof, consider the sequence

dn := V (λn, λ, vn, v, σn, σ )(0). (2.4.20)

By (2.4.2), we havedn+1 � dn for all n ∈ N. As dnk → 0, the whole sequence{dn} con-
verges to 0 and using (2.4.2) again, we obtain

lim
n→∞

sup
t�0

∫ 1

0

(
|vn − v|2+ |σn − σ |2

)
(x, t)dx = 0. (2.4.21)
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Combining (2.4.21) with the elementary interpolation inequality

|w|L∞(0,1) � |w|L2(0,1) + 2|w|1/2
L2(0,1)

|∂xw|1/2L2(0,1)
,

we see that the whole sequence{(vn, σn)} converges uniformly to(v, σ ) in [0,1]× [0,∞[.
It remains to prove that (2.1.13) holds. To this end, we consider again anyδ > 0 and findn0

such that|vn(x, t) − v(x, t)| + |σn(x, t) − σ(x, t)| < δ for all (x, t) and alln � n0. For
t � n0T we findn� n0 such thatt − nT ∈ [0, T ]. Then

∣∣v(·, t)− v(·, t)
∣∣
L∞(0,1) +

∣∣σ(·, t)− σ(·, t)
∣∣
L∞(0,1)

=
∣∣vn(·, t − nT )− v(·, t − nT )

∣∣
L∞(0,1)

+
∣∣σn(·, t − nT )− σ(·, t − nT )

∣∣
L∞(0,1) < δ, (2.4.22)

and Theorem 2.1.6 is proved.

3. Hysteresis operators

The first axiomatic approach to hysteresis was proposed by Madelung in [19], and a basic
mathematical theory of hysteresis operators has been developed by Krasnosel’skii and his
collaborators. The results of this group are summarized in the monograph [10] which con-
stitutes until now the main source of reference on hysteresis. Our presentation here is based
on more recent results from [14] which are needed here, in particular the energy inequal-
ities in Section 3.4. The so-calledplay operatorintroduced in [10] is the main building
block of the theory.

3.1. The play operator

For our purposes, it is convenient to work in the spaceGR(R+) of right-continuous
regulated functions of timet ∈ R+, that is, functionsw :R+→ R which admit the left
limit w(t−) at each pointt > 0, and the right limitw(t+) exists and coincides withw(t)
for eacht � 0. More information about regulated functions can be found, e.g., in [1,2,7,
16,24].

We endow the spaceGR(R+) with the system of seminorms

‖w‖[0,t] = sup
{∣∣w(τ)

∣∣; τ ∈ [0, t]
}

for w ∈GR(R+) andt ∈R+. (3.1.1)

With the metric

∆(u,v)= sup
T>0

‖u− v‖[0,T ]
1+ ‖u− v‖[0,T ]

for u,v ∈GR(R+), (3.1.2)



Long-time behavior of solutions to hyperbolic equations with hysteresis 353

Fig. 1. OptimalBV-approximation.

the setGR(R+) becomes a Fréchet space. Similarly,BVloc
R (R+) will denote the space of

right-continuous functions of bounded variation on each interval[0, T ] for anyT > 0 and
C(R+) is the space of continuous functions onR+. We haveBVloc

R (R+) ⊂GR(R+) and
the embedding is dense, whileC(R+) is a closed subspace ofGR(R+).

The uniform approximation problem for real-valued regulated functions by functions
of bounded variation has actually an interesting solution. For eachw ∈ GR(R+), a pa-
rameterr > 0 and an initial conditionξ0

r ∈ [w(0) − r,w(0) + r], there exists a unique
ξr ∈ BVloc

R (R+) in ther-neighborhood ofw with minimal total variation, that is (see Fig-
ure 1 forξ0

r =w(0)),

∣∣w(t)− ξr(t)
∣∣� r ∀t � 0, (3.1.3)

ξr(0)= ξ0
r , (3.1.4)

Var
[0,t]

ξr =min
{

Var
[0,t]

η;η ∈ BVloc
R (R+),= ξ0

r ,‖w− η‖[0,t] � r
}
∀t > 0.

(3.1.5)

This result goes back to A. Vladimirov and V. Chernorutskii for the case of continuous
functionsw; for a proof see [23]. An extension toL∞(R+) has been done in [17]. The
functionξr can also be characterized as the unique solution of the variational inequality

∣∣w(t)− ξr(t)
∣∣� r ∀t � 0, (3.1.6)

ξr(0)= ξ0
r , (3.1.7)

∫ t

0

(
w(τ)− ξr(τ )− y(τ)

)
dξr(τ )� 0 ∀t � 0,∀y ∈GR(R+),‖y‖[0,t] � r,

(3.1.8)

where the integration in (3.1.8) is understood in the Young or Kurzweil sense, see [16,17].
If moreover,w is continuous, thenξr is continuous, we can restrict ourselves to continuous
test functionsy, and (3.1.8) can be interpreted as the usual Stieltjes integral.
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Fig. 2. A diagram of the play.

LetW1,1
loc (R+) denote the space of absolutely continuous functions onR+. It is an easy

exercise to show that ifw ∈ W1,1
loc (R+), then the solutionξr to (3.1.6)–(3.1.8) belongs

toW1,1
loc (R+) and fulfills the variational inequality

ξ̇r(t)
(
w(t)− ξr(t)− y

)
� 0 a.e. ∀y ∈ [−r, r]. (3.1.9)

Let us consider the mappinĝpr :R×GR(R+)→ BVloc
R (R+) which with eachξ̂0

r ∈R and
w ∈GR(R+) associates the solutionξr of (3.1.6)–(3.1.8) with

ξ0
r =max

{
w(0)− r,min

{
w(0)+ r, ξ̂0

r

}}
. (3.1.10)

Then p̂r is a hysteresis operator called theplay, and alternative equivalent definitions of
the play can be found in [3,10,25]. Figure 2 shows a typicalw–ξr diagram. The horizontal
parts of the graph are reversible, motions along the linesξr =w± r are irreversible.

More complex hysteresis behavior can be modelled by considering the whole fam-
ily {ξr}r>0 corresponding to a givenw ∈ GR(R+). In fact, [3], Theorem 2.7.7 shows
that a very large class of hysteresis operators admits a representation by means the one-
parametric play system which accounts for thehysteresis memoryand the parameterr
plays the role ofmemory variable. We introduce thehysteresis state space

Λ=
{
λ :R+→R;

∣∣λ(r)− λ(s)
∣∣� |r − s| ∀r, s ∈R+, lim

r→+∞
λ(r)= 0

}
,

(3.1.11)

and choose the initial condition{ξ̂0
r }r>0 in the form

ξ̂0
r = λ(r) for r > 0, (3.1.12)

whereλ ∈Λ is given. We define the operatorspr :Λ×GR(R+)→ BVloc
R (R+) for r > 0

by the formula

pr [λ,w] = p̂r
[
λ(r),w

]
(3.1.13)



Long-time behavior of solutions to hyperbolic equations with hysteresis 355

for λ ∈ Λ andw ∈ GR(R+). Consistently with the definition, we setp0[λ,w](t) = w(t)

for all t � 0.
The following result was proved in [14,17].

PROPOSITION3.1.1. For everyλ ∈Λ,w ∈GR(R+) andt � 0, the mappingr �→ λt (r)=
pr [λ,w](t) belongs toΛ, and for allλ1, λ2 ∈Λ, w1,w2 ∈GR(R+) and t � 0, we have

∣∣pr [λ1,w1](t)− pr [λ2,w2](t)
∣∣

� max
{∣∣λ1(r)− λ2(r)

∣∣,‖w1−w2‖[0,t]
}
∀r � 0. (3.1.14)

The play operator thus generates for everyt � 0 a continuousstate mappingΠt :Λ×
GR(R+)→Λwhich with each(λ,w) ∈Λ×GR(R+) associates the stateλt ∈Λ at timet .

In order to study further properties of the play, we first derive an explicit formula
for pr [λ,w] if w is a step function of the form

w(t)=
m∑

k=1

wk−1χ[tk−1,tk[(t) for t � 0 (3.1.15)

with some givenwi ∈R, i = 0,1, . . . ,m− 1, where 0= t0 < t1 < · · ·< tm−1 < tm =+∞
is a given sequence andχA for A ⊂ R is the characteristic function of the setA, that is,
χA(t)= 1 for t ∈A, χA(t)= 0 otherwise. We define analogously to (3.1.10) forλ ∈Λ and
v ∈R the functionP [λ,v] :R+→R by the formula

P [λ,v](r)=max
{
v− r,min

{
v+ r, λ(r)

}}
, (3.1.16)

see Figure 3. In particular,P can be considered as a mapping fromΛ×R to Λ. One can
directly check as a one-dimensional counterpart of [16], Proposition 4.3, using the Young
or Kurzweil integral calculus and the inequality

(
P [λ,v](r)− λ(r)

)(
v− P [λ,v](r)− z

)
� 0 ∀|z|� r (3.1.17)

that we have

ξr(t)=
m∑

k=1

ξ
(r)
k−1χ[tk−1,tk[(t) for t � 0, (3.1.18)

with

ξ
(r)
k = λk(r), λk = P [λk−1,wk], λ−1= λ, (3.1.19)

for k = 0, . . . ,m− 1, see Figure 3.
Every functionw ∈GR(R+) can be approximated uniformly on every compact interval

by step functions of the form (3.1.15). Proposition 3.1.1 enables us to extend (3.1.19)



356 P. Krejčí

Fig. 3. Distribution of play operators in consecutive times.

to the whole spaceGR(R+) and obtain for a functionw ∈ GR(R+) which is monotone
(nondecreasing or nonincreasing) in an interval[t0, t1] the representation formula

pr [λ,w](t) = P
[
λt0,w(t)

]
(r)

=max
{
w(t)− r,min

{
w(t)+ r, λt0(r)

}}
(3.1.20)

for t ∈ [t0, t1], see Figure 2. It is perhaps interesting to note that (3.1.20) has originally been
used in [10] as alternative definition of the play on continuous piecewise monotone inputs,
extended afterwards by density and continuity to the whole space of continuous functions.

More generally, the play possesses thesemigroup propertyas a time-continuous version
of (3.1.19), namely

pr [λ,w](t + s)= pr
[
λs,w(s + ·)

]
(t) (3.1.21)

for all w ∈GR(R+), λ ∈Λ ands, t � 0.
The choice (3.1.11) of the state space is justified by the fact that it consists of elements

which areasymptotically reachable from the reference initial stateλ≡ 0, that is,

∀λ ∈Λ,∃w ∈GR(R+),∀ε > 0,∃T > 0,

sup
r>0

∣∣λ(r)− pr [0,w](T )
∣∣< ε. (3.1.22)

Instead of a formal proof of this statement, we rather illustrate the construction ofw on
Figure 4. We set for instanceTk = 2k for k = 0,1,2, . . . and fix a sequenceεk → 0 as
k→∞. The functionw will be defined as a step function successively in[Tk, Tk+1] with
a maximum absolute value atTk + 1 and with jumps of decreasing amplitude at points
Tk + 1< t1 < t2 < · · ·< Tmk

< Tk+1. The graph of the functionλk(r)= pr [0,w](Tk+1) is
piecewise affine with alternating slopes+1 and−1 for 0� r � |w(Tk + 1)|, and is chosen
so as|λ(r)− λk(r)|< εk for k = 0,1,2, . . . .
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Fig. 4. Construction ofw in (3.1.22) at timesTk + 1< t1 < t2 < t3 < Tk+1.

Consider now a subsetΛK of the state spaceΛ defined as

ΛK =
{
λ ∈Λ;λ(r)= 0 for r �K

}
(3.1.23)

for anyK > 0. We now prove another property of the play which is used several times
throughout the text.

LEMMA 3.1.2. Letw ∈GR(R+) and t � 0 be given. Set

wmax(t)= sup
τ∈[0,t]

w(τ), wmin(t)= inf
τ∈[0,t]

w(τ). (3.1.24)

Then for allλ ∈Λ andr > 0, we have

pr [λ,w](τ )� max
{
λ(r),wmax(t)− r

}
∀τ ∈ [0, t], (3.1.25)

pr [λ,w](τ )� min
{
λ(r),wmin(t)+ r

}
∀τ ∈ [0, t], (3.1.26)

pr [λ,w](t)= λ(r) for r >
∥∥mλ

(
w(·)

)∥∥
[0,t], (3.1.27)

where forv ∈ R we putmλ(v) = inf{r � 0; |λ(r) − v| = r}. In particular, for K > 0,
λ ∈ΛK we haveλt ∈ΛKt for all t � 0, whereKt =max{K,‖w‖[0,t]}.

PROOF. By density and continuity, it suffices to prove the assertion for step functionsw

of the form (3.1.15) using the recurrent formula (3.1.19). We show by induction that

λk−1(r)� max
{
λ(r),wmax(t)− r

}
∀r � 0, (3.1.28)

for every tk−1 � t . Indeed, (3.1.28) holds fork = 0. Assume now that for somek > 0,
tk−1 � t andr > 0, we haveλk−1(r) > wmax(t) − r . By virtue of (3.1.16), (3.1.19) and
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of the induction hypothesis, we haveλ(r) � λk−2(r) > wmax(t) − r , henceλk−1(r) �

λk−2(r) � λ(r), and (3.1.25) follows. The proof of (3.1.26) is similar. To check (3.1.27),
we notice that the functionr �→ r − |v − λ(r)| is nondecreasing for everyv ∈ R, hence
for r > ‖mλ(w(·))‖[0,t] and for allτ ∈ [0, t] we have|λ(r) − w(τ)| � r , that is,λ(r) −
r � w(τ) � λ(r)+ r . Then (3.1.16), (3.1.19) yield immediately thatλk−1(r)= λ(r). For
λ ∈ΛK andv ∈ R we have max{K, |v|}�mλ(v), and using (3.1.27) we easily complete
the proof. �

Let us derive some consequences from Lemma 3.1.2. Assume thatmλ(w(·)) attains at a
point t̄ � 0 its maximum over[0, t̄ ], that is,

r̄ :=mλ

(
w
(
t̄
))
=
∥∥mλ

(
w(·)

)∥∥
[0,t̄]. (3.1.29)

The casēr = 0 is trivial, as it impliesw(t)= λ(0) for all t ∈ [0, t̄ ]. For r̄ > 0 we distinguish
the cases

(i) w(t̄ )= λ(r̄)+ r̄ ,
(ii) w(t̄ )= λ(r̄)− r̄ .

If (i) holds andw(t) > w(t̄ ) for somet ∈ [0, t̄ ], thenλ(r̄)+ r̄ < w(t), hencemλ(w(t)) > r̄

which contradicts (3.1.29). We thus havew(t̄ ) = wmax(t̄ ), and Lemma 3.1.2 together
with (3.1.6) yield

pr [λ,w]
(
t̄
)
=max

{
λ(r),w

(
t̄
)
− r
}
. (3.1.30)

Similarly, in the case (ii) we havew(t̄ )=wmin(t̄ ) and

pr [λ,w]
(
t̄
)
=min

{
λ(r),w

(
t̄
)
+ r
}
. (3.1.31)

From the above considerations we conclude the following corollary.

COROLLARY 3.1.3. Let w ∈ GR(R+) be T -periodic, that is, w(t + T ) = w(t) for all
t � 0, with a fixed periodT > 0. Thenpr [λ,w] is T -periodic for t � T , for all λ ∈Λ.

PROOF. We may again consider only step functionsw and then pass to the uniform limit,
if necessary. The functionmλ(w(·)) is T -periodic and attains its maximum at some point
t̄ ∈ [0, T ], hence also at all points̄t + kT , k ∈N. From (3.1.30)–(3.1.31) and the semigroup
property (3.1.21) we obtain the assertion. �

3.2. Prandtl–Ishlinskii operator

We describe here a construction which has been suggested in [8,21] as a model for elasto-
plastic hysteresis. Each individual play represents a rigid–plastic element with kinematic
hardening, and their linear superposition corresponds to a combination in series of such
elements. A passage to the whole one-parametric continuum of plays can be done by ho-
mogenization, see, e.g., [6].
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Given a distribution functionh ∈ BVloc
R (R+), we define the value of thePrandtl–

Ishlinskii operatorF :Λ×GR(R+)→GR(R+) generated byh for an initial stateλ ∈Λ
an inputw ∈GR(R+) by the formula

F[λ,w](t)= h(0)w(t)+
∫ ∞

0
pr [λ,w](t)dh(r). (3.2.1)

By (3.1.27), the definition is meaningful if and only if

∫ ∞

0
λ(r)dh(r) <∞. (3.2.2)

This is always true if, for instance,λ ∈ΛK for someK > 0. The function

H(s)=
∫ s

0
h(r)dr (3.2.3)

is the so-calledinitial loading curvewhich depicts the reaction of a hysteresis system
with no previous memory to an input which monotonically increasing from zero. In-
deed, assumingλ≡ 0,w(0)= 0 andw increasing in[0, T ], we obtain from (3.1.20) that
pr [λ,w](t)= P [0,w(t)](r)=max{w(t)− r,0}, hence

F[λ,w](t)= h(0)w(t)+
∫ w(t)

0

(
w(t)− r

)
dh(r)=H

(
w(t)

)
. (3.2.4)

Let us have a short look at the hysteresis branches starting from the initial loading curve
at timet0. Assume thatw(t0) > 0, λt0 =max{w(t0)− r,0} and thatw decreases in[t0, t1],
t1 > t0, w(t1) >−w(t0). By (3.1.20) we have

pr [λ,w](t)=





w(t)+ r for 0< r < 1
2

(
w(t0)−w(t)

)
,

w(t0)− r for 1
2

(
w(t0)−w(t)

)
� r < w(t0),

0 for w(t0)� r,

(3.2.5)

hence

F[λ,w](t)=H
(
w(t0)

)
− 2H

(
1

2

(
w(t0)−w(t)

))
. (3.2.6)

A similar computation in the casew(t0) < 0,λt0 =min{w(t0)+r,0},w increases in[t0, t1],
t1 > t0, w(t1) <−w(t0), yields

F[λ,w](t)=H
(
w(t0)

)
+ 2H

(
1

2

(
w(t)−w(t0)

))
. (3.2.7)

We see that the hysteresis branches are homothetic copies with factor 2 of the initial loading
curve, reversed ifw decreases. This phenomenon is known in plasticity as the “Masing
law”. Figure 5 shows two typical situations, whereh(r)� 0 and
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Fig. 5. Clockwise and counterclockwise hysteresis inζ(t)=F [0,w](t).

• eitherh is nondecreasing and the loops are oriented counterclockwise,
• or h is nonincreasing and the loops are oriented clockwise.

We will see below that the orientation of the loops is important for the energy dissipation
properties of the model. Furthermore, it was shown in [11] that the two cases correspond
to mutually inverse operators associated with mutually inverse initial loading curves (note
that ifH is convex, thenH−1 is concave and vice versa). The following result is a variant
of [14], Corollary II.3.4.

PROPOSITION 3.2.1. Let h ∈ BVloc
R (R+) be such thath(r) > 0 for all r > 0, and let

H given by(3.2.3) be unbounded. Let H−1 be the inverse function toH , let F̂ be the
Prandtl–Ishlinskii operator of the form(3.2.1)generated bŷh = dH−1/dr . Then for all
w ∈GR(R+), K > 0, λ ∈ΛK and t � 0, we have

F̂
[
µ,F[λ,w]

]
(t)=w(t), (3.2.8)

whereµ ∈ΛH(K) is given fors � 0 by the formula

µ(s)=−
∫ ∞

H−1(s)

λ′(r)h(r)dr. (3.2.9)

The local Lipschitz continuity ofF follows immediately from Proposition 3.1.1 and
Lemma 3.1.2, and we state the result explicitly as follows.

PROPOSITION3.2.2. Let h ∈ BVloc
R (R+) andK > 0 be given, and letF be the opera-

tor (3.2.1).Then for allw1,w2 ∈GR(R+), λ1, λ2 ∈ΛK and t � 0, we have

∣∣F[λ1,w1](t)−F[λ2,w2](t)
∣∣

�
∣∣h(0)

∣∣∣∣w1(t)−w2(t)
∣∣

+
(

Var
[0,R(t)]

h
)

max
{
‖λ1− λ2‖[0,K],‖w1−w2‖[0,t]

}
, (3.2.10)

whereR(t)=max{K,‖w1‖[0,t],‖w2‖[0,t]} andVar denotes the total variation.
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We will not consider here the question of continuous dependence ofF on the distribution
functionh, and an interested reader may find more information on this subject in [6].

Letw ∈GR(R+) and 0� t1 < t2 be arbitrarily chosen. Putting in (3.2.16)λ1= λ2=: λ
andw1 = w, w2(t) = w(t) for t ∈ [0, t1[, w2(t) = w(t1) for t ∈ [t1, t2], ζ = F[λ,w], we
obtain that

∣∣ζ(t2)− ζ(t1)
∣∣�

(∣∣h(0)
∣∣+ Var

[0,R(t2)]
h
)∥∥w−w(t1)

∥∥
[t1,t2]. (3.2.11)

In particular, ifw ∈W1,1
loc (R+) thenζ ∈W1,1

loc (R+), and we have

∣∣ζ̇ (t)
∣∣ �

(∣∣h(0)
∣∣+ Var

[0,R(t)]
h
)∣∣ẇ(t)

∣∣ a.e., with R(t)=max
{
K,‖w‖[0,t]

}
.

(3.2.12)

Moreover, ifẇ(t)= 0, thenζ̇ (t) exists and equals 0. Assume now thatw increases in an
interval[t0, t1]. From (3.1.20) it follows fort ∈ [t0, t1] that

F[λ,w](t)−F[λ,w](t0)

= h(0)
(
w(t)−w(t0)

)
+
∫ mλt0

(w(t))

0

(
w(t)− r − λt0(r)

)
dh(r)

=
∫ mλt0

(w(t))

0
h(r)

(
1+ λ′t0(r)

)
dr

=
∫ w(t)

w(t0)

h
(
mλt0

(u)
)
du. (3.2.13)

Similarly, if w decreases in[t0, t1] then

F[λ,w](t)−F[λ,w](t0)=−
∫ w(t0)

w(t)

h
(
mλt0

(u)
)
du for t ∈ [t0, t1]. (3.2.14)

From now on, we restrict ourselves to counterclockwise Prandtl–Ishlinskii operators and
assume that

the functionh is positive and nondecreasing in[0,∞[. (3.2.15)

Then (3.2.12) reads

∣∣ζ̇ (t)
∣∣� h

(
R(t)

)∣∣ẇ(t)
∣∣ a.e. (3.2.16)

If w is monotone in a neighborhood oft , ẇ(t) �= 0, andζ̇ (t) exist at some pointt , then and
we may conclude using (3.2.13) thatζ̇ (t) andẇ(t) have the same sign, and

ζ̇ (t)ẇ(t)� h(0)ẇ2(t). (3.2.17)
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Inequality (3.2.17) therefore holds a.e. ifw is continuously differentiable. By [14], Propo-
sition II.4.2, the Prandtl–Ishlinskii operator is locally Lipschitz continuous inW1,1(0, T )
for everyT > 0, hence (3.2.17) can be a.e. extended to anyw ∈W1,1

loc (R+).

REMARK 3.2.3. The Prandtl–Ishlinskii operator (3.2.1) can be considered as a special
case of thePreisach operator

P[λ,w](t)= aw(t)+
∫ ∞

0
ψ
(
r,pr [λ,w](t)

)
dr, (3.2.18)

wherea ∈R is a constant andψ is a given function of two variables. The original construc-
tion based on the concept proposed in [22] and based on the concept oftwo-parametric
relays, used systematically in [20,25], is shown in [12] to be equivalent to (3.2.18). More
about the relationship between the operators (3.2.1) and (3.2.18) can be found in [13,14].

3.3. Monotonicity

The variational character of the Prandtl–Ishlinskii operator induces natural monotonicity
for absolutely continuous inputs. Assume thath satisfies (3.2.15),w1,w2 ∈ W1,1

loc (R+),
andλ1, λ2 ∈Λ are given, and setξ (i)r = pr [λi,wi], ζi =F[λi,wi] for i = 1,2, whereF is
given by (3.2.1). From (3.1.9) it follows that(ξ̇ (1)r − ξ̇

(2)
r )(w1−w2− ξ

(1)
r + ξ

(2)
r )� 0 a.e.,

hence

1

2

d

dt

(
ξ (1)r − ξ (2)r

)2
�
(
ξ̇ (1)r − ξ̇ (2)r

)
(w1−w2) a.e., (3.3.1)

1

2

d

dt

(
h(0)(w1−w2)

2+
∫ ∞

0

(
ξ (1)r − ξ (2)r

)2 dh(r)

)

� (ζ̇1− ζ̇2)(w1−w2) a.e. (3.3.2)

Let W1,1
T (R+) denote the space ofT -periodic absolutely continuous functions defined

on R+. In view of Corollary 3.1.3, we obtain for allw1,w2 ∈ W1,1
T (R+) and ζi, λi as

above thatζ1, ζ2 areT -periodic fort � T and

∫ 2T

T

(
ζ̇1(t)− ζ̇2(t)

)(
w1(t)−w2(t)

)
dt � 0. (3.3.3)

We obviously have equality in (3.3.3) providedw1−w2= const, but in this case we actu-
ally can easily prove more, namely the following proposition.

PROPOSITION 3.3.1. Let λ1, λ2 ∈ Λ, w1 ∈ W
1,1
T (R+) and c ∈ R be given, and put

w2(t) = w1(t) + c, ζi = F[λi,wi] for i = 1,2, with F given by(3.2.1).Then there ex-
ists c̃ ∈R such thatζ2(t)= ζ1(t)+ c̃ for t � T .
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PROOF. For r > 0 andi = 1,2 setξ (i)r = pr [λi,wi]. By (3.3.1) we have

d

dt

(
ξ (1)r − ξ (2)r + c

)2
(t)� 0 a.e.

From Corollary 3.1.3 we obtain thatξ (1)r (t) − ξ
(2)
r (t) = cr = const for t � T , and the

assertion follows. �

The converse of Proposition 3.3.1 holds ifh in (3.2.1) is strictly monotone, so that in-
equalities (3.3.2) and (3.3.3) are in fact “almost” strict. This fact is less obvious and we state
it in the form given in [14], Theorem II.4.10, Corollary II.4.11 and Proposition II.4.12.

PROPOSITION 3.3.2. Let the functionh in (3.2.15) be increasing and letw1,w2 ∈
W

1,1
loc (R+), λ1, λ2 ∈ Λ be given, ζi = F[λi,wi] for i = 1,2, with F given by(3.2.1).

Assume that(3.3.2)holds with equality sign a.e. Then there exists a nondecreasing function
R :R+→R+ such that

pr [λ1,w1](t)− pr [λ2,w2](t)

=
{
λ0

1(r)− λ0
2(r) for r �R(t),

λ0
1

(
R(t)

)
− λ0

2

(
R(t)

)
for 0� r < R(t),

(3.3.4)

where λ0
i (r) = pr [λi,wi](0) for i = 1,2. In particular, w1(t) − w2(t) = λ0

1(R(t)) −
λ0

2(R(t)) for all t � 0. If w1,w2 ∈W1,1
T (R+) and

∫ 2T

T

(
ζ̇1(t)− ζ̇2(t)

)(
w1(t)−w2(t)

)
dt � 0, (3.3.5)

thenw1(t)−w2(t)≡ const.If moreover, λ1= λ2= λ ∈ΛK then

h(0)
(
w1(t)−w2(t)

)2
�
(
ζ1(t)− ζ2(t)

)(
w1(t)−w2(t)

)

� h
(
k(t)

)(
w1(t)−w2(t)

)2
(3.3.6)

with k(t)=max{K,‖w1‖[0,t],‖w2‖[0,t]}.

We see that Prandtl–Ishlinskii operators possess some sort of “two-level monotonicity”
which may be used in a Minty-type argument, see [14], Section III.3.

3.4. Energy dissipation

We still assume that (3.2.15) holds. With the operatorF , we associate thepotential energy
operatorU of the form

U[λ,w](t)= 1

2
h(0)

∣∣w(t)
∣∣2+ 1

2

∫ ∞

0

∣∣pr [λ,w](t)
∣∣2 dh(r). (3.4.1)
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If we interpretw as stress,ζ = F[λ,w] as strain andU = U[λ,w] as potential energy,
then, puttingξr(t) = pr [λ,w](t) and assuming that the inputw is absolutely continuous,
we obtain for the dissipation rated(t) the integral expression

d(t) := ζ̇ (t)w(t)− U̇(t)=
∫ ∞

0
ξ̇r(t)

(
w(t)− ξr(t)

)
dh(r) a.e. (3.4.2)

Let us examine this formula in more detail. By (3.1.9), we can haveξ̇r(t) > 0 only if
w(t)− ξr(t)= r andξ̇r(t) < 0 only if w(t)− ξr(t)=−r . Consequently, we have

d(t)=
∫ ∞

0

∣∣ξ̇r(t)
∣∣r dh(r)� 0 a.e. (3.4.3)

in agreement with the second principle of thermodynamics. The integral ofd(t) over a
closed cycle yields the area of the corresponding hysteresis loop, indeed.

For the sake of completeness, we derive a formula for the potential energy operator
associated with the inverse operator

w(t) = F̂[µ,ζ ](t)= ĥ(0)ζ(t)+
∫ ∞

0
pr [µ,ζ ](t)dĥ(r)

= ĥ(∞)ζ(t)−
∫ ∞

0

(
ζ(t)− pr [µ,ζ ](t)

)
dĥ(r) (3.4.4)

generated bŷh as in Proposition 3.2.1. The functionĥ is nonincreasing and positive, hence
ĥ(∞)= limr→∞ ĥ(r) is well defined. Putting

e(t) = Û[µ,ζ ](t)

= 1

2
ĥ(∞)

∣∣ζ(t)
∣∣2− 1

2

∫ ∞

0

∣∣ζ(t)− pr [µ,ζ ](t)
∣∣2 dĥ(r), (3.4.5)

we easily check that the positive sign in (3.4.3) is preserved.
Besides the “physical energy inequality” (3.4.2), the Prandtl–Ishlinskii operator (3.2.1),

(3.2.15) (as well as other hysteresis operators with convex/concave branches, for a detailed
discussion on this subject see [14]) admits a “higher-order energy inequality”

ζ̈ (t)ẇ(t)− V̇ (t)� 0 (3.4.6)

in the sense of distributions (see (3.4.9)), where we set

V (t)= 1

2
ζ̇ (t)ẇ(t) for a.e.t > 0. (3.4.7)

This observation has been made for the first time in [11] in the context of periodic func-
tions, and later on several different proofs have been published. Since this result plays a
central role in our analysis, we state it precisely and give a sketch of the proof. As time
differentiation is involved, we restrict ourselves to regular inputs and outputs.
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THEOREM 3.4.1. Let hypothesis(3.2.15)hold, and forp > 0 set

κ(p)= inf

{
h(r)− h(s)

r − s
;0� s < r � p

}
. (3.4.8)

Then for everyK > 0, λ ∈ ΛK and w ∈ W
1,∞
loc (R+) such that ζ = F[λ,w] with

F given by (3.2.1) belongs toW2,1
loc (R+), the functionV (t) given by (3.4.7) equals

almost everywhere to a function of bounded variation. Moreover, for every T > 0,
p � max{K,‖w‖[0,T ]} and every0� t0 < t1 < T , we have

∫ t1

t0

ζ̈ (t)ẇ(t)dt − V (t1−)+ V (t0+)�
1

4
κ(p)

∫ t1

t0

∣∣ẇ(t)
∣∣3 dt. (3.4.9)

In particular, if w is T -periodic then

∫ 2T

T

ζ̈ (t)ẇ(t)dt �
1

4
κ(p)

∫ 2T

T

∣∣ẇ(t)
∣∣3 dt. (3.4.10)

REMARK 3.4.2. As noticed in Remark 1.2.4, the functionκ is a measure for the curvature
of the initial loading curveH given by (3.2.3); in particular,H is strictly convex ifκ is
positive. The “dissipation term” on the right-hand side of (3.4.9) is thus proportional to
the minimal curvature ofH . Inequality (3.4.9) would be in fact a trivial application of
the integration by parts formula if the hysteresis branchesη(t) = g(w(t)) were smooth
enough. Indeed, in this case we would have

ζ̈ (t)ẇ(t)− V̇ (t)= 1

2
g′′
(
w(t)

)
ẇ3(t). (3.4.11)

The right-hand side of (3.4.11) is formally positive becauseg is convex ifw increases and
concave ifw decreases, cf. the counterclockwise case on Figure 5. However, the “second-
order potential energy”V (t) (which is indeed positive by virtue of (3.2.17)) is typically
discontinuous in timeeven ifh is smooth, e.g., on the transition from a minor loop to the
major loop, and this fact makes the rigorous argument technically complicated.

The proof of Theorem 3.4.1 is based on a series of the following lemmas.

LEMMA 3.4.3. Let ϕ : ]a, b[→ R and c � 0 be such thatϕ(a+) > 0 and the function
v �→ ϕ(v)− cv is nondecreasing in]a, b[. Then the function

ψ(v) := 1

ϕ(v)
+ c

∫ v

a

ds

ϕ2(s)

is nonincreasing in]a, b[.

PROOF. The assertion is obvious ifϕ is absolutely continuous; otherwise we approxi-
mateϕ by piecewise linear interpolates and pass to the limit in continuity points ofϕ.
Discontinuity points can be handled directly. �
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LEMMA 3.4.4. Let w ∈ W1,∞(T0, T1) be an increasing function, and let c � 0 and
g : [w(T0),w(T1)] → R be such that the functionv �→ g(v) − c

2v
2 is convex in

[w(T0),w(T1)], g′(w(T0)+) > 0. Assume thatζ = g(w) ∈ W2,1(T0, T1), and for
t ∈]T0, T1[ putV (t)= 1

2 ζ̇ (t)ẇ(t). ThenV coincides a.e. with a function of bounded vari-
ation in [T0, T1], and for everyT0 � t0 < t1 � T1 we have

∫ t1

t0

ζ̈ (t)ẇ(t)dt − V (t1−)+ V (t0+)�
c

2

∫ t1

t0

∣∣ẇ(t)
∣∣3 dt. (3.4.12)

PROOF. We first chooset0 < t1 such thatw(t0),w(t1) are continuity points ofg′. By
Lemma 3.4.3, the function

η(t)= 1

g′(w(t))
+ c

∫ t

t0

ẇ(τ )

(g′(w(τ)))2
dτ (3.4.13)

is nonincreasing in[t0, t1]. Integrating by parts we obtain

∫ t1

t0

ζ̈ (t)ẇ(t)dt =
∫ t1

t0

1

g′(w(t))
1

2

d

dt

(
ζ̇ 2(t)

)
dt

= V (t1)− V (t0)−
∫ t1

t0

1

2
ζ̇ 2(t)d

(
1

g′(w)

)
(t)

= V (t1)− V (t0)−
∫ t1

t0

1

2
ζ̇ 2(t)dη(t)+ c

2

∫ t1

t0

ζ̇ 2(t)ẇ(t)

(g′(w(t)))2
dt

� V (t1)− V (t0)+
c

2

∫ t1

t0

∣∣ẇ(t)
∣∣3 dt. (3.4.14)

Consequently, the function

t �→
∫ t

t0

ζ̈ (τ )ẇ(τ )dτ − c

2

∫ t

t0

∣∣ẇ(τ )
∣∣3 dτ − V (t)

is a.e. nondecreasing, henceV has (up to a set of measure zero) bounded variation,
and (3.4.12) is obtained by passing to the limit. �

We do not repeat the same proof for the following “decreasing” counterpart to
Lemma 3.4.4.

LEMMA 3.4.5. Let w ∈ W1,∞(T0, T1) be a decreasing function, and let c � 0 and
g : [w(T1),w(T0)] → R be such that the functionv �→ g(v) + c

2v
2 is concave in

[w(T1),w(T0)], g′(w(T0)−) > 0. Let ζ(t) and V (t) be as in Lemma3.4.4. Then
(3.4.12)holds for allT0 � t0 < t1 � T1.

We are now ready to pass to the proof of Theorem 3.4.1.
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PROOF OFTHEOREM 3.4.1. Lett0 < t1 be fixed, and set

N =
{
t ∈ [t0, t1]; ζ̇ (t)= 0

}
.

The functionζ is continuously differentiable, henceN is closed, and there exist pairwise
disjoint intervals]τj , τ j [, j belonging to an at most countable index setJ , such that

]t0, t1[ \N =
⋃

j∈J

]
τj , τ

j
[
. (3.4.15)

Let us now fix somej ∈ J . The functionζ (and alsow by virtue of (3.2.16)) are strictly
monotone in]τj , τ j [, hence we are in the situation of either Lemma 3.4.4 or Lemma 3.4.5
with g defined by (3.2.13) or (3.2.14). To be more precise, we distinguish between the two
cases in order to determine the constantc.

1. Let ζ̇ > 0 in ]τj , τ j [, and put

gj (v)=F[λ,w](τj )+
∫ v

w(τj )

h
(
mλτj

(u)
)
du. (3.4.16)

For a.e.w(τj ) < v1 < v2 <w(τ j ) we have

g′j (v2)− g′j (v1)

v2− v1
=
h(mλτj

(v2))− h(mλτj
(v1))

mλτj
(v2)−mλτj

(v1)

mλτj
(v2)−mλτj

(v1)

v2− v1
.

(3.4.17)

Setri =mλτj
(vi) for i = 1,2. Then

v1− v2=
(
r1+ λτj (r1)

)
−
(
r2+ λτj (r2)

)
� 2(r1− r2).

From (3.4.17), (3.4.8) and Lemma 3.1.2 it follows that

g′j (v2)− g′j (v1)

v2− v1
�
κ(p)

2
. (3.4.18)

The functionv �→ g′j (v) −
κ(p)

2 v is nonincreasing, hencev �→ gj (v) − κ(p)
4 v2 is

convex, and we may use Lemma 3.4.4 to obtain that

∫ τ j

τj

ζ̈ (t)ẇ(t)dt − V
(
τ j−

)
+ V (τj+)�

1

4
κ(p)

∫ τ j

τj

∣∣ẇ(t)
∣∣3 dt. (3.4.19)

2. Let ζ̇ < 0 in ]τj , τ j [, and put

gj (v)=F[λ,w](τj )−
∫ w(τj )

v

h
(
mλτj

(u)
)
du. (3.4.20)
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Repeating the above procedure we show that the functionv �→ gj (v) + κ(p)
4 v2 is

concave, and Lemma 3.4.4 yields again that (3.4.19) holds.
At all points τj , τ j except possibly the casesτj = t0 or τ j = t1, we haveζ̇ (τj ) =

ζ̇ (τ j )= 0, henceV (τ j−)= V (τj+)= 0. Furthermore, almost everywhere inN we have
ẇ(t)= 0, hence we may sum all inequalities (3.4.19) overj ∈ J and obtain the assertion.
The periodic case follows from Corollary 3.1.3 which enables us to consider in (3.4.9) any
integration domain of lengthT in [T ,∞[. �

3.5. Parameter dependent hysteresis

We now extend the Prandtl–Ishlinskii construction to functions depending also on a spatial
variablex by assuming that each pointx has its own memory. In our situation, we only
consider the one-dimensional casex ∈ [0,1] and input functions continuous int .

Let an initial memory distributionλ ∈ L1(0,1;ΛK) be given for someK > 0. For in-
putsw defined in[0,1] × R+ and such thatw ∈ L1(0,1;C[0, T ]) ∩ L∞(]0,1[× ]0, T [)
we define similarly as in (3.1.13) and (3.2.1),

pr [λ,w](x, t)= p̂r
[
λ(x, r),w(x, ·)

]
(t), (3.5.1)

F[λ,w](x, t)= h(0)w(x, t)+
∫ ∞

0
pr [λ,w](x, t)dh(r) (3.5.2)

for (x, t) ∈ [0,1]×R+, whereh is a function satisfying (3.2.15). In fact, we may have con-
sideredh which depends also onx, and a detailed discussion on this subject can be found
in [6]. Here, for the sake of simplicity, we restrict ourselves to thespatially homogeneous
case.

Assume first that bothλ andw are continuous inx. Then for all x, y ∈ [0,1] and
t ∈ [0, T ], we have by virtue of (3.2.10) that

∣∣F[λ,w](x, t)−F[λ,w](y, t)
∣∣

� h
(
R(T )

)
max

{∥∥λ(x, ·)− λ(y, ·)
∥∥
[0,K],

∥∥w(x, ·)−w(y, ·)
∥∥
[0,t]
}
, (3.5.3)

whereR(T ) = max{K,sup{|w(z, t)|(z, t) ∈ [0,1] × [0, T ]}}, henceF[λ,w] is continu-
ous on[0,1] × [0, T ]. Using (3.2.10) again for sequencesλ(n) andw(n), we derive the
implications

λ(n)→ λ uniformly

w(n)→w uniformly

}
"⇒ F

[
λ(n),w(n)

]
→F[λ,w] uniformly,

(3.5.4)



Long-time behavior of solutions to hyperbolic equations with hysteresis 369

and

λ(n)→ λ strongly inL1(0,1;ΛK)

w(n)→w strongly inL1
(
0,1;C[0, T ]

)

w(n) bounded inL∞
(
]0,1[× ]0, T [

)





"⇒
{
F
[
λ(n),w(n)

]
→F[λ,w] strongly inL1

(
0,1;C[0, T ]

)
,

F
[
λ(n),w(n)

]
bounded inL∞

(
]0,1[× ]0, T [

)
.

(3.5.5)
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Abstract
This chapter primarily deals with internal, isothermal, unsteady flows of a class of incom-

pressible fluids with both constant and shear or pressure dependent viscosity that includes the
Navier–Stokes fluid as a special subclass.

We begin with a description of fluids within the framework of a continuum. We then dis-
cuss various ways in which the response of a fluid can depart from that of a Navier–Stokes
fluid. Next, we introduce a general thermodynamic framework that has been successful in de-
scribing the disparate response of continua that includes those of inelasticity, solid-to-solid
transformation, viscoelasticity, granular materials, blood and asphalt rheology, etc. Here, it
leads to a novel derivation of the constitutive equation for the Cauchy stress for fluids with
constant, or shear and/or pressure, or density dependent viscosity within a full thermome-
chanical setting. One advantage of this approach consists in a transparent treatment of the
constraint of incompressibility.

We then concentrate on the mathematical analysis of three-dimensional unsteady flows of
fluids with shear dependent viscosity that includes the Navier–Stokes model and Ladyzhen-
skaya’s model as special cases.

We are interested in the issues connected with mathematical self-consistency of the models,
i.e., we are interested in knowing whether (1) flows exist for reasonable, but arbitrary initial
data and all instants of time, (2) flows are uniquely determined, (3) the velocity is bounded
and (4) the long-time behavior of all possible flows can be captured by a finite-dimensional,
small (compact) set attracting all flow trajectories exponentially.

For simplicity, we eliminate the choice of boundary conditions and their influence on the
flows by assuming that all functions are spatially periodic with zero mean value over a peri-
odic cell. All these results can however be extended to internal flows wherein the tangential
component of the velocity satisfies Navier’s slip at the boundary. Most of the results also hold
for the no-slip boundary condition.

While the mathematical consistency understood in the above sense for the Navier–Stokes
model in three dimensions has not been established as yet, we will show that Ladyzhenskaya’s
model and some of its generalization enjoy all above characteristics for a certain range of
parameters. We also discuss briefly further results related to generalizations of the Navier–
Stokes equations.

Keywords: Incompressible fluid, Mathematical analysis, Navier–Stokes fluid, Non-
Newtonian fluid, Rheology
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Part A. Incompressible fluids with shear, pressure and density
dependent viscosity from the point of view of
continuum physics

1. Introduction

1.1. What is a fluid?

The meaning of words provided in even the most advanced of dictionaries, sayThe Ox-
ford English Dictionary[134], will rarely serve the needs of a scientist or technologist
adequately and this is never more evident than in the case of the meaning assigned to
the word “fluid” in its substantive form: “A substance whose particles move freely among
themselves, so as to give way before the slightest pressure”. The inadequacy, in the present
case, stems from the latter part of the sentence which states that fluids cannot resist pres-
sure; more so as the above definition is immediately followed by the classification: “Fluids
are divided into liquids which are incompletely elastic, and gases, which are completely
so”. With regard to the first definition, as “fluids” obviously include liquids such as water,
which under normal ranges of pressure are essentially incompressible and can support a
purely spherical state of stress without flowing the definition offered in the dictionary is, if
not totally wrong,1 at the very least confounding. Much, if not all of hydrostatics is based
on the premise that most liquids are incompressible.

What then does one mean by a fluid? When we encounter the word “fluid” for the first
time in a physics course at school, we are told that a “fluid” is a body that takes the shape of
a container. This meaning assigned to a fluid, can after due care, be used to conclude that a
fluid is a body whose symmetry group is the unimodular group.2 Such a definition is also
not without difficulty. While a liquid takes the shape of the container partially if its volume
is less than that of the container, a gas expands to always fill a container. The definition
via symmetry groups can handle this difficulty in the sense that it requires densities to
be constant while determining the symmetry group. However, this places an unnecessary
restriction with regard to defining gases, as this is akin to defining a body on only a small
subclass of processes that the body can undergo. We shall not get into a detailed discussion
of these subtle issues here.

Another definition for a fluid that is quite common, specially with those conversant with
the notion of stress, is that a fluid is a body that cannot support a shear stress, as opposed to
pressure as required by the definition in [134]. A natural question that immediately arises
is that of time scales. How long can a fluid body not support a shear stress? How does
one measure this inability to support a shear stress? Is it with the naked eye or is it to be
inferred with the aid of sophisticated instruments? Is the assessment to be made in one

1One could take the point of view that no body is perfectly incompressible and thus the body does deform,
ever so slightly, due to the application of pressure. The definition however cannot be developed thusly as the
intent of the dictionary definition referred to above is to convey the impression that the body suffers significant
deformation due to the slightest application of the pressure.

2This statement is not strictly correct. A special subclass of fluids, those that are referred to as “simple flu-
ids” admit such an interpretation (see [102,147]). However, it is possible that there are anisotropic fluids whose
symmetry group is not the unimodular group (see [116]).
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second, one day, one month or one year? These questions are not being raised merely from
the philosophical standpoint. They have very pragmatic underpinnings. It is possible, say in
the time scale of one hour, that one might be unable to discern the flow or deformation that
a body undergoes, with the naked eye. This is indeed the case with regard to the experiment
on asphalt that has been going on for over seventy years (see [64] for a description of the
experiment). The earlier definition for the fluid cannot escape the issue of time scale either.
One has to contend with how long it takes to attain the shape of the container.

The importance of the notion of time scales was recognized by Maxwell. He ob-
serves [90]: “In the case of a viscous fluid it is time which is required, and if enough
time is given, the very smallest force will produce a sensible effect, such as would require
a very large force if suddenly applied. Thus a block of pitch may be so hard that you can-
not make a dent in it by striking it with your knuckles; and yet it will in the course of time
flatten itself by its weight, and glide downhill like a stream of water”. The keywords in the
above remarks of Maxwell are “if enough time is given”. Thus, what we can infer at best
is whether a body is more or less fluid-like, i.e., within the time scales of the observation
of our interest does a small shear stress produce a sensible deformation or does it not. Let
us then accept to “understand” a “fluid” as a body that, in the time scale of observation of
interest, undergoes discernible deformation due to the application of a sufficiently small
shear stress.3

1.2. Navier–Stokes fluid model

The popular Navier–Stokes model traces its origin to the seminal work of Newton [100]
followed by the penetrating studies by Navier [93], Poisson [105] and Saint-Venant [122],
culminating in the definitive study of Stokes [139].4 In his immortal Principia, New-
ton [100] states: “The resistance arising from the want of lubricity in parts of the fluid,
other things being equal, is proportional to the velocity with which the parts of the fluid
are separated from one another”. What is now popularly referred to as the Navier–Stokes
model implies a linear relationship between the shear stress and the shear rate. However,
it was recognized over a century ago that this want of lubricity need not be proportional
to the shear stress. Trouton [145] observes “the rate of flow of the material under shearing
stress cannot be in simple proportion to shear rate”. However, the popular view persisted
namely that the rate of flow was proportional to the shear stress as evidenced by the fol-
lowing remarks of Bingham [11]: “When viscous substance, either a liquid or a gas, is
subjected to a shearing stress, a continuous deformation results which is, within certain
restrictions directly proportional to the shearing stress. This fundamental law of viscous

3We assume we can agree on what we mean by the time scale of observation of interest. It is also important to
recognize that if the shear stress is too small, its effect, the flow, might not be discernible. Thus, we also have to
contend with the notion of a spatial scale for discerning movement and a force scale for discerning forces.

4It is interesting to observe what Stokes [139] has to say concerning the development of the fluid model that is
referred to as the Navier–Stokes model. Stokes remarks: “I afterward found that Poisson had written a memoir
on the same subject, and on referring to it found that he had arrived at the same equations. The method which he
employed was however so different from mine that I feel justified in laying the later before this society. . . . The
same equations have been obtained by Navier in the case of an incompressible fluid (Mém. de l’Académie, t. VI,
p. 389), but his principles differ from mine still more than do Poisson’s”.
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flow. . .”. Though Bingham offers a caveat “within certain restrictions”, his use of the terms
“fundamental law of viscous flow” clearly indicates how well the notion of the proportional
relations between a kinematical measure of flow and the shear stress was ingrained in the
fluid dynamics of those times.

We will record below, for the sake of discussion, the classical fluid models that bear the
names of Euler, and Navier and Stokes.

Homogeneous compressible Euler fluid

T =−p(ρ)I . (A.1.1)

Homogeneous incompressible Euler fluid

T =−pI , trD= 0. (A.1.2)

Homogeneous compressible Navier–Stokes fluid

T =−p(ρ)I + λ(ρ)(tr D)I + 2µ(ρ)D. (A.1.3)

Homogeneous incompressible Navier–Stokes fluid

T =−pI + 2µD, trD= 0. (A.1.4)

In the above definitions,T denotes the Cauchy stress,ρ is the density,λ andµ are the
bulk and shear moduli of viscosity andD is the symmetric part of the velocity gradient. In
(A.1.1) and (A.1.3) the pressure is defined through an equation of state, while in (A.1.2)
and (A.1.4), it is the reaction force due to the constraint that the fluid be incompressible.

Within the course of this chapter we will confine our mathematical discussion mainly to
the incompressible Navier–Stokes fluid model (A.1.4) and many of its generalizations.

A model that is not of the form (A.1.3) and (A.1.4) falls into the category of (com-
pressible and incompressible) non-Newtonian fluids.5 This exclusionary definition leads
to innumerable fluid models and choices among them have to be based on the observed
response of real fluids that cannot be adequately captured by the above models. This leads
us to a discussion of these observed departures from Newtonian behavior.

1.3. Departures from Newtonian behavior

We briefly list several typical characteristics of non-Newtonian response. We shall pro-
vide a detailed characterization of those phenomena, and the corresponding models,
whose mathematical properties will be discussed in this chapter. A reader interested
in a more details concerning non-Newtonian fluids is referred, for example, to the
monographs [127,147] and [55], the article by Burgers [15], and the review article by
Rajagopal [108].

5Navier–Stokes fluids are usually referred to in the fluid mechanics literature as Newtonian fluids. The equations
of motions for Newtonian fluids are referred to as the Navier–Stokes equations.



378 J. Málek and K.R. Rajagopal

Shear-thinning/shear-thickening.Let us consider an unsteady simple shear flow in which
the velocity fieldv is given by

v= u(y, t)i, (A.1.5)

in a Cartesian coordinate system(x, y, z)with base vectors(i, j ,k), respectively,t denoting
time. We notice that (A.1.5) automatically meets

divv= trD= 0, (A.1.6)

and the only nonzero component for the shear stress corresponding to (A.1.3) or (A.1.4) is
given by

Txy(y, t)= µu,y(y, t), whereu,y :=
du

dy
, (A.1.7)

i.e., the shear stress varies proportionally with respect to the gradient of the velocity, the
constant of proportionality being the viscosity. Thus, the graph of the shear stress versus
the velocity gradient (in this case the shear rate) is a straight line (see curve 3 in Figure 1).

Let us consider a steady shearing flow, i.e., a flow whereinu = u(y) andκ := u,y =
const at each point of the domain occupied by the fluid. It is observed that in many fluids
there is a considerable departure from the above relationship (A.1.7) between the shear
stress and the shear rate. In some fluids it is observed that the relationship is as depicted by
the curve 1 in Figure 1, i.e., the generalized viscosity, which is defined through

µg(κ) :=
Txy

κ
, (A.1.8)

is monotonically increasing (cf. curve 1 in Figure 2). Thus, in such fluids, the viscosity
increases with the shear rate and they are referred to as shear-thickening fluids. On the
other hand, there are fluids whose relationship between the shear stress and the shear rate
is as depicted by curve 2 in Figure 1. In such fluids, the generalized viscosity decreases

Fig. 1. Shear-thinning/shear-thickening.
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Fig. 2. Generalized viscosity.

with increasing shear rate and for this reason such fluids are called shear-thinning fluids.
The Newtonian fluid is thus a very special fluid. It neither shear thins nor shear thickens.

Models for fluids with shear dependent viscosity are used in many areas of engineering
science such as geophysics, glaciology, colloid mechanics, polymer mechanics, blood and
food rheology, etc. An illustrative list of references for such models and their applications
is given in [89].

Normal stress differences in simple shear flows.Next, let us compute the normal stresses
along thex, y andz directions for the simple shear flow (A.1.5). A trivial calculation leads
to, in the case of models (A.1.3) and (A.1.4),

Txx = Tyy = Tzz =−p,

and thus

Txx − Tyy = Txx − Tzz = Tyy − Tzz = 0.

That is the normal stress differences are zero for a Navier–Stokes fluid. However, it can
be shown that some of the phenomena that are observed during the flows of fluids such as
die-swell, rod-climbing, secondary flows in cylindrical pipes of noncircular cross-section,
etc., have as their basis nonzero differences between these normal stresses.

Stress-relaxation. When subject to a step change in strainε (see Figure 3(a)) that results
in a simple shear flow (A.1.5), the strain rateε̇ is zero except att = 0 as portrayed in
Figure 3(b). The stressσ := Txy in bodies modeled by (A.1.3) and (A.1.4) suffers an abrupt
change that is undefined at the instant the strain has suffered a change and is zero at all
other instants (see Figure 4(b)). On the other hand, there are many bodies that respond
in the manner shown in Figure 5. The graph at the right depicts fluid-like behavior as
no stress is necessary to maintain a fixed strain, in the long run. Figure 5(a) represents
solid-like response. The Newtonian fluid model is incapable of describing stress-relaxation,
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(a) (b)

Fig. 3. Stress-relaxation test: response to a step change in strain (a). Its derivative is sketched in (b).

(a) (b)

Fig. 4. Shear stress response to a step change in strain for the linear spring (a) and the Navier–Stokes fluid (b).

(a) (b)

Fig. 5. Stress-relaxation for more realistic materials.

a phenomenon exhibited by many real bodies. It is important to recognize the fact that a
Newtonian fluid stress relaxes instantaneously (see Figure 4(b)).6

Creep. Next, let us consider a body that is subject to a step change in the stress (see
Figure 6). In the case of a Newtonian fluid the strain will increase linearly with time (see
Figure 7(b)). However, there are many bodies whose strain will vary as depicted in Fig-
ure 8. The curve at the left depicts solid-like behavior while the curve at the right depicts

6This does not mean that it has instantaneous elasticity.
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Fig. 6. Creep test.

(a) (b)

Fig. 7. Deformation response to step change of shear stress for the linear spring (a) and a Newtonian fluid (b).

(a) (b)

Fig. 8. Creep of solid-like and fluid-like materials.

fluid-like behavior. The response is referred to as “creep” as the body “flows” while the
stress is held constant. A Newtonian fluid creeps linearly with time. Many real fluids creep
nonlinearly with time.

Jump discontinuities in stresses

Yield stress. Bodies that have a threshold value for the stress before they can flow are
supposed to exhibit the phenomenon of “yielding”, see Figure 9. However, if one takes the
point of view that a fluid is a body that cannot sustain shear, then by definition there can be
no “shear stress threshold” to the flow, which is the basic premise of the notion of a “yield
stress”. This is yet another example where the importance of time scales comes into play.
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Fig. 9. Yield stress.

It might seem, with respect to by some time scale of observation, that the flow of a fluid is
not discernible until a sufficiently large stress is applied. This does not mean that the body
in question can support small values of shear stresses, indefinitely, without undergoing any
deformation. It merely means that the flow that is induced is not significant. A Newtonian
fluid has no threshold before it can start flowing. A material responding as a Newtonian
fluid after a “yield stress” is reached is called a Bingham fluid.

Activation criterion. It is possible that in some fluids, the response characteristics can
change when a certain criterion, that could depend on the stress, strain rate or other kine-
matical quantities, is met. An interesting example of the same is the phenomena of coag-
ulation or dissolution of blood. Of course, here issues are more complicated as complex
chemical reactions are taking place in the fluid7 of interest, blood.

Platelet activation is followed by their interactions with a variety of proteins that leads to
the aggregation of platelets which in turn leads to coagulation, i.e., the formation of clots.
The activated platelets also serve as sites for enzyme complexes that play an important
role in the formation of clots. These clots, as well as the original blood, are viscoelastic
fluids, the clot being significantly more viscous than regular blood. In many situations the
viscoelasticity is inconsequential and can be ignored and the fluid can be approximated
as a generalized Newtonian fluid. While the formation of the clot takes a finite length of
time, we can neglect this with respect to a time scale of interest associated with the flowing
blood. As the viscosity has increased considerably over a sufficiently short time, in a sim-
ple shear flow, the fluid could be regarded as suffering a jump discontinuity as depicted in
Figure 10(a). On deforming the clot further, we notice a most interesting phenomenon. At
a sufficiently high stress, dissolution of the clot takes place and the viscosity decreases sig-
nificantly returning close to its original value as depicted in Figure 10(b). Thus, in general
“activation” can lead to either an increase or decrease in viscosity over a very short space
of time whereby we can think of it as a jump. See [2] for more details.

Pressure-thickening fluids – fluids with pressure dependent viscosities.Except for our
discussion above concerning the behavior of fluids due to activation as a consequence

7Blood is not a single constituent fluid, though it is often modeled as one. It is a complex mixture that consists
in a variety of cells, proteins, plasma and other biological matter. Plasma exhibits Newtonian behavior, while
blood, when modeled as a single constituent fluid, behaves like a Newtonian fluid in large arteries but exhibits
pronounced non-Newtonian behavior in small blood vessels.
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(a) (b)

Fig. 10. Activation and deactivation of fluids with shear dependent viscosity modelled as jump discontinuities
in stress.

of chemical reactions, the above departures from Newtonian response are at the heart of
what is usually referred to as non-Newtonian fluid mechanics. We now turn to a somewhat
different departure from the classical Newtonian model. Notice that the model (A.1.3) is
an explicit expression for the stress, in terms of kinematical variableD, and the densityρ,
while (A.1.4) provides an explicit relationshipD andT asp = −1

3 trT. If the equation
of state relating the “thermodynamic pressure”p and the densityρ is invertible, then we
could expressλ andµ as functions of the pressure. Thus, in the case of a compressible
Navier–Stokes fluid the viscosityµ clearly depends on the pressure. The question to ask
is if, in fluids that are usually considered as incompressible liquids such as water under
normal operating conditions, the viscosity could be a function of the pressure? The answer
to this question is an unequivocal yes in virtue of the fact that when the range of pressures
to which the fluid is subject to is sufficiently large, while the density may vary by a few
percent, the viscosity could vary by several orders of magnitude, in fact by as much a factor
of 108! Thus, it is reasonable to suppose a liquid to be incompressible while at the same
time to assume that the viscosity is pressure dependent.

In the case of an incompressible fluid whose viscosity depends on both the pressure
(mean normal stress) and the symmetric part of the velocity gradient, i.e., when the stress
is given by the representation

T =−pI +µ(p,D)D, (A.1.9)

asp =−1
3 trT, it becomes obvious that we have an implicit relationship betweenT andD,

and the constitutive relation is of the form

f(T,D)= 0, (A.1.10)

i.e., we have an implicit constitutive equation.
It immediately follows from (A.1.10) that

∂f
∂T

Ṫ + ∂f
∂D

Ḋ= 0, (A.1.11)
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which can be expressed as

[
A(T,D)

]
Ṫ +

[
B(T,D)

]
Ḋ= 0. (A.1.12)

The constitutive relation (A.1.12) is on the one hand more general than (A.1.10) in that
an implicit equation of the form (A.1.12) may not be integrable to yield an equation of
the form (A.1.10); on the other hand (A.1.12) presupposes the differentiality ofT andD
with respect to time, an assumption that is more demanding than that required ofT andD
in (A.1.10).

A further generalization within the context of implicit constitutive relations for com-
pressible bodies is the equation

g(ρ,T,D)= 0. (A.1.13)

Before we get into a more detailed discussion of implicit models for fluids let us consider
a brief history of fluids with pressure dependent viscosity. Stokes [139] recognized that
in general the viscosity of a fluid could depend upon the pressure. It is clear from his
discussion that he is considering liquids such as water. Having recognized the dependence
of the viscosity on the pressure, he makes the simplifying assumption “If we supposeµ to
be independent of the pressure also, and substitute. . .”. Having made the assumption that
the viscosity is independent of the pressure, he feels the need to substantiate that such is
indeed the case for a restricted class of flows, those in pipes and channels (he bases his
rationale on the experiments of Du Buat [27]). He remarks: “Let us now consider in what
cases it is allowable to supposeµ to be independent of the pressure. It has been concluded
by Du Buat from his experiments on the motion of water in pipes and canals, that the
total retardation of the velocity due to friction is not increased by increasing the pressure.
. . . I shall therefore suppose that for water, and by analogy for other incompressible fluids,
µ is independent of the pressure”.

While the range of pressures attained in Du Buat’s experiment might justify the assump-
tion made by Stokes for a certain class of problems, one cannot in general make such
an assumption. There are many technologically significant problems such as elastohydro-
dynamics (see [140]) wherein the fluid is subject to such a range of pressures that the
viscosity changes by several orders of magnitude. There is a considerable amount of liter-
ature concerning the variation of viscosity with pressure and an exhaustive discussion of
the literature before 1931 can be found in the authoritative treatise on the physics of high
pressure by Bridgman [13].

Andrade [4] suggested that the viscosity depends on the pressure, density and tempera-
ture in the following manner

µ(p,ρ, θ)=Aρ1/2 exp

(
B

θ

(
p+Dρ2)

)
, (A.1.14)

whereA, B andD are constants. In processes where the temperature is uniformly con-
stant, in the case of many liquids, it would be reasonable to assume that the liquid is in-
compressible and the viscosity varies exponentially with the pressure. This is precisely the
assumption that is made in studies in elastohydrodynamics.
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One can carry out a formal analysis based on standard representation theorems for
isotropic functions (see [137]) that requires that (A.1.10) satisfies, for all orthogonal ten-
sorsQ,

g
(
ρ,QTQT,QDQT)=Qg(ρ,T,D)QT.

It then follows that one obtains an implicit constitutive relation of the form

α0I + α1T + α2D+ α3T2+ α4D2+ α5(TD +DT)

+ α6
(
T2D+DT2)+ α7

(
TD2+D2T

)
+ α8

(
T2D2+D2T2)= 0, (A.1.15)

where the material moduliαi , i = 0, . . . ,8, depend on

ρ, trT, trD, trT2, trD2, trT3, trD3,

tr(TD), tr
(
T2D

)
, tr

(
D2T

)
, tr

(
T2D2).

The model

T =−p(ρ)I + β
(
ρ, trT, trD2)D

is a special subclass of models of the form (A.1.15). The counterpart in the case of an
incompressible fluid would be

T =−pI +µ
(
p, trD2)D, trD= 0. (A.1.16)

We shall later provide a thermodynamic basis for the development of the model (A.1.16).

2. Balance equations

2.1. Kinematics

We shall keep our discussion of kinematics to a bare minimum. LetB denote the abstract
body and letκ :B→ E , whereE is a three-dimensional Euclidean space, be a placer and
κ(B) the configuration (placement) of the body. We shall assume that the placer is one to
one. By a motion we mean a one parameter family of placers (see [101]). It follows that
if κR(B) is some reference configuration, andκt (B) a configuration at timet , then we can
identify the motion with a mappingχκR :κR(B)×R→ κt (B) such that8

x = χκR(X, t). (A.2.1)

8It is customary to denotex andX which are points in a Euclidean space in bold face. We however choose not
to do so. On the other hand, all vectors and higher-order tensors are indicated by bold face.
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We shall suppose thatχκR is sufficiently smooth to render the operations defined on it
meaningful. SinceχκR is one to one, we can define its inverse so that

X = χ−1
κR
(x, t). (A.2.2)

Thus, any (scalar) propertyϕ associated with an abstract bodyB can be expressed as
(analogously we proceed for vectors or tensors)

ϕ = ϕ(P, t)= ϕ̂(X, t)= ϕ̃(x, t). (A.2.3)

We define the following Lagrangian and Eulerian temporal and spatial derivatives:

ϕ̇ := ∂ϕ̂

∂t
, ϕ,t :=

∂ϕ̃

∂t
, ∇Xϕ =

∂ϕ̂

∂X
, ∇xϕ :=

∂ϕ̃

∂x
. (A.2.4)

The Lagrangian and Eulerian divergence operators will be expressed as Div and div, re-
spectively. We shall dispense with “˜ ” and “ ˆ ”, the use of the Lagrangian or Eulerian
representation being obvious from the context.

The velocityv and the accelerationa are defined through

v= ∂χκR

∂t
, a= ∂2χκR

∂t2
, (A.2.5)

and the deformation gradientFκR is defined through

FκR =
∂χκR

∂X
. (A.2.6)

The velocity gradientL and its symmetric partD are defined through

L =∇xv, D= 1

2

(
L + LT). (A.2.7)

It immediately follows that

L = ḞκRF−1
κR
. (A.2.8)

It also follows from the notation and definitions given above, in particular from (A.2.4)
and (A.2.5), that

ϕ̇ = ϕ,t +∇xϕ · v. (A.2.9)

2.2. Balance of mass – incompressibility – inhomogeneity

The balance of mass in its Lagrangian form states that
∫

PR

ρR(X)dX =
∫

Pt

ρ(x, t)dx for all PR⊂ κR(B) with Pt := χκR(PR, t),

(A.2.10)
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which immediately leads to, using the substitution theorem,

ρ(x, t)detFκR(X, t)= ρR(X). (A.2.11)

A body is incompressibleif

∫

PR

dX =
∫

Pt

dx for all PR⊂ κR(B),

which leads to

detFκR(X, t)= 1 for allX ∈ κR(B). (A.2.12)

If detFκR is continuously differentiable with respect to time, then by virtue of the identity

d

dt
detFκR = div v detFκR,

we conclude, since detFκR �= 0 that

divv(x, t)= 0 for all t ∈R andx ∈ κt (B). (A.2.13)

It is usually in the above form that the constraint of incompressibility is enforced in fluid
mechanics.

From the Eulerian perspective, the balance of mass takes the form

d

dt

∫

Pt

ρ dx = 0 for allPt ⊂ κt (B). (A.2.14)

It immediately follows that

ρ,t + (∇xρ) · v+ ρ divv= 0 ⇐⇒ ρ,t + div(ρv)= 0. (A.2.15)

If the fluid is incompressible, it immediately follows from (A.2.15) that

ρ,t + (∇xρ) · v= 0 ⇐⇒ ρ̇ = 0

⇐⇒ ρ(t, x)= ρ(0,X)= ρ(0,P )= ρR(X). (A.2.16)

That is, for a fixed particle, the density is constant, as a function of time. However, the
density of a particle may vary from one particle to another. The fact that the density varies
over a certain region of space does not imply that the fluid is not incompressible. This
variation is due to the fact that the fluid is inhomogeneous, a concept that has not been
grasped clearly in many studies devoted to Mechanics of Fluids (see [3] for a discussion).
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2.3. Balance of linear momentum

The balance of linear momentum for a continuum is a generalization of the second law of
Newton in classical mechanics, and when applied to each subsetPt = χκR(PR, t) of the
current configuration takes the form

d

dt

∫

Pt

ρv dx =
∫

Pt

ρb dx +
∫

∂Pt

TTn dS, (A.2.17)

whereT denotes the Cauchy stress that is related to the surface tractiont throught = TTn
andb denotes the specific body force. It then leads to the balance of linear momentum in
its local Eulerian form

ρv̇= divTT + ρb. (A.2.18)

Two comments are in order.
First, when considering the caseκt (B)= κR(B) for all t � 0, on settingΩ := κR(B), it

is not difficult to conclude for incompressible fluids, that (A.2.17) and (A.2.14) imply that

d

dt

∫

O

ρv dx +
∫

∂O

[
(ρv)(v · n)− TTn

]
dS =

∫

O

ρb dx (A.2.19)

and

d

dt

∫

O

ρ dx +
∫

∂O

ρ(v · n)dS = 0 (A.2.20)

valid for all (fixed) subsetsO of Ω .
When compared to (A.2.17), this formulation is more suitable for further consideration

in those problems where the velocity fieldv is taken as a primitive field defined onΩ ×
〈0,∞) (i.e., it is not defined through (A.2.5)).

To illustrate this convenience, we give a simple analogy from classical mechanics: con-
sider a motion of a mass-spring system described by the second-order ordinary differential
equations for displacement of the mass from its equilibrium position and compare it with
a free fall of the mass captured by the first-order ordinary differential equations for the
velocity.

Second, the derivation of (A.2.18) from (A.2.17) and similarly (A.2.15) from (A.2.14)
requires certain smoothness of particular terms. In analysis, the classical formulations of
the balance equations (A.2.18) and (A.2.15) are usually starting points for definition of
various kinds of solutions. Following Oseen [103] (see also [35,36]), we want to empha-
size that the notion of a weak solution (or suitable weak solution) is very natural for the
equations of continuum mechanics, since their weak formulation can be directly obtained
from the original formulations of the balance laws (A.2.14) and (A.2.17) or better still
(A.2.19) and (A.2.20). This observation is equally applicable to the other balance equa-
tions of continuum physics as well.
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2.4. Balance of angular momentum

In the absence of internal couples, the balance of angular momentum implies that the
Cauchy stress is symmetric, i.e.,

T = TT. (A.2.21)

2.5. Balance of energy

We shall merely record the local form of the balance of energy which is

ρǫ̇ = T · ∇xv− divq+ ρr, (A.2.22)

whereǫ denotes the specific internal energy,q denotes the heat flux vector andr denotes
the specific radiant heating.

2.6. Further thermodynamic considerations (the second law).
Reduced dissipation equation

To know how a body is constituted and to distinguish one body from another, we need
to know how bodies store energy. How, and how much of, this energy that is stored in a
body can be recovered from the body? How much of the working on a body is converted
to energy in thermal form (heat)? What is the nature of the latent energy that is associated
with the changes in phase that the body undergoes? What is the nature of the latent energy
(which is different in general from latent heat, see Rajagopal and Srinivasa [114])? By
what different means does a body produce the entropy? These are but few of the pieces of
information that one needs to know in order to describe the response of the body. Merely
knowing this information is insufficient to describe how the body will respond to external
stimuli. One needs to know the exact role these quantities play in determining the response
of the body. A body’s response has to meet the basic balance laws of mass, linear and
angular momentum, energy and the second law of thermodynamics.

Various forms for the second law of thermodynamics have been proposed and are as-
sociated with the names of Kelvin, Plank, Claussius, Duhem, Carathéodory and others.
Essentially, the second law states that the rate of entropy production has to be nonnega-
tive.9 A special form of the second law, the Claussius–Duhem inequality, has been used,
within the context of a continua, to obtain restrictions on allowable constitutive relations
(see [21]). This is enforced by allowing the body to undergo arbitrary processes in which
the second law is required to hold. The problem with such an approach is that the constitu-
tive structure that we ascribe to a body is only meant to hold for a certain class of processes.
The body might behave quite differently outside this class of processes. For instance, while
rubber may behave like an elastic material in the sense that the stored energy depends only

9There is a disagreement as to whether this inequality ought to be enforced locally at every point in the body,
or only globally, even from the point of view of statistical thermodynamics.
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on the deformation gradient and this energy can be completely recovered in processes that
are reasonably slow in some sense, the same rubber if deformed at exceedingly high strain
rates crystallizes and not only does the energy that is stored not depend purely on the de-
formation gradient, all the energy that is supplied to the body cannot be recovered. Thus,
the models for rubber depend on the process class one has in mind and this would not allow
one to subject the body to arbitrary processes. We thus find it more reasonable to assume
the constitutive structures for the rate of entropy production, based on physical grounds,
that are automatically nonnegative, for the process class of interest.

Let us first introduce the second law of thermodynamics in the form

ρθη̇�−div q+ q · (∇xθ)
θ

+ ρr, (A.2.23)

whereη denotes the specific entropy.
On introducing the specific Helmholtz potentialψ through

ψ := ǫ − θη,

and using the balance of energy (A.2.22), we can express (A.2.23) as

T · L − ρψ̇ − ρθ̇η− q · (∇xθ)
θ

� 0. (A.2.24)

The above inequality is usually referred to as the rate of dissipation inequality. This in-
equality is commonly used in continuum mechanics to obtain restrictions on the constitu-
tive relations. A serious difficulty with regard to such an approach becomes immediately
apparent. No restrictions whatsoever can be placed on the radiant heating. More impor-
tantly, the radiant heating is treated as a quantity that adjusts itself to meet the balance
of energy. But this is clearly unacceptable as the radiant heating has to be a constitutive
specification. How a body responds to radiant heating is critical, especially in view of the
fact that all the energy that our world receives is in the form of electromagnetic radiation
which is converted to energy in its thermal form (see [118] for a discussion of these issues).
As we shall be primarily interested in the mechanical response of fluids, we shall ignore
the radiant heating altogether, but we should bear in mind the above observation when we
consider more general processes.

We shall define the specific rate of entropy productionξ through

ξ := T · L − ρψ̇ − ρθ̇η− q · (∇xθ)
θ

. (A.2.25)

We shall make constitutive assumptions for the rate of entropy productionξ and require
that (A.2.25) hold in all admissible processes (see [49]). Thus, (A.2.25) will be used as
a constraint that is to be met in all admissible processes. We shall chooseξ so that it is
nonnegative and thus the second law is automatically met.

We now come to a crucial step in our thermodynamic considerations. From among a
class of admissible nonnegative rate of entropy productions, we choose that which is maxi-
mal. This is asking a great deal more than the second law of thermodynamics. The rationale
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for the same is the following. Let us consider an isolated system. For such a system, it is
well accepted that its entropy becomes a maximum and the system would reach equilib-
rium. The assumption that the rate of entropy production is a maximum ensures that the
body attains its equilibrium as quickly as possible. Thus, this assumption can be viewed
as an assumption of economy or an assumption of laziness, the system tries to get to the
equilibrium state as quickly as possible, i.e., in the most economic manner. It is important
to recognize that this is merely an assumption and not some deep principle of physics. The
efficacy of the assumption has to be borne out by its predictions and to date the assump-
tion has led to meaningful results in predicting the response of a wide variety of materials
(see results pertinent to viscoelasticity [115,116], classical plasticity [112,113], twinning
[110,111], solid to solid phase transition [114]), crystallization in polymers [119,120], re-
sponse of single crystal supper alloys [106], etc.).

2.7. Isothermal flows at uniform temperature

Here, we shall restrict ourselves to flows that take place at constant temperature for the
whole period of interest at all points of the body. Consequently, the equations governing
such flows for a compressible fluid are

ρ̇ =−ρ divv, ρv̇= divT + ρb, (A.2.26)

while for an incompressible fluid they take the form

divv= 0, ρ̇ = 0, ρv̇= div T + ρb. (A.2.27)

Note also that (A.2.24) and (A.2.25) reduce to

T ·D− ρψ̇ = ξ and ξ � 0, (A.2.28)

where the symmetry ofT, see (A.2.21), is used.
In order to obtain a feel for the structure of the constitutive quantities appearing

in (A.2.28), we consider first the Cauchy stress for the incompressible and the compress-
ible Euler fluid, and then for the incompressible and the compressible Navier–Stokes fluid.
Note that Euler fluids are ideal fluids in that there is no dissipation in any process under-
gone by the fluid, i.e.,ξ ≡ 0 in all processes.

Compressible Euler fluid. Sinceξ ≡ 0 and (A.1.1) implies

T · L =−p(ρ)I · L =−p(ρ) trL =−p(ρ) trD=−p(ρ)div v,

the reduced thermomechanical equation (A.2.28) simplifies to

ρψ̇ =−p(ρ)divv. (A.2.29)
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This suggests that it might be appropriate to considerψ of the form

ψ = Ψ (ρ). (A.2.30)

In fact, since an ideal fluid is an elastic fluid, it follows that its specific Helmholtz free en-
ergyψ depends only on the deformation gradientF. If we suppose that the symmetry group
of a fluid is the unimodular group, then the balance of mass could lead to the conclusion
thatψ depends on the densityρ.

Using (A.2.26)1, we then have from (A.2.30)

ψ̇ = Ψ,ρ(ρ)ρ̇ =−ρΨ,ρ(ρ)div v, (A.2.31)

and we conclude from (A.2.29) and (A.2.31) that

p(ρ)= ρ2Ψ,ρ(ρ). (A.2.32)

Incompressible Euler fluid. Since we are dealing with a homogeneous fluid we have
ρ ≡ ρ∗, whereρ∗ is a positive constant. We also have

Ψ̇
(
ρ∗
)
= 0, T · L =−pI · L =−p(ρ)divv= 0 and ξ ≡ 0.

Thus, each term in (A.2.28) vanishes and (A.2.28) clearly holds.

Compressible Navier–Stokes fluid.Consider T of the form (A.1.3) andψ of the
form (A.2.30) fulfilling (A.2.32). Denoting byCδ the deviatoric (traceless) part of any
tensorC, i.e.,Cδ =C− 1

3(tr C)I , we then have

ξ = T · L − ρψ̇

= −p(ρ)div v+ 2µ(ρ)D ·D+ λ(ρ)(tr D)2+ ρ2Ψ,ρ(ρ)

= 2µ(ρ)D ·D+ λ(ρ)(tr D)2

= 2µ(ρ)Dδ ·Dδ +
(
λ(ρ)+ 2

3
µ(ρ)

)
(trD)2.

Note that the nonnegativity of the rate of dissipation is met ifµ(ρ) � 0 andλ(ρ) +
2
3µ(ρ)� 0.

Incompressible Navier–Stokes fluid.Similar considerations as those for the case of a
compressible Navier–Stokes fluid imply

ξ = 2µD ·D= 2µ|D|2.

Note that for both the incompressible Euler and Navier–Stokes fluid we have

p =−1

3
trT.



Mathematical issues concerning the Navier–Stokes equations and some of its generalizations393

2.8. Natural configurations

Most bodies can exist stress free in more than one configuration and such configurations
are referred to as “natural configurations” (see [29,109]). Given a current configuration of
a homogeneously deformed body, the stress-free configuration that the body takes on upon
the removal of all external stimuli is the underlying “natural configuration” corresponding
to the current configuration of the body. As a body undergoes a thermodynamic process, in
general, the underlying natural configuration evolves. The evolution of this underlying nat-
ural configuration is determined by the maximization of entropy production (see how this
methodology is used in viscoelasticity [115,116], classical plasticity [112,113], twinning
[110,111], solid to solid phase transition [114], crystallization in polymers [119,120], sin-
gle crystal super alloys [106]). In the case of both incompressible and compressible Navier–
Stokes fluids and the generalizations discussed here, the current configurationκt (B) itself
serves as the natural configuration.

3. The constitutive models for compressible and incompressible Navier–Stokes fluids
and some of their generalizations

3.1. Standard approach

The starting point for the development of the model for a homogeneous compressible
Navier–Stokes fluid is the assumption that the Cauchy stress depends on the density and
the velocity gradient, i.e.,

T = f(ρ,L). (A.3.1)

It follows from the assumption of frame-indifference that the stress can depend on the
velocity gradient only through its symmetric part, i.e.,

T = f(ρ,D). (A.3.2)

The requirement that the fluid be isotropic then implies that (in fact, frame-indifference is
itself sufficient to obtain the following result)

f(ρ,D)= α1I + α2D+ α3D2, (A.3.3)

whereαi = αi(ρ, ID, II D, III D), and

ID = trD, II D =
1

2

[
(trD)2− trD2], III D = detD.

If we require that the stress be linear inD, then we immediately obtain

T =−p(ρ)I + λ(ρ)(tr D)I + 2µ(ρ)D, (A.3.4)
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which is the classical homogeneous compressible Navier–Stokes fluid.
Starting with the assumption that the fluid is incompressible and homogeneous, and

T = g(L), (A.3.5)

a similar procedure leads to (see [147])

T =−pI + 2µD. (A.3.6)

The standard procedure for dealing with constraints such as incompressibility, namely that
the constraint reactions do no work (see [146]) is fraught with several tacit assumptions
(we shall not discuss them here) that restrict the class of models that are possible. For
instance, it will not allow the material modulusµ to depend on the Lagrange multiplierp.
The alternate approach presented below attempts to avoid such drawbacks. Another general
alternative procedure has been recently developed in [117] that establishes the result within
a purely mechanical context.

3.2. Alternate approach

We provide below an alternate approach for deriving the constitutive relation for homoge-
neous compressible and incompressible Navier–Stokes fluids. Instead of assuming a con-
stitutive equation for the stress as the starting point, we shall start assuming forms for the
Helmholtz potential and the rate of dissipation, namely two scalars.

We first focus on the derivation of the constitutive equation for the Cauchy stress for a
compressible Navier–Stokes fluid supposing that

ψ(x, t)= Ψ
(
ρ(x, t)

)
(A.3.7)

and

ξ =Ξ(D)= 2µ(ρ)D ·D+ λ(ρ)(tr D)2

= 2µ(ρ)
∣∣Dδ
∣∣2+

(
λ(ρ)+ 2

3
µ(ρ)

)
(trD)2,

whereµ(ρ)� 0, λ(ρ)+ 2

3
µ(ρ)� 0. (A.3.8)

With such a choice ofξ the second law is automatically met, and (A.2.28) takes the form
(cf. (A.2.31))

ξ =
(
T + ρ2Ψ,ρ(ρ)I

)
·D. (A.3.9)

For a fixedT there are plenty ofD’s that satisfy (A.3.8) and (A.3.9). We pick aD such that
D maximizes (i.e., a process that maximizesξ subject to the constraint (A.3.9)) (A.3.8) and
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fulfills (A.3.9). This leads to a constrained maximization that gives the following necessary
condition

∂Ξ

∂D
− λ1

(
T + ρ2Ψ,ρ(ρ)I −

∂Ξ

∂D

)
= 0,

or equivalently,

1+ λ1

λ1

∂Ξ

∂D
=
(
T + ρ2Ψ,ρ(ρ)I

)
. (A.3.10)

To determine the Lagrange multiplier that is associated with the constraint we take the
scalar product of (A.3.10) withD. Using (A.3.9), (A.3.10) and the fact that

∂Ξ

∂D
= 2

(
2µ(ρ)D+ λ(ρ)(tr D)I

)
, (A.3.11)

we find that

1+ λ1

λ1
= Ξ

∂Ξ
∂D ·D

= 1

2
. (A.3.12)

Inserting (A.3.11) and (A.3.12) into (A.3.10) we obtain

T =−ρ2Ψ,ρ(ρ)I + 2µ(ρ)D+ λ(ρ)(tr D)I . (A.3.13)

Finally, settingp(ρ) = ρ2Ψ,ρ(ρ) we obtain the Cauchy stress for compressible Navier–
Stokes fluid, cf. (A.1.3).

Next, we provide a derivation for an hierarchy of incompressible fluid models that gen-
eralize the incompressible Navier–Stokes fluid in the following sense: the viscosity may
not only be a constant, but it can be a function that may depend on the density, the sym-
metric part of the velocity gradientD specifically throughD ·D, or the mean normal stress,
i.e., the pressurep := −1

3 trT, or it can depend on any or all of them. We shall consider
the most general case within this setting by assuming that

ξ =Ξ(p,ρ,D)= 2ν(p,ρ,D ·D)D ·D. (A.3.14)

Clearly, if ν � 0 then automaticallyξ � 0, ensuring that the second law is complied with.
We assume that the specific Helmholtz potentialψ is of the form (A.3.7). By virtue of

the fact that the fluid is incompressible, i.e.,

trD= 0, (A.3.15)

we obtainρ̇ = 0, ψ̇ vanishes in (A.2.28) and we have from (A.2.28)

T ·D=Ξ. (A.3.16)
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Following the same procedure as that presented above, in case of a compressible fluid, we
maximizeΞ with respect toD that is subject to the constraints (A.3.15) and (A.3.16). As
the necessary condition for the extremum we obtain the equation

(1+ λ1)Ξ,D − λ1T − λ0I = 0, (A.3.17)

whereλ0 andλ1 are the Lagrange multipliers due to the constraints (A.3.15) and (A.3.16).
We determine them as follows. Taking the scalar product of (A.3.17) withD, and using
(A.3.15) and (A.3.16) we obtain

1+ λ1

λ1
= Ξ

Ξ,D ·D
. (A.3.18)

Note that

Ξ,D = 4
(
ν(p,ρ,D ·D)+ ν,D(p,ρ,D ·D)D ·D

)
D. (A.3.19)

Consequently, trΞ,D = 0 by virtue of (A.3.15). Thus, taking the trace of (A.3.17) we have

−λ0

λ1
=−p with p =−1

3
trT. (A.3.20)

Using (A.3.17)–(A.3.20), we finally find that (A.3.17) takes the form

T =−pI + 2ν(p,ρ,D ·D)D. (A.3.21)

Mathematical issues related to the system (A.2.27) with the constitutive equation (A.3.21)
will be discussed in the second part of this treatise. The fluid given by (A.3.21) has the
ability to shear thin, shear thicken and pressure thicken. After adding the yield stress or
activation criterion, the model could capture phenomena connected with the development
of discontinuous stresses. On the other hand, the model (A.2.27) together with (A.3.21)
cannot stress relax or creep in a nonlinear way, nor can it exhibit nonzero normal stress
differences in a simple shear flow.

4. Boundary conditions

No aspect of mathematical modeling has been neglected as that of determining appropriate
boundary conditions. Mathematicians seem especially oblivious to the fact that boundary
conditions are constitutive specifications. In fact, boundary conditions require an under-
standing of the nature of the bodies that are divided by the boundary. Boundaries are rarely
sharp, with the constituents that abut either side of the boundary invariably exchanging
molecules. In the case of the boundary between two liquids or a gas and a liquid this mole-
cular exchange is quite obvious, it is not so in the case of a reasonably impervious solid
boundary and a liquid. The ever popular “no-slip” (adherence) boundary condition is sup-
posed to have had the imprimatur of Stokes behind it, but Stokes’ opinions concerning the
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status of the “no-slip” condition are nowhere close to unequivocal as many investigators
lead one to believe. A variety of suggestions were put forward by the pioneers of the field,
Bernoulli, Du Buat, Navier, Poisson, Girard, Stokes and others, as to the condition that
ought to be applied on the boundary between an impervious solid and a liquid. One fact
that was obvious to all of them was that boundary conditions ought to be derived, just as
constitutive relations are developed for the material in the bulk, even more so. This is made
evident by Stokes [139] who remarks: “Besides the equations which must hold good at
any point in the interior of the mass, it will be necessary to form also the equations which
must be satisfied at the boundary”. After emphasizing the need to derive the equations that
ought to be applied at a boundary, Stokes [139] goes on to derive a variety of such boundary
conditions.

That Stokes [139] was in two minds about the appropriateness of the “no-slip” boundary
condition is evident from his following remarks: “Du Buat found by experiment that when
the mean velocity of water flowing through a pipe is less than one inch in a second, the
water near the inner surface of the pipe is at rest. If these experiments may be trusted, the
conditions to be satisfied in the case of small velocities are those which first occurred to
me. . .”, but he goes on to add: “I have said that when the velocity is not small the tangential
force called into action by the sliding of water over the inner surface of the pipe varies
nearly as the square of the velocity. . .”. The keywords that demand our attention are “the
sliding of water over the inner surface”. Sliding implies that Stokes believed that the fluid
is slipping at the boundary. That he was far from convinced concerning the applicability
of the “no-slip” condition is made crystal clear when he remarks: “The most interesting
questions concerning the subject require for their solution a knowledge of the conditions
which must be satisfied at the surface of solid in contact with the fluid, which, except in
the case of very small motions, are unknown”. To Stokes the determination of appropriate
boundary conditions was an open problem.

An excellent concise history concerning boundary conditions for fluids can be found
in [48]. We discuss briefly some of the boundary conditions that have been proposed for a
fluid flowing past a solid impervious boundary.

Navier [93] derived a slip condition which can be duly generalized to the condition

vτ =−K(Tn)τ , K � 0, (A.4.1)

wheren is the unit outward normal vector andzτ stands forz− (z · n)n at the boundary
point (note that for internal flows fulfillingv ·n= 0 at the boundary we havevτ = v); K is
usually assumed to be a constant but it could however be assumed to be a function of the
normal stresses and the shear rate, i.e.,

K =K
(
Tn · n, |D|2

)
. (A.4.2)

The above boundary conditions, whenK > 0, is referred to as the slip boundary condition.
If K = 0, we obtain the classical “no-slip” boundary condition.
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Another boundary condition that is sometimes used, especially when dealing with non-
Newtonian fluids, is the “threshold-slip” condition. This takes the form

∣∣(Tn)τ
∣∣� α|Tn · n| "⇒ vτ = 0,

∣∣(Tn)τ
∣∣> α|Tn · n| "⇒ vτ �= 0 and −γ v · n

|v · n| = (Tn)τ ,
(A.4.3)

whereγ = γ (Tn · n,vτ ).
The above condition implies that the fluid will not slip until the ratio of the magnitude

of the shear stress and the magnitude of the normal stress exceeds a certain value. When it
does exceed that value, it will slip and the slip velocity will depend on both the shear and
normal stresses. It is also possible to require thatγ depends on|D|2.

A much simpler condition that is commonly used is

vτ =
{
v0τ if |(Tn)τ |> β,

0 if |(Tn)τ |� β.
(A.4.4)

Thus the fluid will slip if the shear stress exceeds a certain value. Here,v0τ is a given
function at the boundary.

If the boundary is permeable, then in addition to the possibility ofvτ not being equal
to zero, we have to specify the normal component of the velocityv · n. Several flows have
been proposed for flows past porous media, however we shall not discuss them here.

In order to understand the characteristic features of the particular terms appearing in the
system of PDEs it is convenient to eliminate the presence of the boundary (i.e., the effect of
the boundary conditions on the flow). However, it is imperative to recognize that problems
that have technological relevance are initial–boundary value problems, and primarily one
is interested in understanding how information at the boundary affects the response of the
fluid in the interior.

We can eliminate the effect of the boundary in two ways.
1. Assume that the fluid occupies the whole three-dimensional space with the velocity

vanishing at|x| →+∞. Then starting with an initial condition

v(0, ·)= v0 ∈R
3 (A.4.5)

we are interested in knowing the properties of the velocity and the pressure at any later
instant of the timet > 0 and any positionx ∈R

3.
2. Assume that forT ,L ∈ (0,∞),

vi,p : [0, T ] ×R
3→R areL-periodic along each directionxi,

with
∫

Ω

vi dx = 0,
∫

Ω

p dx = 0, i = 1,2,3. (A.4.6)

HereΩ = (0,L)× (0,L)× (0,L) is a periodic cell.
The advantage of the second case consists in the fact that we work on domain with a

compact closure.
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Part B. Mathematical analysis of flows of fluids with shear, pressure
and density dependent viscosity

1. Introduction

1.1. A taxonomy of models

The objective of this part is to provide a survey of results regarding the mathematical
analysis of the system of partial differential equations for the (unknown) densityρ, the
velocity v = (v1, v2, v3) and the pressure (mean normal stress)p, the partial differential
equations being

ρ,t +∇ρ · v= 0, div v= 0,

ρ
(
v,t + div(v⊗ v)

)
=−∇p+ div

(
2ν
(
p,ρ,

∣∣D(v)
∣∣2)D(v)

)
+ ρb,

(B.1.1)

focusing however mostly on some of its simplifications specified below. The system (B.1.1)
is exactly the system (A.2.27) with the constitutive equations (A.3.21) whose interpretation
from the perspective of non-Newtonian fluid mechanics and the connection to compress-
ible fluid models were discussed in Part A. In contrast to (A.2.27) and (A.3.21) we use a
different notation in order to express the equations in the form (B.1.1). First of all, in virtue
of the constraint of incompressibility, we have

v̇= v,t + [∇xv]v= v,t + div(v⊗ v),

where the tensor producta⊗ b is the second-order tensor with components

(a⊗ b)ij = aibj for anya= (a1, a2, a3),b= (b1, b2, b3).

Next note that in virtue of (B.1.1)2, we can rewrite (B.1.1)1 asρ,t + div(ρv) = 0. We
also explicitly use the notationD(v) instead ofD in order to clearly identify our interest
concerning the velocity field. As discussed in Part A, the model (B.1.1) includes a lot of
special important cases particularly for homogeneous fluids.10 Note that for the case of a
homogeneous fluid, (B.1.1) reduces to

divv= 0, v,t + div(v⊗ v)=−∇p+ div
(
2ν
(
p,
∣∣D(v)

∣∣2)D(v)
)
+ b,

(B.1.2)

obtained by multiplying (B.1.1)2 by 1/ρ0, and relabeling the dynamic pressurep/ρ0 and
the dynamic viscosityν(p,ρ0, |D(v)|2)/ρ0 again asp and ν(p, |D(v)|2), respectively.
For later reference, we give a list of several models contained as a special subclasses
of (B.1.2).

10Recall that in our setting a fluid is homogeneous if for some positive numberρ0 the density fulfillsρ(x, t)= ρ0
for all time instantst � 0 and allx ∈ κt (B), as the viscosity does not otherwise depend onP ∈ B.
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(a) Fluids with pressure dependent viscositywhereν is independent of the shear rate,
but depends on the pressurep,

div v= 0, v,t + div(v⊗ v)− div
(
ν(p)

[
∇v+ (∇v)T

])
=−∇p+ b.

(B.1.3)

(b) Fluids with shear dependent viscositywith the viscosity independent of the pressure,

divv= 0, v,t + div(v⊗ v)− div S
(
D(v)

)
=−∇p+ b; (B.1.4)

here we introduce the notation

S
(
D(v)

)
:= 2ν

(∣∣D(v)
∣∣2)D(v). (B.1.5)

This class of fluids includes:
(c) Ladyzhenskaya’s fluids11 with ν(|D(v)|2)= ν0+ ν1|D(v)|r−2, wherer > 2 is fixed,

ν0 andν1 are positive numbers,

div v= 0,

v,t + div(v⊗ v)− ν0�v− 2ν1 div
(∣∣D(v)

∣∣r−2D(v)
)
=−∇p+ b;

(B.1.6)

(d) power-law fluidswith ν(|D(v)|2)= ν1|D(v)|r−2 wherer ∈ (1,∞) is fixed andν1 is
a positive number,

div v= 0,

v,t + div(v⊗ v)− 2ν1 div
(∣∣D(v)

∣∣r−2D(v)
)
=−∇p+ b;

(B.1.7)

(e) Navier–Stokes fluidswith ν(p, |D(v)|2)= ν0 (ν0 being a positive number),

divv= 0, v,t + div(v⊗ v)− ν0�v=−∇p+ b. (B.1.8)

The equations of motions (B.1.8) for a Navier–Stokes fluid are referred to as the Navier–
Stokes equations (NSEs), the equations (B.1.6) for Ladyzhenskaya’s fluid will be referred
to as Ladyzhenskaya’s equations. A fluid captured by Ladyzhenskaya’s equations reduces
to NSEs (B.1.8) by takingν1 = 0 in (B.1.6) and to power-law fluids by settingν0 = 0.
Note also that by settingr = 2 in Ladyzhenskaya’s equations we again obtain NSEs with
the constant viscosity 2(ν0+ ν1).

11For r = 3 this system of PDEs is frequently called Smagorinski’s model of turbulence, see [135]. Thenν0 is
molecular viscosity andν1 is the turbulent viscosity.
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1.2. Mathematical self-consistency of the models

An analyst concerned with the mathematical aspects of physics is primarily interested in
questions concerning themathematical self-consistency12 of the equations that he or she is
studying.

We say that a model is mathematically self-consistent if it exhibits at least the following
properties:

(I) Long-time and large-data existence. When a reasonable set of boundary conditions
are added to the governing equations for smooth, but arbitrary initial data, the model should
admit a solution for all later instants of time.

(II) Long-time and large-data uniqueness. The motion should be fully determined by
its initial, boundary and other data and depend on them continuously; particularly, such a
motion should be unique for a given set of data.

(III) Long-time and large-data regularity. Physical quantities, such as the velocity in
the case of fluids, should be bounded.

These three requirements thus form a minimal set of mathematical properties that one
would like anevolutionarymodel of (classical) mechanics to exhibit, particularly the mod-
els (B.1.3)–(B.1.8).

A discussion of the current status of results with regard to the requirements (I)–(III)
for the above models forms the backbone of the remaining part of this article. Towards
this purpose, we eliminate the influence of the boundary by considering spatially periodic
problem, cf. (A.4.6). On the other hand, we do not apply tools that are just suitable for
periodic functions (such as Fourier series) but rather use tools and approaches that can be
used under more general conditions for other boundary-value problems, as well.

1.3. Weak solution: A natural notion of a solution for PDEs of the continuum physics

The enforcement of the properties (I)–(III) requires a clear definition of what is meant by
a solution. We obtain a hint concerning this from the balance of linear momentum for each
(measurable) subset of the body (A.2.17), as recognized by Oseen [103]. Note that (A.2.19)
requires some integrability of the first derivatives of the velocity and the integrability of the
pressure, while the classical formulation13 (B.1.8) is based on the knowledge of the second
derivatives ofv and the gradient ofp. Oseen [103] not only observed this discrepancy
between (A.2.19) and (B.1.8), but he also proposed and derived a notion of aweak solution
directly from the integral formulation14 of the balance of linear momentum (A.2.19).

To be more specific, following the procedure outlined by Oseen [103] (for other
approaches see also [35], p. 55, and [36]) it is possible to conclude directly from

12See the video of Caffarelli’s presentation of the third millennium problem “Navier–Stokes and smooth-
ness” [16].
13Oseen in his monograph [103] only treats Navier–Stokes fluids and their linearizations.
14See also [35] and [36].
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(A.2.19) and (A.2.20) thatρ, v andT fulfill, for all t > 0,

−
∫ t

0

∫

Ω

(ρv)(τ, x) · ϕ,τ (τ, x)dx dτ +
∫

Ω

(ρv)(t, x) · ϕ(t, x)dx

−
∫

Ω

(ρv)(0, x) · ϕ(0, x)dx −
∫ t

0

∫

Ω

(ρv⊗ v) · ∇ϕ dx dτ

+
∫ t

0

∫

Ω

T · ∇ϕ dx dτ

=
∫ t

0

∫

Ω

ρb · ϕ dx dτ (B.1.9)

for all ϕ ∈D(−∞,+∞; (C∞per)
3) and

−
∫ t

0

∫

Ω

ρ(τ, x)ξ,τ (τ, x)dx dτ +
∫

Ω

ρ(t, x)ξ(t, x)dx

−
∫

Ω

ρ(0, x)ξ(0, x)dx −
∫ t

0

∫

Ω

ρv · ∇ξ dx dτ = 0 (B.1.10)

for all ξ ∈D(−∞,+∞;C∞per).

Identities (B.1.9) and (B.1.10) are precisely the equations that are used to obtain solu-
tions in the weak form to equations (B.1.1). Neither Oseen nor later on Leray [75] used the
word “weak” in their interpretation of the solution, but both of them worked with it. While
Oseen established the results concerning local-in-time existence, uniqueness and regular-
ity for large data, Leray [75] proved long-time and large-data existence for weak solutions
of the Navier–Stokes equations, thus verifying (I), but leaving open the determination of
(II) and (III). These issues are still unresolved to our knowledge. The establishment of the
properties (II) and (III) for the Navier–Stokes equation (B.1.8) represents the third millen-
nium problem of the Clay Mathematical Institute [34].

The next issue concerns the function spaces where the solution satisfying (B.1.9) and
(B.1.10) are to be found.

There is an interesting link between the constitutive theory via the maximization of
entropy production presented in Part A and the choice of function spaces where the weak
solutions are constructed. We showed earlier how the form of the constitutive equation
for the Cauchy stress can be determined knowing the constitutive equations for the specific
Helmholtz free energyψ and for the rate of dissipationξ by maximizing w.r.t.D’s fulfilling
the reduced thermomechanical equation and the divergenceless condition as the constraint.
Here, we show that the form ofψ determines the appropriate function spaces forρ, while
the form ofξ determines those forv. This link becomes even more transparent for more
complex problems (see [88], for example).

Considerψ andξ of the form

ψ = Ψ (ρ) and ξ = 2ν(p,ρ,D ·D)D ·D. (B.1.11)
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Assume thatρ fulfills

0� sup
0�t�T

∫

Ω

ρΨ
(
ρ(t, x)

)
dx <∞ (B.1.12)

and

0�

∫ T

0

∫

Ω

ν
(
p,ρ,D(v) ·D(v)

)
D(v) ·D(v)dx dt <∞. (B.1.13)

If, for example, Ψ (ρ) = ργ with γ > 1 and ν(p,ρ,D(v) · D(v)) = ν0, then
(B.1.12) and (B.1.13) imply that

ρ ∈ L∞
(
0, T ;Lγ+1

per
)

and D(v) ∈ L2(0, T ;L2
per

)
. (B.1.14)

In general, depending on the specific structure ofΨ , (B.1.12) implies that

ρ ∈ L∞(0, T ;XΨ ) for some spaceXΨ . (B.1.15)

If Ψ (ρ)= ργ , thenXΨ = L
γ+1
per . Similarly, depending on the form ofν, one can conclude

that

D(v) ∈ Ydis or v ∈Xdis

for certain function spacesYdis andXdis, respectively.

In case of the constant viscosityYdis= L2(0, T ;L2
per) andXdis= L2(0, T ;W1,2

per(Ω)).
Note that the reduced thermomechanical equation (A.2.28) requires that

T ·D(v)= ξ + ρψ̇ = 2ν
(
p,ρ,D(v) ·D(v)

)
D(v) ·D(v)+ ρΨ̇ (ρ). (B.1.16)

Now, if we formally setϕ = v in (B.1.9) we obtain with the help of (B.1.1)1

1

2

d

dt

∫

Ω

ρ|v|2 dx +
∫

Ω

T ·D(v)dx =
∫

Ω

ρb · v dx (B.1.17)

and using (B.1.16) we see that the second term in (B.1.17) can be expressed as
∫

Ω

T
(
p,ρ,D(v)

)
·D(v)dx

=
∫

Ω

Ξ
(
p,ρ,D(v)

)
dx +

∫

Ω

ρψ̇ dx

=
∫

Ω

Ξ
(
p,ρ,D(v)

)
dx +

∫

Ω

d

dt
(ρψ)dx

=
∫

Ω

ν
(
p,ρ,

∣∣D(v)
∣∣2)∣∣D(v)

∣∣2 dx + d

dt

∫

Ω

ρψ dx, (B.1.18)
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where we have used the fact thatρ̇ = 0 (see (B.1.1)).
Assume thatρ0 andv0 areΩ-periodic functions satisfying

ρ0 ∈XΨ and α1 � ρ0 � α2, (B.1.19)

v0 ∈ L2(Ω) and divv0= 0, (B.1.20)

α1, α2 being positive constants. Then, the fact thatρ fulfills the transport equation implies
that

α1 � ρ(x, t)� α2 for all (x, t) ∈Ω × (0,+∞). (B.1.21)

Consequently, it follows from (B.1.17)–(B.1.20) that (for allT > 0)

v ∈ L∞
(
0, T ;L2

per

)
∩Xdis and ρ ∈ L∞(0, T ;XΨ ). (B.1.22)

The specific description depends on the behavior of the viscosity with respect toD, p
andρ, respectively. See Section 7.3 for further details.

1.4. Models and their invariance with respect to scaling

Solutions of the equations for power-law fluids (B.1.7) considered forr ∈ (1,3) are invari-
ant with respect to the scaling

vλ(t, x) := λ(r−1)/(3−r)v
(
λ2/(3−r)t, λx

)
,

pλ(t, x) := λ2(r−1)/(3−r)p
(
λ2/(3−r)t, λx

)
.

(B.1.23)

It means that if(v,p) solves (B.1.7) withb= 0, then(vλ,pλ) solves (B.1.7) as well. Note
that NSEs also satisfy the invariance with respect to the above scaling by settingr = 2
in (B.1.7).

By appealing to this scaling we can magnify the flow near the point of interest located
inside the fluid domain. Studying the behavior of the averaged rate of dissipationd(v)
defined through

d(v) :=
∫ 0

−1

∫

B1(0)
ξ
(
D(v)

)
dx dt = 2ν1

∫ 0

−1

∫

B1(0)

∣∣D(v)
∣∣r dx dt (B.1.24)

for d(vλ) asλ→∞, we can give the following classification of the problem:

if d
(
vλ
)
→





0

A ∈ (0,∞) asλ→∞
∞

then the problem is





supercritical,

critical,

subcritical.
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Roughly speaking, we can say that for a subcritical problem the zooming (near a possi-
ble singularity) is penalized byd(vλ) asλ→∞, while for supercritical case the energy
dissipated out of the system is an insensitive measure of this magnification.

Because of this, standard regularity techniques based on difference quotient methods
should in principle work for subcritical case, while supercritical problems are difficult to
handle without any additional information. They are difficult to treat since weak formula-
tions are not suitable for the application of finer regularity techniques that are in place. The
Navier–Stokes equations in three spatial dimensions represents a supercritical problem.

In order to overcome this drawback presented by “supercritical” problems with regard
to exploiting finer regularity techniques, Caffarelli, Kohn and Nirenberg [17] introduced
the notion of asuitable weak solution, and established its existence. A key new property of
the suitable form of a weak solution is thelocal energy inequality.

For (B.1.1) this is formally achieved by taking a sum of two identities: the first one is

obtained by settingϕ = vφ in (B.1.9) and the second one by settingξ = |v|2
2 φ in (B.1.10),

with φ ∈D(−∞,+∞;C∞per) satisfyingφ(x, t)� 0 for all t , x. The local energy inequality
thus reads

1

2

∫

Ω

(
ρ|v|2φ

)
(x, t)dx +

∫ t

0

∫

Ω

(
T ·D(v)φ

)
(x, τ )dx dτ

�
1

2

∫

Ω

ρ0(x)
∣∣v0(x)

∣∣2φ(0, x)dx + 1

2

∫ t

0

∫

Ω

ρ|v|2(v · ∇φ + φ,t )(x, τ )dx dτ

−
∫ t

0

∫

Ω

(Tv · ∇φ − ρb · vφ)(x, τ )dx dτ. (B.1.25)

Using this inequality, Caffarelli, Kohn and Nirenberg [17] were able to improve signifi-
cantly the characterization of the structure of possible singularities for the Navier–Stokes
equations in three dimensions. (Section 6 addresses this issue.)

Since in three spatial dimensionsd(vλ), defined through (B.1.24), fulfills

d
(
vλ
)
= 2ν1λ

(5r−11)/(3−r)
∫ 0

−1/λ2/(3−r)

∫

B1/λ(0)

∣∣D
(
v1)∣∣r dy dτ, r ∈ (1,3),

(B.1.26)

we see that the evolutionary equations for power-law fluids represent a subcritical prob-
lem asr > 11/5. Thus, the power-law fluid model should be mathematically tractable for
r � 11/5. The same is true for Ladyzhenskaya’s equations (B.1.6) which has in comparison
with the power-law fluid model an even better property: the viscosityν(D)= ν0+ν1|D|r−2

and consequently the corresponding nonlinear operator−div((ν0+ ν1|D(v)|r−2)D(v)) are
notdegenerate (while for power-law fluids,ν(D)= ν1|D|r−2 as|D| → 0 degenerates when
r > 2, and becomes singular forr < 2).

Ladyzhenskaya’s equations withr � 11/5 aremathematically self-consistent; long-time
existence of weak solutions (property (I)) was proved by Ladyzhenskaya (see [65,67]), she
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also established long-time uniqueness (property (II)) forr � 5/2. Properties (II) and (III)
for r � 11/5 were put into place by Bellout, Bloom and Nečas [9], Málek, Něcas and
Růžička [83] and Málek, Něcas, Rokyta and R˚užička [82]. While the boundedness of the
velocity is implicit in the results presented in the earlier work, it has been explicitly stated
for the first time in this chapter. The results in [83] however provide a resolution of the
most difficult steps in this direction. Sections 3–5 focus on this topic.

Mathematical self-consistency of Ladyzhenskaya’s equations (and some of its general-
izations) is the central issue of this contribution. After introducing the notion of a weak
solution and a suitable weak solution to equations for fluids with shear dependent viscos-
ity (B.1.4) that includes the NSEs, Ladyzhenskaya’s equations and power-law fluids as
special cases, we deal with long-time existence of these models in Section 3 and using
two methods we establish the existence of a suitable weak solution forr > 9/5, and the
existence of a weak solution satisfying only the global energy inequality forr > 8/5.

Regularity of such a solution is studied in Section 4 and established forr � 11/5. Par-
ticularly, if r � 11/5 we conclude that the velocity is bounded. We also outline how higher
differentiability techniques can be used as a tool in existence theory. Uniqueness and long-
time behavior are addressed in Section 5.

The short Section 6 gives a survey of the results dealing with the structure of possible
singularities of flows of a Navier–Stokes fluid.

The final Section 7 presents a brief survey of results concerning long-time and large-data
existence for other models, namely homogeneous fluids with pressure dependent viscosity
and inhomogeneous fluids with density or shear dependent viscosity.

2. Definitions of (suitable) weak solutions

Before giving a precise formulation of a (suitable) weak solution to the system of PDEs
(B.1.4) and (B.1.5) describing unsteady flows of fluids with shear dependent viscos-
ity, we need to specify the assumptions characterizing the structure of the tensorS=
2ν(|D(v)|2)D(v), and to define the function spaces we work with.

2.1. Assumptions concerning the stress tensor

Let us compute the expression

∂S(A)
∂A

· (B⊗B) :=
3∑

i,j,k,l=1

∂Sij (A)
∂Akl

BijBkl

for the Cauchy stress corresponding to Ladyzhenskaya’s fluids and for power-law fluids.
In the case of Ladyzhenskaya’s fluid, i.e., when

S(A)= 2
(
ν0+ ν1|A|r−2)A, r > 2, (B.2.1)
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we have

∂S(A)
∂A

· (B⊗B)

= 2
(
ν0+ ν1|A|r−2)|B|2+ 2ν1(r − 2)|A|r−4(A ·B)2, (B.2.2)

which implies that

∂S(A)
∂A

· (B⊗B)� 2
(
ν0+ ν1|A|r−2)|B|2 � C1

(
1+ |A|r−2)|B|2

with C1= 2 min(ν0, ν1) (B.2.3)

and

∂S(A)
∂A

· (B⊗B)� C2
(
1+ |A|r−2)|B|2

with C2= 2 max
(
ν0, ν1(r − 1)

)
, (B.2.4)

while for power-law fluids (setν0= 0 in (B.2.2))

∂S(A)
∂A

· (B⊗B)�

{
2ν1|A|r−2|B|2 if r � 2,

2ν1(r − 1)|A|r−2|B|2 if r < 2
(B.2.5)

and

∂S(A)
∂A

· (B⊗B)�

{
2ν1(r − 1)|A|r−2|B|2 if r � 2,

2ν1|A|r−2|B|2 if r < 2.
(B.2.6)

Motivated by (B.2.3) and (B.2.4) for Ladyzhenskaya’s fluid and (B.2.5) and (B.2.6) for the
power-law fluid we make the following assumption concerningS.

Let κ be either 0 or 1. We assume that

S:R3×3→R
3×3 with S(0)= 0 fulfills S∈

[
C1(

R
3×3)]3×3

, (B.2.7)

and that there are two positive constantsC1 andC2 such that for a certainr ∈ (1,∞) and
for all 0 �= A,B ∈R

3×3
sym,

C1
(
κ + |A|r−2)|B|2 �

∂S(A)
∂A

· (B⊗B)�C2
(
κ + |A|r−2)|B|2. (B.2.8)

We also assume thatκ = 0 if r < 2.
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2.2. Function spaces

We primarily deal with functions defined onR3 that are periodic with the periodic cell
Ω = (0,L)3. The spaceC∞per consists of smoothΩ-periodic functions.

Let r be such that 1� r <∞. The Lebesgue spaceLrper is introduced as the closure of
C∞per-functions with

∫
Ω
f (x)dx = 0 where the closure is made w.r.t. the norm‖ · ‖r , where

‖f ‖rr =
∫
Ω
|f (x)|r dx. The Sobolev spaceW1,r

per is the space ofΩ-periodic Lebesgue-
measurable functionsf :R3 → R such that∂xif exists in a weak sense andf and
∂xif belong toLrper. Both Lrper andW1,r

per are Banach spaces with the norms‖f ‖r :=
(
∫
Ω
|f (x)|r dx)1/r and‖f ‖1,r := (

∫
Ω
|∇xf (x)|r dx)1/r , respectively.

Let (X,‖ · ‖X) be a Banach space of scalar functions defined onΩ . ThenX3 represents
the space of vector-valued functions whose components belong toX. Also,X∗ denotes the
dual space toX and〈·, ·〉 the corresponding duality pairing. Forr ′ = r/(r − 1), we usually
writeW−1,r ′

per instead of(W1,r
per)

∗.
We also introduce the spaceW1,r

per,div being a closed subspace of(W1,r
per)

3 defined as the
closure (w.r.t. the norm‖ · ‖1,r ) of all smoothΩ-periodic functionsv with the zero mean
value such that divv= 0. Note thatW1,r

per,div = {v ∈W
1,r
per,div v= 0}.

If Y is any Banach space,T ∈ (0,∞) and 1� q � ∞, then Lq(0, T ;Y) denotes
the Bochner space formed by functionsg : (0, T ) → Y such that, for 1� q < ∞,
‖g‖Lq (0,T ;Y) := (

∫ T
0 ‖g(t)‖

q
Y dt)1/q is finite. The norm inL∞(0, T ;Y) is defined as in-

fimum of supt∈[0,T ]\E ‖g(t)‖Y , where infimum is taken over all subsetsE of [0, T ] having
zero Lebesgue measure.

Also, if X is a reflexive Banach space, thenXweak denotes the space equipped with the
weak topology. Thus, for example,

C(0, T ;Xweak)≡
{
ϕ ∈ L∞(0, T ;X);

〈
ϕ(·), h

〉
∈ C
(
〈0, T 〉

)
for all h ∈X∗

}
.

Let 1< α,β <∞. LetX be a Banach space, and letX0, X1 be separable and reflexive
Banach spaces satisfyingX0 →֒→֒X →֒X1. Then theAubin–Lions lemma[77] says that
the space

W :=
{
v ∈ Lα(0, T ;X0);v,t ∈ Lβ(0, T ;X1)

}

is compactly embedded inLα(0, T ;X), i.e.,W →֒→֒Lα(0, T ;X).

2.3. Definition of the problem(P) and its (suitable) weak solutions

Our main task is to study the mathematical properties of the solutions to theproblem(P)

consisting of
• four partial differential equations (B.1.4) withS satisfying (B.2.7) and (B.2.8),
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• the requirement spatial periodicity (A.4.6),
• the initial condition

v(0, ·)= v0(·) in R
3. (B.2.9)

Let T > 0 be a fixed, but arbitrary number. We assume that the given functionsb andv0
fulfill

b ∈
(
Lr
(
0, T ;W1,r

per

))∗ = Lr
′(

0, T ;W−1,r ′
per

)
(B.2.10)

and

divv0= 0 in
(
C∞per

)∗ and v0 ∈ L2
per. (B.2.11)

Let (B.2.7) and (B.2.8) hold.
We say that(v,p)= (v1, v2, v3,p) is asuitable weak solutionto the problem(P) pro-

vided that

v ∈ C
(
0, T ;L2

weak(Ω)
)
∩Lr

(
0, T ;W1,r

per,div

)
∩L5r/3(0, T ;L5r/3); (B.2.12)

v,t ∈
{
Lr

′(
0, T ;W−1,r ′

per
)

L5r/6
(
0, T ;W−1,5r/6

per
) and p ∈

{
Lr

′(
0, T ;Lr ′per

)
for r � 11

5 ,

L5r/6
(
0, T ;L5r/6

per
)

for r < 11
5 ;

(B.2.13)

lim
t→0+

∥∥v(t)− v0
∥∥2

2= 0; (B.2.14)

∫ T

0

〈
v,t (t),ϕ(t)

〉
−
(
(v⊗ v)(t),∇ϕ(t)

)

+
(
S
(
D
(
v(t)

))
,D
(
ϕ(t)

))
−
(
p(t),divϕ(t)

)
dt

=
∫ T

0

〈
b(t),ϕ(t)

〉
dt for all ϕ ∈ Ls

(
0, T ;W1,s

per

)
with

s = r if r �
11

5
and s = 5r

5r − 6
if

6

5
< r <

11

5
; (B.2.15)

1

2

∫

Ω

(
|v|2φ

)
(t, x)dx +

∫ t

0

∫

Ω

S
(
D(v)

)
·D(v)φ dx dτ

�
1

2

∫

Ω

∣∣v0(x)
∣∣2φ(0, x)dx +

∫ t

0

∫

Ω

|v|2
2
φ,t dx dτ

+
∫ t

0
〈b,vφ〉dτ +

∫ t

0

∫

Ω

( |v|2
2

v+ pv−S
(
D(v)

)
v
)
· ∇φ dx dτ (B.2.16)

valid for all φ ∈D(−∞,+∞;C∞per), φ � 0 and for almost allt ∈ (0, T 〉.
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• If r � 3, the integrability ofv addressed in (B.2.12) can be improved. For example,
if r > 3, v being inLr(0, T ;W1,r) implies thatv ∈ Lr(0, T ;C0,(r−3)/(3r)). Since our
interest is focused onr ∈ (1,3), we do not discuss the situationr � 3 in what follows.

• Note that (B.2.12) and (B.2.13) ensure that all terms in (B.2.15) make sense for
r > 6/5, while all the terms in (B.2.16) are finite ifr > 9/5.

• Note that takingφ ≡ 1, one can conclude from (B.2.16) that the standard energy
inequality

1

2

∥∥v(t)
∥∥2

2+
∫ t

0

(
S
(
D(v)

)
,D(v)

)
dτ �

1

2
‖v0‖2

2+
∫ t

0
〈b,v〉dτ (B.2.17)

makes sense provided that the right-hand side is finite.
We say that(v,p) is a weak solutionto the problem(P) if (B.2.12)–(B.2.15)

and (B.2.17) hold.
• For the NSEs, the local energy inequality takes a slightly different form due to the

linearity of S that allows one to perform the integration by parts once more. This
gives

1

2

∫

Ω

(
|v|2φ

)
(t, x)dx + ν0

∫ t

0

∫

Ω

|∇v|2φ dx dτ

�
1

2

∫

Ω

∣∣v0(x)
∣∣2φ(0, x)dx +

∫ t

0

∫

Ω

pv · ∇φ dx dτ

+
∫ t

0
〈b,vφ〉dτ +

∫ t

0

∫

Ω

|v|2
2
(φ,t + ν0�φ + v · ∇φ)dτ (B.2.18)

valid for all φ ∈D(−∞,+∞;C∞per), φ � 0, and for almost allt ∈ (0, T 〉.
• Note that forr � 11/5 we can setϕ = v or ϕ = vφ in (B.2.15) and derive (B.2.16)

and (B.2.17) in the form of anequality. Also, for r � 11/5, we havev ∈ C(0, T ;L2
per)

that follows from the fact thatv ∈ Lr(0, T ;W1,r
per) andv,t ∈ (Lr (0, T ;W1,r

per))
∗.

• Notice that the assumption (B.2.8) holds for Ladyzhenskaya’s equations withκ = 1,
and for power-law fluids withκ = 0.

2.4. Useful inequalities

We first obtain several inequalities that are consequences of (B.2.7) and (B.2.8). Since

(
S(A)−S(B)

)
· (A −B) =

∫ 1

0

d

ds
Sij
(
B+ s(A −B)

)
ds (A −B)ij

=
∫ 1

0

∂Sij
∂Akl

(
B+ s(A −B)

)
(A −B)kl(A −B)ij ds,
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it follows from the first inequality in (B.2.8) that

(
S(A)−S(B)

)
· (A −B)

� C1

∫ 1

0

(
κ +

∣∣B+ s(A −B)
∣∣r−2)ds |A −B|2

� 0. (B.2.19)

If r � 2, (B.2.19) then implies (see Lemma 5.1.19 in [82] or [24]) that

(
S(A)−S(B)

)
· (A −B)� C3

{ |A −B|r if κ = 0,

|A −B|2+ |A −B|r if κ = 1.
(B.2.20)

Consequently, forA =D(u) andB=D(v), we have

(
S
(
D(u)

)
−S

(
D(v)

)
,D(u− v)

)

� C3

{∥∥D(u− v)
∥∥r
r

if κ = 0,
∥∥D(u− v)

∥∥2
2+

∥∥D(u− v)
∥∥r
r

if κ = 1.
(B.2.21)

If r < 2 (andκ = 0), we show further that (B.2.19) implies that

(
S
(
D(u)

)
−S

(
D(v)

)
,D(u− v)

)∥∥D(u)+D(v)
∥∥2−r
r

� C4
∥∥D(u− v)

∥∥2
r
. (B.2.22)

Consequently, settingv≡ 0 in (B.2.21) and (B.2.22) we conclude that

(
S
(
D(u)

)
,D(u)

)
� C5

∥∥D(u)
∥∥r
r
. (B.2.23)

In fact, it follows directly from (B.2.19) thatS is strictly monotone, i.e.,

(
S(A)−S(B)

)
· (A −B) > 0 if A �= B.

Also, if D(u),D(v) ∈ Lr(0, T ;Lr(Ω)3×3), (B.2.22) and Hölder’s inequality lead to

∫ T

0

∥∥D(u− v)
∥∥r
r
dt �C6

(∫ T

0

(
S
(
D(u)

)
−S

(
D(v)

)
,D(u− v)

)
dt

)r/2
.

(B.2.24)

To obtain (B.2.22) we use Hölder’s inequality and the inequality|B + s(A − B)| �

|A| + |B| valid for all s ∈ (0,1) in the following calculation, whereD(s) abbreviates



412 J. Málek and K.R. Rajagopal

D(v)+ sD(u− v),

∥∥D(u− v)
∥∥r
r

=
∫

Ω

∣∣D(u)−D(v)
∣∣r dx

=
∫

Ω

[(∫ 1

0

∣∣D(s)
∣∣r−2 ds

)∣∣D(u− v)
∣∣2
]r/2(∫ 1

0

∣∣D(s)
∣∣r−2 ds

)−r/2
dx

� c

(∫

Ω

[(
S
(
D(v)

)
−S

(
D(u)

))
·D(u− v)dx

])r/2

×
(∫

Ω

(∫ 1

0

∣∣D(s)
∣∣r−2 ds

)−r/(2−r)
dx

)(2−r)/2

�

(∫

Ω

[(
S
(
D(v)

)
−S

(
D(u)

))
·D(u− v)dx

])r/2∥∥D(u)+D(v)
∥∥(2−r)/2r
r

,

which implies (B.2.22).
Analogously, we could check that forr ∈ (1,2) and θ ∈ (1

r
,1) and forD(u), D(v) ∈

Lr(0, T ;Lr(Ω)3×3),

∫ T

0

∥∥D(u− v)
∥∥rθ
rθ

dt

� C̃6

(∫ T

0

∫

Ω

[(
S
(
D(u)

)
−S

(
D(v)

))
·D(u− v)

]θ dx dt

)r/2
(B.2.25)

holds, wherẽC6 depends on|Ω| andT , and theLr norms ofD(u) andD(v).
It also follows from (B.2.7) and (B.2.8) that

S(A) = S(A)−S(0)=
∫ 1

0

d

ds
S(sA)ds =

∫ 1

0

∂S(sA)
∂A

·A ds

� C2

∫ 1

0

(
κ + sr−2|A|r−2)ds |A|� C2κ|A| +C2

1

r − 1
|A|r−1.

Consequently, using the convention thatκ = 0 if r < 2, we have

∣∣S(A)
∣∣� C2κ|A| +C2

1

r − 1
|A|r−1 � C0

(
κ + |A|

)r−1
. (B.2.26)

If r ∈ (1,+∞), Korn’s inequality states (see [94] or [92]) that there is aCN > 0 such
that

‖∇u‖r � CN
∥∥D(u)

∥∥
r

for all u ∈W1,r
per. (B.2.27)
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3. Existence of a (suitable) weak solution

3.1. Formulation of the results and bibliographical notes

The aim of this section is to establish the following result on long-time and large-data
existence of a suitable weak solution to unsteady flows of fluids with shear dependent
viscosity.

THEOREM 3.1. Assume thatS:R3×3 → R
3×3 satisfies(B.2.7) and (B.2.8) with a fixed

parameterr . Also, let b andv0 fulfill (B.2.10)and (B.2.11),respectively. If

r >
8

5
, (B.3.1)

then there is a weak solution to the problem(P).
If in addition

r >
9

5
, (B.3.2)

then there is a suitable weak solution to the problem(P).
Finally, if

r �
11

5
, (B.3.3)

then the local energy equality holds andv ∈ C(0, T ;L2
per).

Mathematical analysis of (B.1.4) and (B.1.5) was initiated by Ladyzhenskaya (see
[65,67]) who proved the existence of weak solutions forr � 11/5 treating homoge-
neous Dirichlet (i.e., no-slip) boundary condition. Her approach based on a combina-
tion of monotone operator theory together with compactness arguments works for easier
boundary-value problems, such as the spatially periodic problem or Navier’s slip. For the
case when the viscosity depends on the full velocity gradient, i.e.,ν = ν(|∇v|2), the same
results are presented in the book of Lions [77]. For a complementary reading, see [57].

Table 1 gives an overview of the results and methods available in two and more dimen-
sions. We discuss the results in three dimensions in detail.

Note that Theorem 3.1 addresses, as a special case, the existence of a solution for long-
time and large-data for the NSEs, the results obtained for the Cauchy problem in the fun-
damental article by Leray [75], and extended to bounded domains with no-slip boundary
conditions by Hopf [53] and to the notion of suitable weak solutions by Caffarelli, Kohn
and Nirenberg [17]. The technique of monotone operators [67] or [77] however does not
pertain to these results (as (B.3.3) does not includer = 2).
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Table 1

d = 2 d � 3 References

Spatially-periodic problem
monotone operators

+ compactness

}
"⇒ r � 2 r � 1+ 2d

d+2 [67,77]

monotone operators

+L∞-function

}
"⇒ r > 3

2 r � 2(d+1)
d+2 [44]

regularity technique

(higher-differentiability)

}
"⇒ r > 1 r > 3d

d+2 [82]

C1,α-regularity "⇒ r � 4
3 ? [60]

Dirichlet problem(no-slip boundary)

monotone operators

+ compactness

}
"⇒ r � 2 r � 1+ 2d

d+2 [65,67,77]

regularity technique

(higher-differentiability)

}
"⇒ r � 3

2 r � 2 (d = 3) [58,84]

C1,α-regularity "⇒ r � 2 ? [59]

This gap in the existence theory was filled by the result presented by Málek, Nečas,
Rokyta and R˚užička [82], see [9] and [83] where the result is established for the first time.
The method based on the regularity technique to obtain fractional higher differentiability
gives, among other results, the existence of a weak solution forr fulfilling (B.3.2). This
concerns the spatially periodic problem (A.4.6). For no-slip boundary conditions, existence
for r � 2 is established in [84]. The idea behind this method will be explained in Section 4.

Later on in [44], using the fact that the nonlinear operator is strictly monotone and the
fact that onlyL∞-test functions are permitted in the weak formulation of the problem,
Frehse, Málek and Steinhauer extended the existence theory for nonlinear parabolic sys-
tems withL1 right-hand side (see [12]) and proved the existence of a weak solution for
r > 8/5. In the following subsection the proof of Theorem 3.1 is established using the ap-
proach developed in [67] forr � 11/5 and that in [44] forr ∈ (8

5,
11
5 ). Note that the last

result forr ∈ (8
5,2) for no-slip boundary conditions is not completely solved as yet.

Frehse and Málek conjecture in [43] that one can exploit the restriction that only Lip-
schitz test functions are admissible and establish the existence of a weak solution for
r > 6/5. See [45] for details concerning this technique for time independent problems.

3.2. Definition of an approximate problem(Pε,η) and a priori estimates

Let η > 0 andε > 0 be fixed. Ifu ∈ L1
loc(R

3), thenu ∗ ωη := 1
η3

∫
R3 ω(

x−y
η
)u(y)dy with

ω(·) ∈D(B1(0)), ω� 0,ω being radially symmetric,
∫
B1(0)

ω= 1, is the standard regular-
ization of a functionu.
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We consider theproblem(Pε,η) to find (v,p) := (vε,η,pε,η) such that15

divv+ ε|p|αp = 0 with

{
α = 2−r

r−1 for r � 11
5 ,

α = 5r−12
6 for r < 11

5 ,
(B.3.10)

v,t + div
((

vdiv ∗ωη
)
⊗ v

)
− divS

(
D(v)

)
=−∇p+ b, (B.3.11)

and (vε,η,pε,η) areΩ-periodic functions fulfilling (A.4.6) and eachvε,η starts with the
initial value specified in (B.2.9). In (B.3.11),vdiv = vε,ηdiv denotes the projection ofv= vε,η

into the space of divergenceless functions, i.e.,v andvdiv are related through the Helmholtz
decomposition

vε,η = vε,ηdiv +∇gε,η, (B.3.12)

where

divvε,ηdiv = 0, vε,ηdiv andgε,η areΩ-periodic, (B.3.13)

and

−�gε,η =−divvε,η = ε
∣∣pε,η

∣∣αpε,η,
∫

Ω

gε,η dx = 0. (B.3.14)

15There is a clear hint regarding the choice ofα. Formally applying the divergence operator on (B.1.4)2 with
b= 0, we obtain

p = (−�)−1 div div
(
v⊗ v−S

(
D(v)

))
. (B.3.4)

Since the energy inequality implies that

v ∈L∞
(
0, T ;L2

per
)
∩Lr

(
0, T ;W1,r

per
)
, (B.3.5)

the interpolation inequality‖u‖q � ‖u‖2(3r−q)/(q(5r−6))
2 ‖u‖(3r/q)(q−2)/(5r−6)

3r/(3−r) (for r < 3) leads to

v ∈L5r/3(0, T ;L5r/3
per

)
. (B.3.6)

Consequently,

v⊗ v ∈L5r/6(0, T ;L5r/6
per

)
. (B.3.7)

Due to (B.2.26),S(D(v)) behaves as|∇v|r−1 and thus

S
(
D(v)

)
∈ Lr ′

(
0, T ;Lr ′per

)
. (B.3.8)

It thus follows from (B.3.4), (B.3.7) and (B.3.8) that

p ∈ Lq
(
0, T ;Lqper

)
, whereq =min

{
5r

6
,

r

r − 1

}
. (B.3.9)

If r � 11/5, thenq = r/(r − 1) while for r < 11/5, q = 5r/6. In both cases, we chooseα in such way that
α+ 2= q.
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Note that (B.3.10)–(B.3.11) are tantamount to

v,t + div
((

vdiv ∗ωη
)
⊗ v

)
− divS

(
D(v)

)
−
(

1

ε

)1/(α+1)

∇
(

divv
|div v|α/(α+1)

)
= b,

(B.3.15)

with p := −(1
ε
)1/(α+1)|div v|−α/(α+1) divv defined after solving forv= vε,η (B.3.15) to-

gether with (B.2.9) and (A.4.6). This kind of approximation is called a quasi-compressible
approximation or the problem with penalized divergenceless constraint. Although three
nonlinear operators appear in (B.3.15), the solvability of (A.3.10) is not difficult to estab-
lish in virtue of the fact that the first operator div((vdiv ∗ ωη)⊗ v) is compact, the second
and third (forε > 0 fixed) are monotone and the following estimates are available

1

2

d

dt
‖v‖2

2+
∫

Ω

S
(
D(v)

)
·D(v)dx +

{
ε‖p‖α+2

α+2(1
ε

)1/(α+1)‖divv‖(α+2)/(α+1)
(α+2)/(α+1)

}

= 〈b,v〉� ‖b‖−1,r ′‖∇v‖r . (B.3.16)

Note that

α + 2=
{
r ′,
5r
6 ,

α + 1=
{

1
r−1,

5r−6
6

and
α + 2

α + 1
=
{
r for r � 11

5 ,
5r

5r−6 for r < 11
5 .

(B.3.17)

Inequality (B.2.23) and Korn’s inequality (B.2.27) then allow us to conclude from
(B.3.16) that

sup
t∈[0,T ]

∥∥vε,η(t)
∥∥2

2+
∫ T

0

∥∥∇vε,η(t)
∥∥r
r
dt + ε

∫ T

0

∥∥pε,η(t)
∥∥α+2
α+2 dt

+
(

1

ε

)1/(1+α) ∫ T

0

∥∥divvε,η(t)
∥∥(α+2)/(α+1)
(α+2)/(α+1) dt �K, (B.3.18)

whereK is an absolute constant depending on‖b‖
Lr
′
(0,T ;W−1,r′

per )
, ‖v0‖2 and the con-

stantC−1
0 from (B.2.26).

It follows from the first two terms (implying thatvε,η belongs toL∞(0, T ;L2
per) ∩

Lr(0, T ;W1,r
per) uniformly w.r.t.ε andη) that forr ∈ (1,3),
∫ T

0

∥∥vε,η
∥∥5r/3

5r/3 dt �K. (B.3.19)

In virtue of (B.3.18) and (B.2.26) we also have

∫ T

0

∥∥S
(
D(v)

)∥∥r ′
r ′ dt �K. (B.3.20)
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On considering (B.3.15) and using the estimates (B.3.18)–(B.3.20) we see that the
third and fifth term belong toLr

′
(0, T ;W−1,r ′

per (Ω)) (even uniformly w.r.t.ε and η),

the second term div((vdiv ∗ ωη) ⊗ v) belongs toLr
′
(0, T ;W−1,r ′

per (Ω)) uniformly w.r.t.
ε andη for r � 11/5, and forr < 11/5 it belongs toL5r/6(0, T ;W−1,5r/6

per (Ω)) (again
uniformly w.r.t. ε andη). The term(ε)−1/(α+1) div(|div v|−α/(α+1)(div v)I) also belongs
to Lr

′
(0, T ;W−1,r ′

per (Ω)) for r � 11/5, and toL5r/6(0, T ;W−1,5r/6
per (Ω)) otherwise, how-

evernotuniformly w.r.t.ε > 0.
As a consequence of this consideration, we have

vε,η,t ∈
{
Lr

′(
0, T ;W−1,r ′

per
)

for r � 11
5 ,

L5r/6
(
0, T ;W−1,5r/6

per
)

for r < 11
5 .

(B.3.21)

Obviously, if we eliminate the termε−1/(α+1) div(|div v|−α/(α+1)(divv)I) using diver-
genceless test functions we obtain estimates that are uniform w.r.t.ε. On doing so, we
conclude that

∫ T

0

∥∥vε,η,t
∥∥α+2
W
−1,α+2
per,div

dt �K. (B.3.22)

3.3. Solvability of an approximate problem

In this subsectionε andη are fixed, and thus we write(v,p) instead(vε,η,pε,η). Based
on (B.3.18) we set

X :=
{
Lr
(
0, T ;W1,r

per
)

if r � 11
5 ,

{
u ∈ Lr

(
0, T ;W1,r

per
)
;divu ∈ L5r/(5r−6)

(
0, T ;L5r/(5r−6)

)}
if r < 11

5 .

Let {ωs}∞s=1 be a basis forX. We construct a solution to (B.3.10)–(B.3.11), more precisely
to (B.3.15) via Galerkin approximations{vN }∞N=1 of the form

vN (t, x)=
N∑

s=1

cNs (t)ω
s(x),

wherecN := {cNs (t)}∞s=1 solve the system of ordinary differential equations

d

dt

(
vN ,ωs

)
−
((

vNdiv ∗ωη
)
⊗ vN ,ωs

)
+
(
S
(
D
(
vN
))
,D
(
ωs
))

+ 1

ε1/(α+1)

(∣∣div vN
∣∣−α/(α+1)divvN ,divωs

)
=
〈
b,ωs

〉
for s = 1,2, . . . ,N,

(B.3.23)
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completed by the initial conditions obtained by projectingv0 into the finite-dimensional
space generated by the firstN basis functionsωr , r = 1, . . . ,N .

Due to the linearity of the second component in all the expressions, we obtain (B.3.16)
for vN that leads to (B.3.18)–(B.3.20) forvN . Local-in-time existence of a solution
to (B.3.23) follows from Carathéodory theory, global-in-time existence is then a con-
sequence of (B.3.18), or its variant forvN . It also follows from (B.3.18), (B.3.20) and
(B.3.21) that there is a subsequence{vn}∞n=1 ⊂ {vN }∞N=1 and v ∈ X ∩ L∞(0, T ;L2

per),
	S∈ Lr ′(0, T ;Lr ′(Ω)3×3) and	P ∈ Lα+2(0, T ;Lα+2) such that

vn⇀ v
weakly in X

*-weakly inL∞
(
0, T ;L2

per

)
,

(B.3.24)

vn,t ⇀ v,t weakly inLα+2(0, T ;W−1,α+2
per

)
, (B.3.25)

S
(
D
(
vn
))
⇀	S weakly inLr

′(
0, T ;Lr ′(Ω)3×3), (B.3.26)

P
(
vn
)
:=
∣∣divvn

∣∣−α/(α+1) div vn⇀ 	P weakly inLα+2(0, T ;Lα+2
per

)
, (B.3.27)

and in virtue of Aubin–Lions compactness lemma (cf. [82], Lemma 1.2.48, or [77], Sec-
tion 1.5)

vn→ v strongly inLr
(
0, T ;Lqper

)
for all q ∈

〈
1,

3r

3− r

)
. (B.3.28)

Simple arguments then lead to the conclusion thatv, 	S and 	P fulfill (for almost all
t ∈ (0, T 〉)

0=
∫ t

0

[
〈v,t ,ϕ〉 −

((
vdiv ∗ωη

)
⊗ v,∇ϕ

)

+
(	S,D(ϕ)

)
+
(

1

ε

)1/(α+1)(	P ,divϕ
)
− 〈b,ϕ〉

]
dτ (B.3.29)

for all ϕ ∈X. Particularly, forϕ = v we have16

0= 1

2

(∥∥v(t)
∥∥2

2− ‖v0‖2
2

)

+
∫ t

0

[(	S,D(v)
)
+
(

1

ε

)1/(α+1)(	P ,div v
)
− 〈b,v〉

]
dτ. (B.3.30)

16Proceeding similarly as in Section 3.10, one could conclude from (B.3.29) thatv(0)= v0.
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Since forψ ∈X

0 �

∫ t

0

[(
S
(
D
(
vn
))
−S

(
D(ψ)

)
,D
(
vn
)
−D(ψ)

)

+
(

1

ε

)1/(α+1)(
P
(
vn
)
− P(ψ),div

(
vn −ψ

))]
dτ,

we use (B.3.16) withvn instead ofv to replace the term

∫ t

0

[(
S
(
D
(
vn
))
,D
(
vn
))
+
(

1

ε

)1/(α+1)(
P
(
vn
)
,divvn

)]
dτ

and take the limit asn→∞. Using (B.3.24)–(B.3.28) we conclude that

0 �

∫ t

0

[(	S−S
(
D(ψ)

)
,D(v)−D(ψ)

)

+
(

1

ε

)1/(α+1)(	P − P(ψ),div(v−ψ)
)]

dτ (B.3.31)

for all ψ ∈X.
A possible choiceψ = v± λϕ, λ > 0, and continuity of the operators in (B.3.31) (for

λ→ 0+) then imply that

0=
∫ t

0

[(	S−S
(
D(v)

)
,D(ϕ)

)
+
(

1

ε

)1/(α+1)(	P − P(v),divϕ
)]

dτ, (B.3.32)

which means

∫ t

0

{(	S,D(ϕ)
)
+
(

1

ε

)1/(α+1)(	P ,divϕ
)}

dτ

=
∫ t

0

{(
S
(
D(v)

)
,D(ϕ)

)
+
(

1

ε

)1/(α+1)(
P(v),divϕ

)}
dτ.

Consequently, (B.3.29) leads to the equation for(v,p)= (vε,η,pε,η) of the form

∫ t

0
〈v,t ,ϕ〉 −

((
vdiv ∗ωη

)
⊗ v,∇ϕ

)
+
(
S
(
D(v)

)
,D(ϕ)

)
dτ

+
∫ t

0

((
1

ε

)1/(α+1)

|divv|−α/(1+α) divv
︸ ︷︷ ︸

=:−p

,divϕ

)
dτ =

∫ t

0
〈b,ϕ〉dτ, (B.3.33)

that is valid for allϕ ∈X.
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3.4. Further uniform estimates w.r.t.ε andη

We recall first that{vε,η} meet (B.3.18), (B.3.20) and (B.3.22), whereK is indepen-
dent of ε and η. Next, we focus on the uniform estimates of the pressurepε,η :=
− 1

ε1/(α+1) |div vε,η|−α/(1+α) divvε,η. We start by substitutingϕ =∇hε,η in (B.3.33), where
hε,η solves

�hε,η =
∣∣pε,η

∣∣αpε,η in R
3, hε,η beingΩ-periodic,

∫

Ω

hε,η(x)dx = 0,

(B.3.34)

with the estimate

∥∥hε,η
∥∥

2,q � C
∥∥pε,η

∥∥α+1
(α+1)q , q ∈ (1,∞), (B.3.35)

whereC is independent ofε andη, but may depend onq andL. As a consequence we
obtain

∫ t

0

∥∥pε,η
∥∥α+2
α+2 dτ

�

∫ t

0

〈
vε,η,t ,∇hε,η

〉
dτ +

∫ t

0

∫

Ω

∣∣vε,η
∣∣∣∣vε,ηdiv ∗ωη

∣∣∣∣∇(2)hε,η
∣∣dx dτ

+
∫ t

0

∫

Ω

∣∣S
(
D
(
vε,η

))∣∣∣∣D
(
∇hε,η

)∣∣dx dτ

:= I1+ I2+ I3. (B.3.36)

TermsI2 andI3 and (B.3.35) suggest that we ought to setq such that theq(α + 1)-norm
for p on the right-hand side of (B.3.35) equals to the(α + 2)-norm ofp on the left-hand
side of (B.3.36). This givesq := (α + 2)/(α + 1) and it is easy to check that using (B.3.19)
and (B.3.20),I2 andI3 can be bounded.17

Focusing onI1, we first appeal to the Helmholtz decomposition (B.3.12) ofvε,η. Then it
follows from (B.3.34) and (B.3.14) and the unique solvability of the Laplace equation for

17To be more explicit, considering, for example, the termI3 we have

|I3| �
(∫ t

0

∥∥S
(
D
(
vε,η

))∥∥α+2
α+2 dτ

)1/(α+2)(∫ t

0

∥∥∇2hε,η
∥∥(α+2)/(α+1)
(α+2)/(α+1) dτ

)(α+1)/(α+2)

� KC

(∫ t

0

∥∥pε,η
∥∥α+2
α+2 dτ

)(α+1)/(α+2)
,

where we used the fact thatα + 2 � r ′ for arbitraryr > 1.
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the class of functions being considered thatgε,η/ε =−hε,η. Consequently,

∫ t

0

〈
vε,η,t ,∇hε,η

〉
dτ

=
∫ t

0

〈
∇gε,η,t ,∇hε,η

〉
dτ =−ε

∫ t

0

〈
∇ g

ε,η
,t

ε
,∇
(
−hε,η

)〉
dτ

=−ε
∫ t

0

1

2

d

dt

∥∥∥∥∇
g
ε,η
,t

ε

∥∥∥∥
2

2
dτ =− 1

2ε

(∥∥gε,η(t)
∥∥2

2−
∥∥gε,η(0)

∥∥2
2

)
� 0

(B.3.37)

as�gε,η(0)= divvε,η(0)= 0⇒ gε,η(0)= 0. (The reader may wish to verify this argument
concerning the treatment of the termI1 first for smooth approximations(vε,ηm ,p

ε,η
m ) and

then taking the limit asm→∞, whereasvε,ηm follows from the density of smooth functions
in Lr(0, T ;W1,r

per) andpε,ηm := −(ε)1/(α+1)|div vε,ηm |−α/(α+1) divvε,ηm .)
Thus, it follows from (B.3.36)–(B.3.37) that18

∫ T

0

∥∥pε,η
∥∥α+2
α+2 dτ �K. (B.3.38)

Consequently, we can strengthen (B.3.22) to conclude from (B.3.33) that

∫ T

0

∥∥vε,η,t
∥∥α+2
W
−1,α+2
per

dτ �K. (B.3.39)

Estimates (B.3.38) and (B.3.39) are uniform w.r.t.η. If we however relax this require-
ment and use the fact thatv∗ωη is a smooth function forη > 0 fixed, we obtain, proceeding
as above,

∫ T

0

∥∥pε,η
∥∥r ′
r ′ dτ � C

(
η−1) (B.3.40)

and

∫ T

0

∥∥vε,η,t
∥∥r ′
W
−1,r′
per

dτ � C
(
η−1). (B.3.41)

18Note that this step can be repeated without any change for Navier’s boundary conditions, it is however open
in general for the no-slip boundary condition due to the fact that∇h is not an admissible function.
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3.5. Limit ε→ 0

For fixedη > 0, we establish in this section the existence of a (suitable) weak solution to
the problem





divv= 0, v,t + div
((

v ∗ωη
)
⊗ v

)
− div

(
S
(
D(v)

))
=−∇p+ b,

vi,p areΩ-periodic with
∫
Ω
vi dx =

∫
Ω
p dx = 0 for i = 1,2,3,

v(0, ·)= v0 in Ω,

(Pη)

if the parameterr appearing in (B.2.8) fulfills

r >
8

5
. (B.3.42)

Using the estimates (B.3.18), (B.3.20), (B.3.40) and (B.3.41) uniform w.r.t.ε > 0, and
lettingε→ 0 we can find a sequence{vn,pn} chosen from{vε,η,pε,η}, and a limit element
{v,p} := {vη,pη} such that

vn⇀ v
weakly inLr

(
0, T ;W1,r

per
)

*-weakly inL∞
(
0, T ;L2

per

) (B.3.43)

vn,t ⇀ v,t weakly inLr
′(

0, T ;W−1,r ′
per

)
(B.3.44)

vn→ v strongly in

{
Lr
(
0, T ;Lqper

)
for all q ∈

〈
1, 3r

3−r
)
,

Ls
(
0, T ;Lsper

)
for all s ∈

〈
1, 5r

3

)
,

(B.3.45)

S
(
D
(
vn
))
⇀	S weakly inLr

′(
0, T ;Lr ′per

)
(B.3.46)

and

pn⇀p weakly inLr
′(

0, T ;Lr ′per

)
. (B.3.47)

It also follows from the fourth term in (B.3.18) (asε→ 0) that

divv= 0 a.e. in (0, T )×Ω. (B.3.48)

On employing (B.3.33) with{vn,pn} instead of{v,p} = {vε,η,pε,η}, we can take the limit
asn→∞ and obtain with help of (B.3.43)–(B.3.47) that

∫ t

0

{
〈v,t ,ϕ〉 −

((
v ∗ωη

)
⊗ v,∇ϕ

)
+
(
S
(
D(v)

)
,D(ϕ)

)
− (p,divϕ)

}
dτ

=
∫ t

0
〈b,ϕ〉dτ for all ϕ ∈ Lr

(
0, T ,W1,r

per

)
(B.3.49)



Mathematical issues concerning the Navier–Stokes equations and some of its generalizations423

provided that we show that

	S= S
(
D(v)

)
a.e. in(0, T )×Ω. (B.3.50)

Towards this purpose, we consider (B.3.33) for(vn,pn) and setϕ = vn − v therein. Then

∫ T

0

〈
vn,t − v,t ,vn − v

〉
dt +

∫ T

0

(
S
(
D
(
vn
))
−S

(
D(v)

)
,D
(
vn − v

))
dt

=−
∫ T

0

〈
v,t ,vn − v

〉
dt +

(
S
(
D(v)

)
,D
(
vn − v

))
dt +

〈
b,vn − v

〉
dt

−
∫ T

0

((
vndiv ∗ωη

)
⊗ vn,∇

(
vn − v

))
dt. (B.3.51)

Let n→∞. The first term on the right-hand side of (B.3.51) vanishes due to the weak con-
vergence documented in (B.3.43), the last integral that equals to

∫ T
0 (div(vndiv ∗ωη)vn,vn−

v)dt +
∫ T

0 ((vndiv ∗ ωη)⊗ (vn − v),∇vn)dt also vanishes due to (B.3.45) and|∇vn||vn| is
uniformly integrable ifr > 8/5.

Consequently, using (B.3.51) and (B.2.20) (resp. (B.2.21)), we have19

lim
n→∞

∫ T

0

∥∥D(vn)−D(v)
∥∥r
r
dt = 0. (B.3.52)

ThusD(vn)→ D(v) a.e. in(0, T )×Ω (at least for the subsequence) and Vitali’s lemma
(see [82], Lemma 2.1, or [28]) and (B.3.20) giveS(D(vn))→ S(D(v)) a.e. in(0, T )×Ω

that implies (B.3.50).
Taking ϕ = vφ,φ ∈ D(−∞,∞;C∞per) in (B.3.49) we conclude that thelocal energy

equalityis fulfilled. Thus, we have

1

2

∫

Ω

(
|v|2φ

)
(t, x)dx +

∫ t

0

∫

Ω

S
(
D(v)

)
·D(v)φ dx dτ

= 1

2

∫

Ω

∣∣v0(x)
∣∣2φ(0, x)dx + 1

2

∫ t

0

∫

Ω

|v|2φ,t dx dτ +
∫ t

0
〈b,vφ〉dτ

+
∫ t

0

∫

Ω

( |v|2
2

(
v ∗ωη

)
+ pv−S

(
D(v)

)
v
)
· ∇φ dx dτ. (B.3.53)

19We have also used the fact that
∫ T

0

〈
vn,t − v,t ,vn − v

〉
dt = 1

2

∥∥vn(T )− v(T )
∥∥2

2−
1

2

∥∥vn(0)− v(0)
∥∥2

2=
1

2

∥∥vn(T )− v(T )
∥∥2

2.

This requires one to check thatvn(0)= v(0)= v0. We skip it here however and show it later for the more difficult
case.
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Also settingϕ = v in (B.3.49) we have the global energy equality

1

2

∥∥v(t)
∥∥2

2+
∫ t

0

(
S
(
D(v)

)
,D(v)

)
dτ = 1

2
‖v0‖2

2+
∫ t

0
〈b,v〉dτ (B.3.54)

and in view of the lower-semicontinuity of the norms w.r.t. weak convergence it follows
from (B.3.18)–(B.3.20), (B.3.38) and (B.3.39) that(v,p)= (vη,pη) fulfills the following
estimates that are uniform w.r.t.η > 0:

sup
t∈[0,T ]

∥∥vη(t)
∥∥2

2+
∫ T

0

∥∥∇vη
∥∥r
r
dt +

∫ T

0

∥∥vη
∥∥5r/3

5r/3 dt �K, (B.3.55)

∫ T

0

∥∥S
(
D
(
vη
))∥∥r ′

r ′ dt �K, (B.3.56)

∫ T

0

∥∥pη
∥∥α+2
α+2 dt �K with α + 2=

{
r ′ if r � 11

5 ,
5r
6 if r < 11

5 ,
(B.3.57)

∫ T

0

∥∥vη,t
∥∥α+2
W
−1,α+2
per

dt �K. (B.3.58)

3.6. Limit η→ 0, the caser � 11/5

If r � 11/5, the uniform estimates that are available coincide with those needed to take the
limit in Section 3.5. Thus, we proceed as above. The quadratic convective term requires

vn→ v strongly inL2(0, T ;L2(Ω)
)
. (B.3.59)

This follows from the Aubin–Lions lemma provided that

r >
6

5
,

which is of course trivially satisfied here (and in the next subsection as well). The other ar-
guments coincide with those used in Section 3.5. Forr � 11/5, we have thus the existence
of a weak solution fulfilling the energy equality, the local energy equality, etc. The proof
of Theorem 3.1 for the caser � 11/5 is complete.

3.7. Limit η→ 0, the case8/5< r < 11/5

We start by observing that ifu ∈ L5r/3(0, T ;L5r/3
per ) and∇u ∈ Lr(0, T ;Lrper) then

[∇u]
(
u ∗ωη

)
∈ L1(0, T ;L1

per

)
(B.3.60)
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uniformly w.r.t.η > 0 provided that

r �
8

5
. (B.3.61)

Thus, introducing, forr > 8/5 andδ ∈ (0, 5
8(r − 8

5)), the space of divergenceless func-
tions

Xδ :=
{
ϕ ∈ Lr

(
0, T ;W1,r

per,div

)
∩L(1+δ)/δ

(
0, T ;L(1+δ)/δper

)}
, (B.3.62)

and using the fact that

−
((

v ∗ωη
)
⊗ v,∇ϕ

)
=
(
[∇v]

(
v ∗ωη

)
,ϕ
)
, (B.3.63)

it follows from (B.3.49) that

∥∥vη,t
∥∥
X∗δ

�K uniformly w.r.t.η > 0. (B.3.64)

Letting η tend to zero, and using (B.3.55)–(B.3.58), (B.3.64) and the Aubin–Lions com-
pactness lemma, we find a subsequence{(vk,pk)}k∈N and “its weak limit” {(v,p)} such
that(r < 11/5)

vk ⇀ v
weakly inLr

(
0, T ;W1,r

per
)
,

*-weakly inL∞
(
0, T ;L2

per

)
,

(B.3.65)

vk,t ⇀ v,t weakly inL5r/6(0, T ;W−1,5r/6
per

)
and inX∗δ , (B.3.66)

vk→ v strongly inLr
(
0, T ;Lqper

)
for all q ∈

〈
1,

3r

3− r

)
, (B.3.67)

vk→ v strongly inLs
(
0, T ;L2

per

)
for all s > 1, if r >

6

5
, (B.3.68)

vk→ v a.e. in(0, T )×Ω, (B.3.69)

pk ⇀p weakly inL5r/6(0, T ;L5r/6
per

)
, (B.3.70)

and there is an	S∈ Lr ′(0, T ;Lr ′per) such that

S
(
D
(
vk
))
⇀	S weakly inLr

′(
0, T ;Lr ′per

)
. (B.3.71)

Also, it follows from (B.3.68) that

vk(t)→ v(t) strongly inL2
per for all t ∈ [0, T ] \N, (B.3.72)

whereN has zero one-dimensional Lebesgue measure.
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In order to identify	S with S(D(v)) we recall the analysis in previous sections that this
would follow from

lim
n→∞

∫ T

0

∫

Ω

(
S
(
D
(
vn
))
−S

(
D(v)

))
·
(
D
(
vn
)
−D(v)

)
dx dt = 0, (B.3.73)

on using the fact that this integral operator is uniformly monotone (note that it would suffice
to know that this operator is strictly monotone).

Here, we will establish a condition weaker than (B.3.73), namely

for everyε∗ > 0 and for someθ ∈
(1
r
,1
)

there is a subsequence
{
vn
}∞
n=1 of

{
vk
}∞
k=1 such that

lim
n→∞

∫ T

0

∫

Ω

[(
S
(
D
(
vn
))
−S

(
D(v)

))
·
(
D
(
vn
)
−D(v)

)]θ dx dt � ε∗.

(∗)

Once(∗) is proved, we can takeε∗m→ 0 and for eachm ∈N select gradually (not relabeled)
subsequences so that the Cantor diagonal sequence (again not relabeled) fulfills

D
(
vn
)
→D(v) a.e. in(0, T )×R

3. (B.3.74)

Vitali’s theorem and (B.3.74) then imply that	S= S(D(v)) a.e. in(0, T )× R
3. The con-

vergence given in (B.3.65)–(B.3.72) and (B.3.74) clearly suffice to take the limit from the
weak formulation of the problem(Pη) to the weak form of the problem(P).

It remains to verify(∗). For this purpose we set

gk :=
(∣∣∇vk

∣∣r + |∇v|r +
(∣∣S
(
D
(
vk
))∣∣+

∣∣S
(
D(v)

)∣∣)(∣∣D
(
vk
)∣∣+

∣∣D(v)
∣∣)).

(B.3.75)

Clearlygk � 0 and

0�

∫ T

0

∫

Ω

gk dx dt �K, K > 1. (B.3.76)

We prove the following property (K is the constant referred to in (B.3.76))

for everyε∗∗ > 0 there isL� ε∗∗
K
,
{
vn
}∞
n=1⊂

{
vk
}∞
k=1 and sets

En :=
{
(x, t) ∈ (0, T )×Ω;L2 �

∣∣vn(t, x)− v(t, x)
∣∣<L

}
such that

∫

En

gn dx dt � ε∗∗.

(∗∗)
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To see that this is indeed so, we fixε∗∗ ∈ (0,1), setL1= ε∗/K and takeN ∈N such that
Nε∗∗ >K (K that appears in (B.3.76)). Defining iterativelyLi = L2

i−1 for i = 2,3, . . . ,N ,
we set

Ek,i =
{
(t, x) ∈ (0, T )×Ω;L2

i �
∣∣vk(t, x)− v(t, x)

∣∣<Li
}
, i = 1,2, . . . ,N.

For k ∈N fixed,Ek,i are mutually disjoint. Consequently,

N∑

i=1

∫

Ek,i

gk dx dt �K.

AsNε∗∗ >K , for eachk ∈N there isi0(k) ∈ {1, . . . ,N} such that

∫

Ek,i0(k)
gk dx dt � ε∗∗.

However,i0(k) are taken from a finite set of indices. Then, there has to be a sequence
{vn} ⊂ {vk} such thati0(n)= i∗0 for eachn (i∗0 ∈ {1,2, . . . ,N} fixed). The property(∗∗) is
then proved by settingL= Li∗0 andEn =En,i∗0 .

Returning to our aim, the verification of(∗), we consider(vn,pn) satisfying (B.3.49),
(B.3.53), (B.3.54) and having all convergence properties stated in (B.3.65)–(B.3.72)
and(∗∗), and we setϕ in (B.3.49) to be of the form

ϕn := hn −∇z :=
(
vn − v

)(
1−min

( |vn − v|
L

,1

))
−∇zn, (B.3.77)

whereL comes from(∗∗), andzn solves the problem defined through

−�zn = f n, zn beingΩ-periodic,
∫

Ω

zn dx = 0, (B.3.78)

where

f n := div

((
vn − v

)(
1−min

( |vn − v|
L

,1

)))
= div hn.

We summarize the properties ofhn, zn andϕn. IntroducingQn throughQn := {(t, x) ∈
(0, T )×Ω; |vn(t, x)− v(t, x)|<L}, we first note that

hn = 0 on (0, T )×Ω \Qn (B.3.79)

and

∣∣hn(t, x)
∣∣� L for all (t, x) ∈ (0, T )×Ω. (B.3.80)
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Consequently, owing to (B.3.69) and Lebesgue’s theorem we have, for alls ∈ 〈1,∞),

∫ T

0

∥∥hn
∥∥s
s
dt→ 0 asn→∞, (B.3.81)

and due toLs -theory for the Laplace operator, it follows from (B.3.78) that

∫ T

0

∥∥∇zn
∥∥s
s
→ 0 asn→∞. (B.3.82)

From (B.3.81) and (B.3.82) it follows (ϕn defined in (B.3.77)) that

∫ T

0

∥∥ϕn
∥∥s
s
dt→ 0 asn→∞. (B.3.83)

Next (χZ denotes the characteristic function of a setZ),

f n = div hn =
(
vn − v

)
· (v

n − v)j
L

∇(vn − v)j
|vn − v| χQn .

Splitting Qn into En (introduced in(∗∗)) and its complement, and using the fact that
|f n|r � |∇(vn − v)|r � C(|∇vn|r + |∇v|r) on En and |f n|r � L(|∇vn|r + |∇v|r) �
ε∗
K
(|∇vn|r + |∇v|r) onQn \En we conclude from(∗∗) that

∫ T

0

∥∥f n
∥∥r
r,Qn dt � 2ε∗, (B.3.84)

and using theLr -regularity for the Laplace operator and (B.3.78)

∫ T

0

∥∥∇(2)zn
∥∥r
r,Qn dt � 2Cregε

∗. (B.3.85)

We also note that

ϕn⇀ 0 weakly inLr
(
0, T ;W1,r

per

)
and also inXδ, (B.3.86)

whereXδ is defined in (B.3.62).
Insertingϕn of the form (B.3.77) into (B.3.49) we obtain (note that the term with pres-

sure vanishes as divϕn = 0) that

∫ T

0

〈
vn,t − v,t ,ϕn

〉
dt +

∫ T

0

(
S
(
D
(
vn
))
−S

(
D(v)

)
,D
(
ϕn
))

dt

=−
∫ T

0

((
vn ∗ω1/n)[∇vn

]
,ϕn

)
dt +

∫ T

0

〈
b,ϕn

〉
dt

−
∫ T

0

〈
v,t ,ϕn

〉
dt −

∫

0

(
S
(
D(v)

)
,D
(
ϕn
))

dt. (B.3.87)
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It is not difficult to see that all the terms on the right-hand side of (B.3.87) tend to 0:
the first one due to (B.3.60) and (B.3.83), the third one due to (B.3.86) and the fact that
v,t ∈X∗δ , and the second and fourth terms also tend to zero as a consequence of (B.3.86).

Let H : 〈0,∞)→ R satisfyH(0)= 0 andH ′(s)= (1−min(
√
s/L,1)). Then the first

term on the left-hand side is nonnegative as

∫ T

0

〈
vn,t − v,t ,ϕn

〉
dt =

∫ T

0

〈
vn,t − v,t ,hn

〉
dt

= 1

2

∫

Ω

H
(∣∣vn − v

∣∣2(T )
)
dx � 0.

We thus conclude from (B.3.87) that

lim
n→∞

∫

Qn

(
S
(
D
(
vn
))
−S

(
D(v)

))(
D
(
vn
)
−D(v)

))
dx dt

� lim
n→∞

∫

Qn

(∣∣S
(
D
(
vn
))∣∣+

∣∣S
(
D(v)

)∣∣)(∣∣∇
(
vn − v

)∣∣+
∣∣∇(2)zn

∣∣)dx dt.

(B.3.88)

Arguing in a manner analogous to that for obtaining (B.3.84) and (B.3.85), we find that

lim
n→∞

∫

Qn

(
S
(
D
(
vn
))
−S

(
D(v)

))(
D
(
vn
)
−D(v)

))
dx dt �Cε∗. (B.3.89)

Since

∫ T

0

∫

Ω

[(
S
(
D
(
vn
))
−S

(
D(v)

))(
D
(
vn − v

))]θ dx dt

=
∫

Qn

[· · ·]θ dx dt +
∫

(0,T )×Ω\Qn

[· · ·]θ dx dt

Hölder
�

(∫

Qn

[· · ·]dx dt

)θ ∣∣Qn
∣∣1−θ

+
(∫

(0,T )×Ω\Qn

[· · ·]dx dt

)θ ∣∣{(t, x);
∣∣vn − v

∣∣>L
}∣∣1−θ

� C∗ε∗,

where we apply (B.3.89) to bound the first term and appeal to the convergence in measure
to treat the second term, we finally conclude that(∗) holds.
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3.8. Continuity w.r.t. time in the weak topology ofL2
per

With all convergences established in the previous sections, particularly those given by
(B.3.65)–(B.3.70) and (B.3.74), it is straightforward to conclude that(v,p) fulfills the
weak identity (B.2.15). Takingϕ of the form

ϕ(τ, x)= χ〈t0,t〉(τ )ϕ̃(x), whereϕ̃ ∈W1,s
per andt0, t ∈ 〈0, T 〉,

we obtain

(
v(t), ϕ̃

)
−
(
v(t0), ϕ̃

)

=
∫ t

t0

(
v(τ )⊗ v(τ ),∇ϕ̃

)
−
(
S
(
D(v)

)
,D(ϕ̃)

)
+
〈
b(τ ), ϕ̃

〉
+
(
p(τ),div ϕ̃

)
dτ.

This implies (forr > 6/5) that

∣∣(v(t), ϕ̃
)
−
(
v(t0), ϕ̃

)∣∣

� c

∫ t

t0

(∥∥v(τ )
∥∥2

5r/3+
∥∥∇v(τ )

∥∥r−1
r

+
∥∥b(τ )

∥∥
−1,r ′ +

∥∥p(τ)
∥∥
α+2

)
dτ ‖ϕ̃‖1,s .

(B.3.90)

Also, using Hölder’s inequality over time, we have

∣∣(v(t), ϕ̃
)
−
(
v(t0), ϕ̃

)∣∣

� c

(
|t − t0|(5r−6)/(5r)

(∫ t

t0

∥∥v(τ )
∥∥5r/3

5r/3 dτ

)6/(5r)

+ |t − t0|1/r
(∫ t

t0

∥∥∇v(τ )
∥∥r
r
dτ

)1/r ′

+ |t − t0|1/r
(∫ t

t0

∥∥b(τ )
∥∥r ′
−1,r ′ dτ

)1/r ′

+ |t − t0|(α+1)/(α+2)
(∫ t

t0

∥∥p(τ)
∥∥α+2
α+2 dτ

)1/(α+2))
‖ϕ̃‖1,s . (B.3.91)

Since all the integrals are finite, (B.3.91) leads to the conclusion that(v(·), ϕ̃) is continuous
at t0 for all ϕ̃ ∈W1,s

per(Ω). In other words,

v ∈ C
(
0, T ;

(
W1,s

per

)∗
weak

)
(B.3.92)

or

lim
t→t0

(
v(t)− v(t0), ϕ̃

)
= 0 for all ϕ̃ ∈W1,s

per and for allt0 ∈ 〈0, T 〉. (B.3.93)
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Sincev ∈ L∞(0, T ;L2
per) andW1,s

per is dense inL2
per, we observe thatv ∈ C(〈0, T 〉;L2

weak),
which is (B.2.12)1.

3.9. (Local) Energy equality and inequality

If r � 11/5, (B.2.15) permits us to takeϕ = v or ϕ = vφ which implies both the energy
equality and its local version. If 11/5> r > 8/5, we take lim supn→∞ of (B.3.54) where
v stands forvn, andt ∈ 〈0, T 〉 \N with N introduced in (B.3.72). Since

• lim sup
n→∞

{an + bn}� lim sup
n→∞

{an} + lim inf
n→∞

{bn}, an � 0, bn � 0,

•
∫ t

0

∫

Ω

S
(
D(v)

)
·D(v)dx dτ � lim inf

n→∞

∫ t

0

∫

Ω

S
(
D
(
vn
))
·D
(
vn
)
dx dτ ,

• vn0 = vn(0) for all n ∈N,
• (B.3.72) and (B.3.65) hold,

we see that the energy inequality (B.2.17) follows directly.
Similarly we can argue by taking the limitn→∞ in (B.3.53). Here, in addition, we

need to take the limit of the terms in

∫ t

0

∫

Ω

( |vn|2
2

(
vn ∗ω1/n)+ pnvn

)
· ∇φ dx dτ.

This, however, follows from (B.3.68), (B.3.69) and (B.3.55)3 provided that

r >
9

5
.

3.10. Initial conditions

The property (B.2.14) is an easy consequence of the energy inequality (B.2.17) and the
following operations

∥∥v(t)− v0
∥∥2

2 =
∥∥v(t)

∥∥2
2+ ‖v0‖2

2− 2
(
v(t),v0

)

=
∥∥v(t)

∥∥2
2− ‖v0‖2

2− 2
(
v(t)− v0,v0

)

(B.2.17)
� −2

∫ t

0

[(
S
(
D(v)

)
,D(v)

)
− 〈b,v〉

]
dτ − 2

(
v(t)− v0,v0

)
.

(B.3.94)

Letting t → 0+ in (B.3.94) we conclude (B.2.14) from (B.2.12)1 and the fact that
(S(D(v)),D(v))− 〈b,v〉 ∈ L1(0, T ).
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4. On the smoothness of flows

4.1. A survey of regularity results

The alternate title for this section could behigher differentiabilityof weak solution(v,p)
of the problem(P).

For simplicity, we set

b= 0.

Since we deal with the spatially periodic problem we do not confront technical difficulties
due to localization.

For j = 1,2,3, let ej denote the basis vector inR3 (ej = (δ1j , δ2j , δ3j ), δij being the
Kronecker delta). Let δ0 > 0 be fixed. Introducing forh ∈ (0, δ0) the notation

�h
j z(t, x)= z[+hej ](t, x)− z(t, x) := z

(
t, x + hej

)
− z(t, x),

we observe that (B.2.15) implies that

〈[
�h
jv
]
,t
,ϕ
〉
+
∫

Ω

[
S
(
D(v)

)[+hej ] −S
(
D(v)

)]
·D(ϕ)dx

=
((
�h
jv
)
⊗ v[+hej ],∇ϕ

)
+
(
v⊗�h

jv,∇ϕ
)
+
(
�h
jp,divϕ

)
(B.4.1)

for all ϕ ∈ Ls(0, T ;W1,s
per) with s = r if r � 11/5 ands = 5r/(5r − 6) if 6/5 � r < 11/5

almost everywhere in(0, T ). It is a direct consequence of the requirements onϕ in (B.4.1)
and (B.2.15) that we can setϕ =�h

jv in (B.4.1) only if r � 11/5. In order to relax such an
a priori bound onr , we can use instead of (B.4.1) the weak formulation of the prob-
lem (Pη). Then for(v,p)= (vη,pη) we have

〈[
�h
jv
]
,t
,ϕ
〉
+
∫

Ω

[
S
(
D(v)

)[+hej ] −S
(
D(v)

)]
·D(ϕ)dx

=
(
�h
jp,divϕ

)
+
(((

�h
jv
)
∗ωη

)
⊗ v[+hej ],∇ϕ

)
+
((

v ∗ωη
)
⊗�h

jv,∇ϕ
)

(B.4.2)

valid for a.a.t ∈ (0, T ) and for allϕ ∈ Lr(0, T ;W1,r
per).

In (B.4.2), we are allowed to takeϕ =�h
jv, having the same restriction onr needed for

the solvability of (B.4.2), i.e.,r > 8/5. We aim to obtain higher differentiability estimates
uniformly w.r.t. η > 0. Insertingϕ = �h

jv into (B.4.2), noting that div�k
jv = 0 implies

that the term involving the pressure as well as the last term appearing in (B.4.2) vanish, we
obtain

1

2

d

dt

∥∥�h
jv
∥∥2

2+
(
S
(
D(v)

)[+hej ] −S
(
D(v)

)
,
[
D(v)

][+hej ] −D(v)
)

=−
((
�h
jv ∗ωη

)
⊗�h

jv,∇v[+hej ])� ‖∇v‖r
∥∥�h

jv
∥∥2

2r/(r−1). (B.4.3)
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Using (B.2.21) forr � 2 (or (B.2.22) forr < 2), it follows from (B.4.3) that

1

2

d

dt

∥∥�h
jv
∥∥2

2+
∥∥�h

jD(v)
∥∥2

2+
∥∥�h

jD(v)
∥∥r
r
� ‖∇v‖r

∥∥�h
jv
∥∥2

2r/(r−1). (B.4.4)

If one deduces from (B.4.4) higher differentiability estimates (even fractional ones suffice),
the compact embedding theorem (the Aubin–Lions lemma) then leads to almost every-
where convergence for the velocity gradients. We can then take to the limit, asη→ 0, from
(B.3.49) to (B.2.15). The higher differentiability estimates thus represent another method
to establish the long-time and large-data existence of a weak solution to the problem(P).

Building on the original contribution by Málek, Nečas and Růžička [83] and Bellout,
Bloom and Něcas [9], see also [82], where however smoother approximations of the prob-
lem (P) are considered,20 it seems very likely that the procedure outlined above will bear
fruit and one can thus find (fractional) higher differentiability estimates forr > 9/5. It
is worth noting that this range forr ’s coincides with that required for the existence of a
suitable weak solution.

To be more precise, the following results are in place (see [9,82,83,87]).

THEOREM 4.1. (i) If r � 11/5 then there is a weak solution(v,p) to the problem(P)
fulfilling

supt∈〈0,T 〉
∥∥∇v(t)

∥∥2
2∫ T

0

(
κ
∥∥∇2v

∥∥2
2+

∥∥D(v)
∥∥r
N 2/r,r (Ω)

+ ‖∇v‖r3r
)
dt



�C

(
‖∇v0‖2

)
, (B.4.5)

∫ T

0
‖v,t‖2

2 dt + sup
t∈〈0,T 〉

∥∥∇v(t)
∥∥r
r
� C

(
‖∇v0‖r

)
, (B.4.6)

supt∈〈0,T 〉 ‖v,t‖2
2

κ
∫ T

0 ‖∇v,t‖2
2 dt +

∫ T
0

∫
Ω

∣∣D(v)
∣∣r−2∣∣D(v,t )

∣∣2 dx dt

}
� C

(
‖v0‖2,q

)
, (B.4.7)

whereκ = 0 or 1 according to(B.2.8),q > 3 and

‖z‖N α,r :=
(

sup
0<h�δ0

∫

Ω

|z(x + h)− z(x)|r
hαr

dx

)1/r

.

(ii) If r ∈ 〈2, 11
5 ), then there is a weak solution(v,p) to the problem(P) such that

v fulfills

κ

∫ T

0

∥∥∇2v
∥∥2(3r−5)/(r+1)

2 dt

+
∫ T

0
‖∇v‖r

2(3r−5)/(3(r2−3r+4))
W s,r dt <∞, s ∈

(
0,

2

r

)
. (B.4.8)

20In [83], the estimates are derived directly for the Galerkin approximations using a smooth basis of functions.
In [9], a multipolar fluid model is used as a smooth approximation. Both approximations thus allow us to differ-
entiate the equations of the approximate problems.
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(iii) If r ∈ (9
5,2), then there is(v,p) to the problem(P) such thatv satisfies

∫ T

0

∥∥∇2v
∥∥r(5r−9)/(−r2+8r−9)
r

dt �∞. (B.4.9)

In particular, for the spatially-periodic problem described by the Navier–Stokes equa-
tions in three dimensions, it follows from Theorem 4.1 that (setr = 2 in (B.4.8)) there is a
weak solution(v,p) such that

∫ T

0

∥∥∇2v
∥∥2/3

2 dt <∞, (B.4.10)

the result was established by Foiaş, Guillopé and Temam [38].
Málek, Něcas and Růžička [84] considered the no-slip boundary condition for the case

r � 2 with κ = 1 and showed that
• if r � 9/4 (andr < 3) then there is a weak solution that fulfills

v ∈ L2/(2−r)(0, T ;W2,6/(r+1)(Ω)
)3 ∩L2(0, T ;W2,2

loc

)
,

v,t ∈ L2(0, T ;L2(Ω)3
)
,

∫ T

0

∫

Ω0

(
1+

∣∣D(v)
∣∣)r−2∣∣D(∇v)

∣∣2 dx dt �K for all Ω0⊂⊂Ω;

(B.4.11)

• if r ∈ 〈2, 9
4) then

∫ T

0

∥∥∇2v
∥∥(2/3)(2r−3)/(r−1)

6/(r+1) dt �K <∞. (B.4.12)

Note that (B.4.12) implies (B.4.10) even for the Dirichlet (no-slip) boundary value prob-
lem.

Studies relevant to other boundary conditions can be found in [104] and [8].
Instead of proving (B.4.5)–(B.4.10) rigorously, we rather provide a cascade of formal

inequalities that form however the essence of the arguments. Details and many extensions
can be found21 in [82], [84] and [25]. This cascade consists of three levels of inequalities
and starts with the energy inequality at level zero.

Level 1. Differentiate (B.1.4)2 w.r.t. xs and form the scalar product of the result with
∂v/∂xs .

Level 2. Form the scalar product of (B.1.4)2 with v,t .
Level 3. Differentiate (B.1.4)2 w.r.t. timet and usev,t to form the scalar product.
For r � 11/5 the procedure leads to (B.4.5)–(B.4.7). For the Navier–Stokes equations,

(B.4.5) is notavailable and there are plenty of results in literature that address the question

21Dealing with approximations different than those used in Section 3.
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as to what conditions imply (B.4.5). The well-known Prodi–Serrin conditions22 state that
(B.4.5) holds provided that

v ∈ Lq
(
0, T ;Ls

)
with

2

q
+ 3

s
� 1, s � 3. (B.4.13)

For s > 3, the result was established by Serrin [132]. The most interesting limiting case
L∞(0, T ;L3) has been analyzed recently by Escauriaza, Serëgin and Šverák [31,32,129].
Other regularity criteria are expressed in terms of the velocity gradient (see [7], for ex-
ample), the vorticity, (see [19]), the pressure [10,56,95,130], or just one component of the
velocity [97,98] or the velocity gradient (see [19,31]). The result in [63] and [138] ex-
tends (B.4.13) to the classL2(0, T ;BMO). The regularity criteria expressed in terms of
eigenvalues and eigenfunctions of the symmetric part of the velocity gradient were estab-
lished in [98,99].

While fractional higher differentiability result, as that mentioned in (B.4.10), gives com-
pactness of velocity gradient, say in allLq(0, T ;Lqper), q < 2, they do not give any im-
provement with regard to the regularity of the velocity or its gradient. In terms of our
“level” inequalities (Doering and Gibbon [26] talk about the ladder where each split bar
corresponds to a level above) for the Navier–Stokes equations in three dimensions, it is not
known how to get to the first level from level zero. However, once level 1 is established (in
fact (B.4.13) or other criteria suffice),L∞(0, T ;L2

per) integrability of any spatial or time
derivatives of any order is available, provided that data (v0 andb) are sufficiently smooth.

For Ladyzhenskaya’s equations, or for the problem(P) with κ = 1, Theorem 4.1 states
that if r � 11/5, the first three levels (B.4.5)–(B.4.9) (of the ladder) are accessible. It is
however open as to how to proceed to higher levels. More precisely, using (B.4.7) and
using (B.1.4) we rewrite the problem(P) as

div(v⊗ v)− divS
(
D(v)

)
+∇p =−v,t ∈ L∞

(
0, T ;L2

per

)
, (B.4.14)

and we observe that we can apply the higher differentiability technique to almost all time
instants. Doing so we establish the following theorem.

THEOREM 4.2. If r � 11/5 then there is a solution(v,p) to the problem(P) (with κ = 1)
such that

sup
t

∥∥∇2v(t)
∥∥2

2+ sup
t

∥∥∇v(t)
∥∥r
N 2/r,r (Ω)

+ sup
t

∥∥∇v(t)
∥∥r

3r �K <∞. (B.4.15)

In particular, v is bounded in(0, T )×R
3.

Thus, the task (III) long-time and large-data regularity in a sense given in Section 1.2
(Part B) is fulfilled. The question whether∇v is bounded or Hölder continuous has not
been answered as yet.

22Prodi asks for conditions implying uniqueness of a weak solution, see [107]. It follows that the criterion
coincides with that for regularity.
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In the following subsections we formally establish (B.4.5)–(B.4.7), and also (B.4.15).
We also discuss related results concerning local-in-time existence of solutions with inte-
grable second derivatives.

4.2. A cascade of inequalities for Ladyzhenskaya’s equations

In this subsection we consider Ladyzhenskaya’s equations (B.1.6). It means we deal with
the system (B.1.4) whereS(D(v)) = ν0 + ν1|D(v)|r−2D(v). Note also that (B.2.8) holds
with κ = 1. In the sequel we sometimes use the specific structure ofS, sometimes we refer
to (B.2.8).

Derivation of (B.4.5). We formally differentiate (B.1.4) with respect to the spatial vari-
ablexs and take the scalar product of the result with∂v

∂xs
. After summing overs = 1,2,3

and integrating by parts we obtain

1

2

d

dt
‖∇v‖2

2+
∫

Ω

∂S(D(v))
∂D

·D(∇v)⊗D(∇v)dx

=−
∫

Ω

∂vk

∂xs

∂vi

∂xk

∂vi

∂xs
. (B.4.16)

Using (B.2.8) we conclude that

1

2

d

dt
‖∇v‖2

2+C1
∥∥∇2v

∥∥2
2+C1Jr(v)� ‖∇v‖3

3, (B.4.17)

where

Jr(v)=
∫

Ω

∣∣D(v)
∣∣r−2∣∣D(∇v)

∣∣2 dx.

Since

Jr(v)� c∗‖∇v‖r3r , (B.4.18)

see [82], p. 227, and

Jr(v)� c∗∗
∥∥D(v)

∥∥r
N 2/r,r , (B.4.19)

see [87] for the proof, then (B.4.17) and the energy inequality (B.2.17) imply (B.4.5) if
r � 3. If r < 3, then we incorporate the interpolation inequalities

‖z‖3 � ‖z‖(r−1)/2
r ‖z‖(3−r)/23r ,

‖z‖3 � ‖z‖2(r−1)/(3r−2)
2 ‖z‖r/(3r−2)

3r ,
(B.4.20)
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and use the splitting‖∇v‖3
3= ‖∇v‖3α

3 ‖∇v‖3(1−α)
3 for α ∈ 〈0,1〉. We then obtain

1

2

d

dt
‖∇v‖2

2+C1
∥∥∇2v

∥∥2
2+

C1

2
Jr(v)+C∗1‖∇v‖r3r

� ‖∇v‖3α(r−1)/2
r ‖∇v‖6(1−α)(r−1)/(3r−2)

2 ‖∇v‖(3α/2)(3−r)+3r(1−α)/(3r−2)
3r .

(B.4.21)

SettingQ1 := 3α
2
(3−r)
r
+ 3(1−α)

3r−2 ,Q2 := 3α
2
r−1
r

andQ3 := 3(1−α) r−1
3r−2 , we apply Young’s

inequality withδ = 1/Q1. Requiring thatQ2δ
′ = 1, i.e.,Q2+Q1= 1, we obtain

1

2

d

dt
‖∇v‖2

2+ 2C1
∥∥∇2v

∥∥2
2+C1Jr(v)+C∗1‖∇v‖rr � c‖∇v‖rr‖∇v‖2λ

2 ,

(B.4.22)

where

λ := 2
3− r

3r − 5
. (B.4.23)

Since

λ� 1 ⇐⇒ r �
11

5
,

we obtain (B.4.5) by applying Gronwall’s lemma.

Derivation of (B.4.6). The scalar multiplication of (B.1.4) withv,t and integration over
Ω leads to

‖v,t‖2
2−

(
divS

(
D(v)

)
,v,t

)
+ (v,t ⊗ v,∇v)= 0. (B.4.24)

Using the specific form ofS and integrating by parts we obtain

‖v,t‖2
2+

ν0

2

d

dt
‖∇v‖2

2+
ν1

r

d

dt

∥∥D(v)
∥∥r
r
= (v,t ⊗ v,∇v)

�
1

2
‖v,t‖2

2+
∥∥|v| |∇v|

∥∥2
2. (B.4.25)

Since the estimate for the last term can be established with the help ofW1,3r →֒ L∞

∫

Ω

|v|2|∇v|2 dx � ‖v‖2
∞‖∇v‖2

2 �C
(
sup
t

∥∥∇v(t)
∥∥2

2

)
‖∇v‖2

3r , (B.4.26)

we see that (B.4.6) follows after integrating (B.4.25) over time and applying (B.4.5).
It is also possible to conclude from (B.4.24) that forq > d ,

∥∥v,t (0)
∥∥2

2 � C
(
‖v0‖2,q

)
. (B.4.27)
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Derivation of (B.4.7). A formal differentiation of (B.1.4) with respect to time and form-
ing the scalar product of the result withv,t lead to

1

2

d

dt
‖v,t‖2

2+
∫

Ω

∂S(D(v))
∂D

·D(v,t )⊗D(v,t )dx = (v,t ⊗ v,∇v,t ) (B.4.28)

since (p,t ,div v,t ) = 0 and (v ⊗ v,t ,∇v,t ) = (v,∇ |v,t |
2

2 ) = −(divv, |v,t |
2

2 ) = 0. Us-
ing (B.2.8), and applying Hölder’s inequality to the right-hand side of (B.4.28) gives

1

2

d

dt
‖v,t‖2

2+ κ‖∇v,t‖2
2+

∫

Ω

∣∣D(v)
∣∣r−2∣∣D(v,t )

∣∣2 dx

�
κ

2
‖∇v,t‖2

2+ ‖v‖2
∞‖v,t‖2

2

�
κ

2
‖∇v,t‖2

2+C‖∇v‖2
3r‖v,t‖2

2. (B.4.29)

The use of Gronwall’s lemma and (B.4.27) complete the formal proof of (B.4.7).

4.3. Boundedness of the velocity

Derivation of (B.4.15). Sincer � 11/5, (B.4.5)–(B.4.7) hold. We proceed in a manner
similar to that for obtaining (B.4.16), the term with the time derivativev,t is however
treated differently,

(∇v,t ,∇v)=−(v,t ,�v)� ‖v,t‖2
∥∥∇2v

∥∥
2.

Using Hölder’s inequality and (B.4.18) we have, instead of (B.4.17),

C1
∥∥∇2v

∥∥2
2+C1Jr(v)+ ‖∇v‖r3r � ‖v,t‖2

2+ ‖∇v‖3
3. (B.4.30)

The interpolation inequality‖z‖3 � ‖z‖(r−1)/2
r ‖z‖(3−r)/23r then gives

C1
∥∥∇2v(t)

∥∥2
2+C1Jr

(
v(t)

)
+C1‖∇v‖r3r

�
∥∥v,t (t)

∥∥2
2+

(∥∥∇v(t)
∥∥r
r

)3(r−1)/(2r)(∥∥∇v(t)
∥∥r

3r

)(3−r)/(2r)
. (B.4.31)

As supt ‖v,t (t)‖2
2 <∞ due to (B.4.7) and supt ‖∇v(t)‖rr < K �∞ in virtue of (B.4.6),

and (3− r)/2r < 1, we obtain (B.4.15). SinceW2,2(Ω) →֒ C0,1/6(Ω), we conclude
from (B.4.15) that

v ∈ L∞
(
0, T ;C0,1/6(Ω)

)
. (B.4.32)

In particular,v is bounded in(0, T )×Ω .
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4.4. Fractional higher differentiability

Let 5/3< r < 11/5 (⇔ λ > 1). Since

Jr(v)� C11




κ
∥∥∇2v

∥∥2
2+

∥∥D(v)
∥∥r
N 2/r,r (Ω)

if r � 2,

C
‖∇2v‖2

r

(1+‖∇v‖r )2−r if r < 2,

it follows from (B.4.22), see [82] for details, that

κ

∫ T

0

‖∇2v‖2
2

(1+ ‖∇v‖2
2)
λ
+
‖D(v)‖r

N 2/r,r (Ω)

(1+ ‖∇v‖2
2)
λ

dt �∞ if r � 2 (B.4.33)

and

∫ T

0

‖∇2v‖2
r

(1+ ‖∇v‖r)2−r
1

(1+ ‖∇v‖2
2)
λ

dt �∞ if r < 2. (B.4.34)

Hölder’s inequality and the energy inequality then lead to (B.4.8) and (B.4.10). Using
such estimates, we can then apply the interpolation inequalities to obtain fractional higher
differentiability with the exponent greater than one. For example, for the Navier–Stokes
equations we know from (B.4.8) and (B.2.12) that

∫ T

0
‖v‖2

1,2 dt <∞ and
∫ T

0
‖v‖2/3

2,2 dt <∞.

This then implies that

∫ T

0
‖v‖2/(2s+1)

1+s,2 dt <∞ and
2

2s + 1
� 1 ⇐⇒ s �

1

2
, s ∈ 〈0,1〉.

4.5. Short-time or small-data existence of a “smooth” solution

Inequalities of the type (B.4.22) that can be rewritten in the simplified form

y′(t)� g(t)y(t)λ, wherey(t)� 0 andg ∈ L1(0, T ), (B.4.35)

serve, ifλ > 1, as the key in proving either short-time and large-data or long-time and
small-data existence of a “smooth” solution.

Note that (B.4.22) takes the form of (B.4.35) withy(t) = ‖∇v‖2
2, g(t) = ‖∇v‖rr and

λ= 2 3−r
3r−5 , and the energy inequality (B.2.17) implies that for allT > 0,

∫ T

0
‖∇v‖rr � c‖v0‖2

2. (B.4.36)
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If λ > 1, (B.4.35) implies that

y(t)�
y(0)

(1− I (t)(λ− 1)[y(0)]λ−1)1/(λ−1)
with I (t) :=

∫ t

0
g(τ)dτ,

(B.4.37)

and we observe that

sup
t
y(t)�K <∞,

provided that

1− I (t)(λ− 1)
[
y(0)

]λ−1
�

1

2
. (B.4.38)

In the case of (B.4.22), condition (B.4.38) reads

2(λ− 1)

(∫ t

0
‖∇v‖rr dτ

)
‖∇v0‖2(λ−1)

2 � 1. (B.4.39)

It follows from (B.4.36) that (B.4.39) holds for allt > 0 provided that

2(λ− 1)c‖v0‖2
2‖∇v0‖2(λ−1)

2 � 1. (B.4.40)

Thus, ifv0 ∈W1,2
per meets (B.4.40), there is a solutionv such that for allT > 0,

sup
t∈(0,T )

∥∥∇v(t)
∥∥2

2 � 2‖∇v0‖2
2.

Since
∫ t

0 ‖∇v‖rr dτ → 0 ast→ 0+, it also follows from (B.4.37) and (B.4.39) that for any

v0 ∈W1,2
per there ist∗ > 0 such that a weak solutionv fulfills

sup
t∈(0,t∗)

∥∥∇v(t)
∥∥2

2 � 2‖∇v0‖2
2. (B.4.41)

In order to have an explicit bound on the lengtht∗, one can proceed slightly differently
starting again from inequality (B.4.17). If we apply only the second interpolation inequality
from (B.4.20) we obtain

1

2

d

dt
‖∇v‖2

2+C1
∥∥∇2v

∥∥2
2+

C1

2
Jr(v)+ ‖∇v‖r3r

� c‖∇v‖6(r−1)/(3r−2)
2 ‖∇v‖3r/(3r−2)

3r . (B.4.42)
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Since 3
3r−2 < 1 if and only if r > 5/3, Young’s inequality leads to

d

dt
‖∇v‖2

2+ 2C1
∥∥∇2v

∥∥2
2+C1Jr(v)+ ‖∇v‖r3r � c‖∇v‖6(r−1)/(3r−5)

2 . (B.4.43)

This is an inequality of the type

y′ � cyµ with µ= 3(r − 1)

3r − 5
> 1.

Proceeding as above we observe that (B.4.41) holds provided

0< t∗ �
1

2(µ− 1)‖∇v0‖2(µ−1)
2

.

To summarize, the following results follow from (B.4.22) (and a discussion of the level
inequalities) for the Navier–Stokes equations and Ladyzhenskaya’s equations:
• three-dimensional flows of the Navier–Stokes fluids starting with smooth initial flow

v0 are smooth on a certain time interval(0, t∗). If the smooth initial conditionv0

also fulfills (B.4.40), long-time and small-data existence of the smooth solution takes
place. See [23,61,67,77,78,103,144] or [142];

• three-dimensional flows of a power-law fluid or a Ladyzhenskaya’s fluid withr ∈
(5

3,
11
5 ) fulfill 23 (B.4.5)–(B.4.7) on a certain(0, t∗) for any smooth initial data. In

particular,v is bounded on(0, t∗). If v0 also fulfills (B.4.40), long-time (and small-
data) existence of flowsv meeting (B.4.5)–(B.4.7) and (B.4.15) are possible. Again
v remains bounded providedv0 ∈W2,q , q > 3.

Long-time existence ofC(0, T ;W2,q)-solutions for a small datav0 ∈ W2,q , q > 3, is
also established in [1]. An improvement in the short-time and large-data existence for the
ranger > 5/3 up tor > 7/5 is presented in [25].

5. Uniqueness and large-data behavior

The aim, to show internal mathematical consistency for Ladyzhenskaya’s equations if
r � 11/5, will be completed by establishing two results on the continuous dependence
of flows on data, implying uniqueness. As a consequence, the asymptotic structure of all
possible flows ast→∞ can be studied. We present results on the existence of anexpo-
nential attractor. This is acompactset in the function space of initial conditions,invariant
with respect to a solution semigroup, havingfinite fractal dimensionand attracting all tra-
jectoriesexponentially.

23Strictly speaking inequalities (B.4.5)–(B.4.7) hold only forr � 2. If r < 2, different norms appear in
(B.4.5)–(B.4.7) (see [82,89]).
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5.1. Uniquely determined flows for Ladyzhenskaya’s equations

THEOREM 5.1. Let (v1,p1) and (v2,p2) be two weak solutions to the problem(P) cor-
responding to the data(v1

0,b
1) and(v2

0,b
2), respectively. If

r �
5

2
, (B.5.1)

and

vi0 ∈ L2
per and bi ∈

(
Lr

′(
0, T ;W−1,r ′

per

))
, i = 1,2, (B.5.2)

then

sup
t

∥∥v1(t)− v2(t)
∥∥2

2 � h
(
v1

0− v2
0,b

1− b2,v2
0,b

2), (B.5.3)

where

h
(
ω0,g,v2

0,b
2)

:= c1

(
‖ω0‖2

2+
∫ T

0
‖g‖r ′

(W
1,r
per)

∗

)
expc2

(∥∥v2
0

∥∥2
2+

∫ T

0

∥∥b2
∥∥r ′
(W

1,r
per)

∗

)
.

Also,

∫ T

0

∥∥∇
(
v1− v2)∥∥2

2+
∥∥∇
(
v1− v2)∥∥r

r
dt � ch

(
v1

0− v2
0,b

1− b2) (B.5.4)

and

∫ T

0

∥∥p1− p2
∥∥r ′
r ′ dt � ch

(
v1

0− v2
0,b

1− b2). (B.5.5)

In particular, the problem(P) is uniquely solvable in the class of weak solutions.

PROOF. Taking the difference of (B.2.15) for(v1,p1) from (B.2.15) for(v2,p2) we find,
for r � 11/5, an identity forω= v2− v1 andq = p2− p1, namely

〈ω,t ,ϕ〉 +
(
S
(
D
(
v2))−S

(
D
(
v1)),D(ϕ)

)

= (q,divϕ)+
〈
b2− b2,ϕ

〉
+
(
ω⊗ v2,∇ϕ

)
+
(
v1⊗ω,∇ϕ

)
(B.5.6)

valid for all ϕ ∈W1,r
per and a.a.t ∈ 〈0, T 〉. Takingϕ = ω and observing(q,divω)= 0 and
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(v1⊗ω,∇ω)= 0, (B.5.6) implies

1

2

d

dt
‖ω‖2

2+
(
S
(
D
(
v2))−S

(
D
(
v1)),D

(
v2− v1))

=
〈
b1− b2,ω

〉
−
(
ω⊗ω,∇v2). (B.5.7)

Monotone properties ofS, i.e., (B.2.21) and (B.2.22), Korn’s inequality and duality esti-
mates that allow us to treat the term withb1− b2, then yield

1

2

d

dt
‖ω‖2

2+ ν0‖∇ω‖2
2+

ν1

2
‖∇ω‖rr

� c
∥∥b2− b1

∥∥r ′
(W

1,r
per)

∗ +
∫

Ω

|ω|2
∣∣∇v2

∣∣dx. (B.5.8)

Also, on using

∫

Ω

|ω|2
∣∣∇v2

∣∣dx �
∥∥∇v2

∥∥
r
‖ω‖2

2r/(r−1)

�
∥∥∇v2

∥∥
r
‖ω‖(2r−3)/r

2 ‖ω‖3/r
6

� c
∥∥∇v2

∥∥
r
‖ω‖(2r−3)/r

2 ‖∇ω‖3/r
2

�
ν0

2
‖∇ω‖2

2+ c
∥∥∇v2

∥∥2r/(2r−3)
r

‖ω‖2
2,

it follows from (B.5.8) that

d

dt
‖ω‖2

2+
[
ν0‖∇ω‖2

2+ ν1‖∇ω‖rr
]

� c
(∥∥b1− b2

∥∥r ′
(W

1,r
per)

∗ +
∥∥∇v2

∥∥2r/(2r−3)
r

‖ω‖2
2

)
. (B.5.9)

Neglecting the terms within the square brackets, the Gronwall lemma then completes the
proof of (B.5.3) provided that2r

2r−3 � r , which is exactly the condition (B.5.1). The energy

inequality (B.2.17) and (B.2.23) to estimate
∫ T

0 ‖∇v2‖(2r)/(2r−3)
r dt is also used.

Integrating (B.5.9) over time between 0 andT , using (B.5.3) to control supt ‖ω‖2
2, leads

then to (B.5.4).
To conclude (B.5.5), we setϕ := ∇h in (B.5.6), whereh solves

�h= |q|(2−r)/(r−1)q − 1

|Ω|

∫

Ω

|q|(2−r)/(r−1)q,

h isΩ-periodic,
∫

Ω

hdx = 0. (B.5.10)
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Then

‖ϕ‖1,r � ‖h‖2,r � c
∥∥|q|1/(r−1)

∥∥
r
� c‖q‖1/(r−1)

r ′ . (B.5.11)

Since〈ω,t ,ϕ〉 = 〈ω,t ,∇h〉 = 0, (B.5.6) withϕ =∇h then leads to

‖q‖r ′r ′ � c

∫

Ω

|∇ω||∇ϕ| +
(∣∣D
(
v1)∣∣+

∣∣D
(
v2)∣∣)r−2∣∣D(ω)

∣∣∣∣D(ϕ)
∣∣dx

+
∥∥b1− b2

∥∥
W
−1,r′
per

‖∇ϕ‖r +
∥∥v1+ v2

∥∥
3r/(2(2r−3))‖ω‖3r/(3−r)‖∇ϕ‖r

� ‖∇ω‖2‖∇ϕ‖2+ ‖∇ω‖r
∥∥∇v1+∇v2

∥∥r−2
r
‖∇ϕ‖r

+
∥∥b1− b2

∥∥
W
−1,r′
per

‖∇ϕ‖r +
∥∥v1+ v2

∥∥
3r/(2(2r−3))‖∇ω‖r‖∇ϕ‖r .

(B.5.12)

Using (B.5.11), Young’s inequality, the fact thatv1+ v2 ∈ L5r/3(0, T ;L5r/3
per ) ∩ Lr(0, T ;

W
1,r
per), and finally (B.5.4), we obtain (B.5.5). �

THEOREM 5.2. Let (v1,p1) and (v2,p2) be two weak solutions to the problem(P) cor-
responding to the data(v1

0,b
1) and(v2

0,b
2), respectively. If

r �
11

5
, (B.5.13)

(v1
0,b

1) fulfills (B.5.2)and

v2
0 ∈W1,2

per(Ω) and b2 ∈ L2(0, T ;L2
per

)
, (B.5.14)

then for all t ∈ (0, T 〉 inequalities(B.5.3)–(B.5.5)hold with

h
(
ω0,g,v2

0,b
2) := c1

(
‖ω0‖2

2+
∫ T

0
‖g‖r ′

(W
1,r
per)

∗

)
expc2

(∥∥v2
0

∥∥2
1,2+

∫ T

0

∥∥b2
∥∥2

2

)
.

Consequently, a weak solution fulfilling in addition(B.4.5) is unique in the class of weak
solutions. In other words, if the data fulfill(B.5.14),the problem(P) is uniquely solvable.

PROOF. Since(v2
0,b

2) fulfills (B.5.14), Theorem 4.1 implies the existence of a weak so-
lution v2 fulfilling

∫ T

0

∥∥∇v2
∥∥r

3r dt � c

(∥∥∇v2
0

∥∥2
2+

∫ T

0

∥∥b2
∥∥2

2 dt

)
.
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Proceeding step by step as in the proof of Theorem 5.1, we estimate the right-hand side
of (B.5.8) as follows

∫

Ω

|ω|2
∣∣∇v2

∣∣dx �
∥∥∇v2

∥∥
3r‖ω‖

2
6r/(3r−1)

�
∥∥∇v2

∥∥
3r‖ω‖

2(2r−1)/(2r)
2 ‖∇ω‖2/r

2

�
ν0

2
‖∇ω‖2

2+ c
∥∥∇v2

∥∥2r/(2r−1)
3r ‖ω‖2

2.

As 2r
2r−1 � r for r � 11/5, the remaining part of the proof coincides with that of Theo-

rem 5.1. �

Uniqueness of a weak solution of the problem(P) for r � 5/2 is stated in [67], see
also [77], uniqueness forr � 11/5 can be found in [79] and [82].

In this context it is worth mentioning a counter-example to the uniqueness of these di-
mensional flows that take place in special domains that vary with time, to the Navier–
Stokes equations that is due to O.A. Ladyzhenskaya (see [66]).

5.2. Long-time behavior – the method of trajectories

Not only are the Navier–Stokes equations the first system of nonlinear partial differential
equations for which the methods of functional analysis were applied and developed,24 the
Navier–Stokes equations, at least in two dimensions, serve also as the first system of equa-
tions of mathematical physics to which the theory of dynamical systems was applied and
further extended.25 The restriction to two-dimensional flows is due to the lack of unique-
ness and regularity results in three spatial dimensions.

Owing to the uniqueness of the flows(v,p) of the Navier–Stokes fluid in two spatial
dimensions, the mapping

St :L2
per→ L2

per such that Stv0= v(t)

possesses the semigroup property, i.e.,

S0= Id and St+s = StSs for all t, s � 0. (B.5.15)

We recall definitions of several basic notions. For later use, let(X,‖ · ‖X) be a normed
space andSt :X→ X have the properties (B.5.15). A bounded setB ⊂ X is said to be
uniformly absorbingif for all B0⊂X bounded there ist0= t (B0) such thatStB0⊂ B for
all t � t0. A setB̃ ⊂X is positively invariantw.r.t. St if St B̃ ⊂ B̃ for all t � 0. If there is a

24We refer the reader to [23,53,67,74,75,77,141], etc.
25As general reference, we provide [6,22,30,40,47,51,68,70,71,143].
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bounded setB∗ ⊂ Y →֒→֒X that is uniformly absorbing all bounded sets inX and that is
also positively invariant, then

A :=
⋂

s>0

⋃

t�s

StB∗

is calledglobal attractor as it shares the following properties: (i)A is compact inX,
(ii) StA=A for all t � 0, i.e.,A is invariant w.r.t.St , and (iii)A attracts all bounded sets
of X, which means that26 for all B ⊂X bounded,

distX(StB,A)→ 0 as t→∞.

Compactness of the global attractor is related to the question of the finite dimension of
long-time dynamics. For a compact setC ⊂X, the fractal dimensiondXf (C) is defined as

dXf (C) := lim sup
ε→0+

logNX
ε (C)

log(1/ε)
,

whereNX
ε (C) is the minimal number ofε-balls needed to coverC. According to Foia¸s and

Olson [39] if dXf (C) < m/2,m ∈ N, thenC can be placed into the graph of a Hölder con-
tinuous mapping fromRm ontoC. This mapping is a projector ifX is a Hilbert space. Thus
the finiteness of the fractal dimensiondXf (A) and its estimates from above (and even more
importantly from below) give a characterization of the long-time dynamics. The following
elementary criterion holds (see [85], Lemma 1.3):

Let (Y,‖ · ‖Y ) →֒→֒ (X,‖ · ‖X) andC ⊂X be bounded.

If there isL :X→ Y, being Lipschitz continuous onC,

andLC⊂ C, thendXf (C) <∞.

(∗ ∗ ∗)

To ensure an exponential rate of attraction, Eden, Foiaş, Nikolaenko and Temam [30] en-
large the global attractor and introduce the notion that they call anexponential attractor.
This is a subset ofB∗ having the following properties: (i)E is compact inX, (ii) E is
positively invariant w.r.t.St , (iii) dXf (E) <∞, and (iv) there are constantsα1, α2 > 0 such
that distX(StB∗,E)� α1e−α2t for all t � 0.

For two-dimensional flows of the Navier–Stokes fluid, the existence of a global (mini-
malB) attractorA⊂ L2

per was established by Ladyzhenskaya [68]. Estimates on its fractal
dimension were first studied by Foiaş and Temam [41], see also [70] for a similar criterion.
The best estimates up-to-date, based on the method of Lyapunov exponents, are due to
Constantin and Foiaş (see [23], for example). A proof of the existence of an exponential
attractor is presented in [30].

26The Hausdorff distance distX(A,B) of two setsA,B ⊂X is defined as

distX(A,B)= sup
x∈A

inf
y∈B

‖x − y‖X .
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It is natural to ask if the long-time dynamics of three-dimensional flows of a La-
dyzhenskaya’s fluid share the same properties as the two-dimensional NSEs. The first
result in this direction was due to Ladyzhenskaya [69,72] who proved the existence of a
global attractor forr � 5/2, leaving however open the question of its dimension. Neither
Ladyzhenskaya’s criterion requiring that orthonormal projectors commute with the
nonlinear operator div(S(D(v))) nor the method of Lyapunov exponents requiring the regu-
larity results (not available) for the linearized problem, can be employed to show the finite-
ness of the fractal dimension of the attractors. Neither can the criterion(∗ ∗ ∗) be used for
X = L2

per andY =W
1,2
per . It is however elementary to verify(∗ ∗ ∗) for X = L2(0, ℓ;L2

per)

andY := {u ∈ L2(0, ℓ;W1,2
per),u,t ∈ L1(0, ℓ; (W3,2

per)
∗)} whereℓ > 0 is fixed.

This is the first motivation for working with the set ofℓ-trajectories rather than with sin-
gle valuesv(t) ∈ L2

per. Further motivation comes from the uniqueness result established in
Theorem 5.2 forr ∈ 〈11

5 ,
5
2). We are not sure if just one trajectory starts from anyv0 ∈ L2

per

(Theorem 5.2 says it is true ifv0 is smoother, namelyv0 ∈W1,2
per). However, once we fix

anyℓ-trajectory starting atv0 ∈ L2
per, we know that it has a uniquely defined continuation,

as almost all values of theℓ-trajectory belong toW1,2
per . Thus the operators

Lt :L2(0, ℓ;L2
per

)
→ L2(0, ℓ;L2

per

)
, (B.5.16)

that append to anyℓ-trajectoryχ its uniquely defined shift at timet , have the semigroup
property (B.5.15).

Following Málek and Pražák [85], using the semigroup (B.5.16) it is not only possible
to findAℓ ⊂ L2(0, ℓ;L2

per), the global attractor with respect to the semigroupLt and with
help of(∗ ∗ ∗) to show that its fractal dimension is finite, but introducingA⊂ L2

per as the
set of all end-points ofℓ-trajectories belonging toAℓ, it easily follows from Lipschitz (or
at least Hölder) continuity of the mappinge :χ ∈ Aℓ→ χ(ℓ) ∈ A thatA is an attractor
with respect to the original dynamics, with finite fractal dimension. The same approach
also gives the existence of an exponential attractor.

THEOREM 5.3. Let b ∈ L2
per be time independent. Consider the problem(P) with

r � 11/5 andκ = 1 in (B.2.8),and withv0 ∈ L2
per. Then this dynamical system possesses

• a global attractorA⊂ L2
per with finite fractal dimension,

• an exponential attractorE .
In both cases, explicit upper bounds ondXf (A) anddXf (E) withX = L2

per are available.

We refer to Málek and Pražák [85] for an explanation of the method of trajectories,
that was introduced in [79], and for the proof of Theorem 5.3. Explicit upper bounds
for dL

2
per

f (A) are given in [86]. See also [14] for a comparison of the estimates for two-
dimensional flows obtained by the method of Lyapunov exponents on the one hand and the
method(∗ ∗ ∗) on the other hand.

As an extreme case of the method of trajectories one can consider Sell’s study of
∞-trajectories of three-dimensional Navier–Stokes equations, see [128], which is suitable
for treating ill-posed problem.
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6. On the structure of possible singularities for flows of the Navier–Stokes fluid

It is hardly possible to cover all the aspects related to the mathematical analysis of the
Navier–Stokes equations. For other important aspects, different viewpoints and further
references we refer the reader to the monographs by Constantin and Foiaş [23], Temam
[144], von Wahl [149], Lions [78], Sohr [136], Ladyzhenskaya [67], Lemarié-Rieusset [74]
and Cannone [18], as well as to the survey (or key) articles by Leray [75], Serrin [132],
Heywood [52], Galdi [46], Wiegner [150], Kozono [62], among others.

Consider a (suitable) weak solution of the Navier–Stokes equations withb= 0 and with
an initial conditionv0 ∈ W k,2(Ω) for all k ∈ N. Then, following the discussion in Sec-
tion 5, see also [75] or [133], there is certainly aT ∗ > 0 such thatv is a smooth flow on
[0, T ∗]. Even more, such av is uniquely determined in the class of weak solutions. Since
v ∈ L2(0,∞;W1,2

per) there isT ∗∗ such thatv0 := v(T ∗∗) fulfills (B.4.40) implying thatv is
smooth on[T ∗∗,∞). Thus, possible singularities lie somewhere betweenT ∗ andT ∗∗. Set

σ =
{
t ∈ 〈0,∞), lim sup

τ→t

∥∥∇v(τ )
∥∥

2=+∞
}
.

Sincev ∈ L2(0,∞;W1,2
per), the Lebesgue measure ofσ is zero.

The program to study the structure of possible singularities was initiated by Leray [75],
who showed that even the12 Hausdorff dimension ofσ is zero,〈0, T 〉 \ σ can be written
as
⋃∞

j=1(aj , bj ) and if t∗ ∈ σ then‖v(t)‖1,2 � C/
√
t∗ − t ast→ t∗−. Leray proposed the

construction of a weak solution exhibiting the singularity att∗ of the form27

v(t, x)= λ(t)U
(
λ(t)x

)
, p(t, x)= λ2(t)P

(
λ(t)x

)

with λ(t)=
√

2a
(
t∗ − t

)
, (B.6.1)

wherea > 0, and showed that if there is a nontrivial solution(U,P ) of the system

div U= 0,

−2aU+ div(y⊗U)+ div(U⊗U)− ν0�U+∇P = 0
(B.6.2)

(y is a generic point ofR3), and ifU ∈ L∞(R3) ∩L2(R2), then(v,p) of the form (B.6.1)
is a weak solution of the Navier–Stokes equations, being singular att = t∗.

Based on an observation that|U|2/2 + P + ay · U satisfies the maximum principle,
Nečas, Růžička and Šverák [96] show that in the class of weak solutions satisfyingU ∈
L3(R3), system (B.6.2) admits only the trivial solution,U≡ 0. Tsai [148] proves the same
under more general assumptions namely ifU ∈ Lq(R3) for q > 3 or if v fulfills the energy
inequality considered on any ballB ⊂R

3. Clearly, the implicationU ∈W1,2(R3)⇒U≡ 0
follows from the result established in [96]. An elementary proof of this implication is
given in [80], where also the so-called pseudo-self-similar solutions are introduced. Their
nonexistence is established in [91].

27The form of(v,p) can be also motivated by the self-similar scaling (B.1.23).



Mathematical issues concerning the Navier–Stokes equations and some of its generalizations449

Note thatv of the form as in (B.6.1) is not only inL∞(0, T ;L2) but also inL∞(0, T ;L3)

providedU ∈ L3. Note also that the self-similar transformation (B.1.23) is meaningful in
any conical domain. This suggests the possibility of constructing singular solutions of the
form (B.6.1) in cones. Escauriaza, Serëgin and Šverák [31–33] show, using an approach
different from that used in [96], that such a solution does not exist, at least in the half-space.

Consider all points(t, x) such thatv is bounded (or Hölder continuous) in a certain
parabolic neighborhood of(t, x). Let S be the complement of such a set in〈0,+∞)×R

3.
Scheffer [123–125] started to study the Hausdorff dimension of the set of singularitiesS.
Caffarelli, Kohn and Nirenberg [17], introducing the notion of a suitable weak solution and
proving its existence, finalized these studies by showing that the one-dimensional parabolic
Hausdorff measure ofS is zero. Simplification of the proof and certain improvements of
the technique calledpartial regularitycan be found in [73,76,131] or [20].

To give a better description of the result by Caffarelli, Kohn and Nirenberg, we recall
the definition of (parabolic) Hausdorff measures and related statements.

For a countable collectionQ = ⋃i∈N
Bρi (yi) in Rs , setS(α) =∑∞

i=1ρ
α
i . Then the

α-dimensional Hausdorff measureHα(F ) of a Borel setF ⊂R
s is defined as

Hα(F )= lim
δ→0+

inf
Q

{
S(α);F ⊂

∞⋃

i=1

Bri (xi),sup
i∈N

ri < δ

}
.

Similarly, for a countable collectionQpar=⋃i∈N
Qri (ti, xi) of parabolic ballsQri (ti,

xi) = {(τ, y); τ ∈ (ti − r2
i , ti), |y − xi | < ri}, set Spar(α) = ∑∞

i=1 r
α
i . Then the

α-dimensional parabolic Hausdorff measureP α(E) of a Borel setE ⊂ R×R
3 is defined

as

P α(E)= lim
δ→0+

inf
Qpar

{
Spar(α);E ⊂

∞⋃

i=1

Qri (ti, xi),sup
i∈N

ri < δ

}
.

Clearly,

P α(E)= 0 ⇐⇒ ∀ε > 0 ∃Qpar=
∞⋃

i=1

Qri (ti, xi) such that
∑

i∈N

rαi < ε.

(B.6.3)

If 0 < P α(E) <∞, thenP α′ = 0 for all α′ > α andP α′′(E) = +∞ for all α′′ < α. If
α ∈N andP α(E) <∞, thenE is homeomorphic to a subset inRα .

The following characterization of smooth points is due to Caffarelli, Kohn and Nirenberg
[17].

THEOREM 6.1. Let (v,p) be a suitable weak solution to the Navier–Stokes equations.
There is a universal constantε∗ > 0 such that if

lim sup
R→0

1

R

∫

QR(t0,x0)

|∇v|2 dx dt < ε∗, (B.6.4)
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then for anyk ∈ N ∪ {0}, the functions(t, x) �→ ∇kv(t, x) are Hölder continuous in
QR/2(t0, x0) and

sup
(τ,y)∈QR/2(t0,x0)

∣∣∇kv
∣∣� CkR

−(k+1), (B.6.5)

Ck being a universal constant.

Thus, if (t∗, x∗) is a singular point, there isQR∗(t
∗, x∗) such that

∫

QR∗ (t∗,x∗)
|∇v|2 dτ dx � ε∗R∗. (B.6.6)

Clearly,
⋃

(t∗,x∗)∈SQR∗(t
∗, x∗) is a collection of (parabolic) balls that coverS. Since the

four-dimensional Lebesgue measure ofS is zero, the four-dimensional Lebesgue measure
of this covering collection can be made arbitrarily small. Vitali’s covering lemma then
provides the existence of a countable subcollection of mutually disjoint balls such that

S ⊂
∞⋃

i=1

Q5Ri

(
t i, xi

)
,
(
t i, xi

)
∈ S,

and the four-dimensional Lebesgue measure of
⋃∞

i=1QRi (t
i, xi) is so small that

∫
⋃∞

i=1{QRi
(t i ,xi ),Ri<δ}

|∇v|2 dx dt <
ε∗ε
5
,

ε > 0 arbitrary. Then

∞∑

i=1

5Ri �
5

ε∗

∞∑

i=1

∫

QRi
(t i ,xi )

|∇v|2 dx dt

= 5

ε∗

∫
⋃∞

i=1{QRi
(t i ,xi ),Ri<δ}

|∇v|2 dx dt < ε.

According to (B.6.3),P 1(S)= 0 andS cannot be a curve inR+ ×R
3. Consequently,

• weak solutions of the Navier–Stokes equations in two dimensions are smooth,
• axially symmetric flows cannot have the singularity outside the setr = 0,
• the result concerning the zero12-dimensional Hausdorff measure of singular timesσ

follows due to the inequalityH 1/2(σ )� cP 1(S).
Scheffer [126] constructs an irregular (nonphysical)b satisfyingb · v � 0 so that for any

δ > 0 the Hausdorff dimension of singular points is above 1− δ showing the optimality of
the Caffarelli, Kohn and Nirenberg result.

We refer to the above mentioned literature for further details.
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7. Other incompressible fluid models

As we have been invited to address both physical and analytical aspects concerning fluids
with pressure dependent viscosities for the Volume 4 ofHandbook of Mathematical Fluid
Dynamics(edited by S. Friedlander and D. Serre), without getting into any details we
comment briefly on the results available for such fluids here.

7.1. Fluids with pressure-dependent viscosity

To our knowledge, there is no long-time and large-data existence result to the system of
partial differential equations of the form as (B.1.3). Furthermore, no results concerning
long-time existence for small data or short-time existence for large-data seems to be in
place. Renardy [121] obtained local existence and uniqueness results in higher Sobolev
spaces by assuming that the viscosity satisfies

lim
p→+∞

ν(p)

p
= 0, (B.7.1)

that clearly contradicts experimental results that are available28 while also requiring an
additional condition on eigenvalues ofD(v) in terms of∂ν/∂p.

Gazzola does not assume (B.7.1). He however establishes only short time existence of
a smooth solution for small data under very restrictive conditions, both on the almost con-
servative specific body forceb and the initial data.

7.2. Fluids with pressure and shear dependent viscosities

In the case of fluids that have a more complicated structure, namely (B.1.2), where the
viscosity is not only a function ofp, but depends also on the shear rate, it has been observed
by Málek, Něcas and Rajagopal [81] that for certain specific forms of viscosities, long-time
and large-data existence can be established. More precisely, assuming that for aC1-function
Sof the formS(p,D(v))= ν(p, |D(v)|2)D(v) there are two positive constantsC1,C2 such
that for all0 �= A,B ∈R3×3

sym and for allq ∈R,

C1
(
1+ |A|2

)(r−2)/2|B|2 �
∂S(q,A)
∂A

· (B⊗B)�C2
(
1+ |A|2

)(r−2)/2|B|2

(B.7.3)

and
∣∣∣∣
∂S(q,A)

∂q

∣∣∣∣� γ0
(
1+ |A|2

)(r−2)/4 with γ0=min

(
1

2
,
C1

4C2

)
, (B.7.4)

28In fact, in most popular engineering models the relationship betweenν andp is exponential, i.e.,

ν(p)= exp(α0p), α0 > 0. (B.7.2)
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Málek, Něcas and Rajagopal [81] established the following result.

THEOREM 7.1. Let S satisfy (B.7.3) and (B.7.4) with r ∈ (9
5,2). Let v0 ∈ W

1,2
per and

g ∈ L2(0, T ). Then there is a(suitable) weak solution(v,p) to (B.1.2) subject to spa-
tially periodic conditions(B.2.9)and the requirement

∫
Ω
p(t, x)dx = g(t) for t ∈ (0, T )

such that

v ∈ C
(
0, T ;L2

weak

)
∩Lr

(
0, T ;W1,r

per

)
∩L5r/3(0, T ;L5r/3), (B.7.5)

p ∈ L5r/6(0, T ;L5r/6). (B.7.6)

Moreover, if r ∈ 〈5
3,2) there is a solution(v,p) such that

v ∈ L∞
(
0, T ∗;W1,2

per,div

)
∩Lr

(
0, T ∗;W2,r

div

)
, (B.7.7)

p ∈ L2(0, T ∗;W1,2). (B.7.8)

Here, T ∗ > 0 is arbitrary if v0 is sufficiently small orT ∗ is small enough ifv0 is arbitrary.

It is worth remarking that if one considers viscosity of the form

ν
(
p,
∣∣D(v)

∣∣2)=
{(

1+A+ |D|2
)(r−2)/2 if p < 0,

(
A+ exp(−αqp)+ |D|2

)(r−2)/2 if p � 0,

instead of (B.7.2), assumptions (B.7.3) and (B.7.4) are fulfilled provided that

2αq(2− r)� (r − 1)A(2−r)/2.

This can be achieved by taking one of the parametersα or q to be sufficiently small, or
A sufficiently large orr close enough to 2.

Other examples and the proof of Theorem 7.1 can be found in [81]. Two-dimensional
flows are studied in [54] and [14]. In the latter, long-time behavior, based on uniqueness
results, is also studied via the method of trajectories. A step towards the treatment of other
boundary conditions is carried out in [42].

7.3. Inhomogeneous incompressible fluids

Here, we give references to results relevant to analysis of the partial differential equa-
tions (B.1.1). The first result deals withT of the form

T =−pI + 2µ(ρ)D(v).

Long-time and large-data existence of a weak solution established by the Novosibirsk
school prior 1990 is presented by Antontsev, Kazhikov and Monakhov [5]. A detailed
exposition is given in the first chapter of the monograph by Lions [78].
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Fluids with µ depending on|D(v)|2 were analyzed in [37], where Fernadéz-Cara,
Guillén and Ortega prove the existence of a weak solution to (B.1.1) with

T =−I +
(
µ0+µ1

∣∣D(v)
∣∣r−2)D(v)

for r � 12/5. This result, treating homogeneous Dirichlet, i.e., (no-slip) boundary condi-
tions, was recently improved upon by Guillén-Gonzáles [50], in the case of the spatially
periodic problem forr � 2.
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[82] J. Málek, J. Něcas, M. Rokyta and M. R˚užička, Weak and Measure-Valued Solutions to Evolutionary

PDEs, Chapman and Hall, London (1996).
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ics, G.P. Galdi and J. Nečas, eds, Pitman Res. Notes Math. Ser., Vol. 291, Longman, Harlow–Essex (1993),
129–162.

[109] K.R. Rajagopal,Multiple natural configurations in continuum mechanics, Technical Report 6, Institute for
Computational and Applied Mechanics, University of Pittsburgh (1995).

[110] K.R. Rajagopal and A.R. Srinivasa,On the inelastic behavior of solids – Part 1: Twinning, Internat. J. Plas-
ticity 11 (1995), 653–678.

[111] K.R. Rajagopal and A.R. Srinivasa,Inelastic behavior of materials – Part II: Energetics associated with
discontinuous deformation twinning, Internat. J. Plasticity13 (1997), 1–35.

[112] K.R. Rajagopal and A.R. Srinivasa,Mechanics of the inelastic behavior of materials: Part I – Theoretical
underpinnings, Internat. J. Plasticity14 (1998), 945–967.

[113] K.R. Rajagopal and A.R. Srinivasa,Mechanics of the inelastic behavior of materials: Part II – Inelastic
response, Internat. J. Plasticity14 (1998), 969–995.

[114] K.R. Rajagopal and A.R. Srinivasa,On the thermodynamics of shape memory wires, Z. Angew. Math.
Phys.50 (1999), 459–496.

[115] K.R. Rajagopal and A.R. Srinivasa,A thermodynamic framework for rate type fluid models, J. Non-Newt.
Fluid Mech.88 (2000), 207–227.

[116] K.R. Rajagopal and A.R. Srinivasa,Modeling anisotropic fluids within the framework of bodies with mul-
tiple natural configurations, J. Non-Newt. Fluid Mech.99 (2001), 1–16.

[117] K.R. Rajagopal and A.R. Srinivasa,On a geometric approach to the treatment of constraints in the me-
chanics of continua, Proc. Roy. Soc. London Ser. A (2005), to appear.

[118] K.R. Rajagopal and L. Tao,Modeling of microwave drying process of aqueous dielectrics, Z. Angew.
Math. Phys.9 (2004), 305–312.



458 J. Málek and K.R. Rajagopal

[119] I.J. Rao and K.R. Rajagopal,A study of strain-induced crystallization of polymers, International J. Solids
Structures38 (2001), 1149–1166.

[120] I.J. Rao and K.R. Rajagopal,A thermodynamic framework for the study of crystallization in polymers,
Z. Angew. Math. Phys.53 (2002), 365–406.

[121] M. Renardy,Some remarks on the Navier–Stokes equations with a pressure-dependent viscosity, Comm.
Partial Differential Equations11 (1986), 779–793.

[122] A.J.C.B. Saint-Venant,Note á joindre au mémoire sur la dynamique des fluides, C. R. Acad. Sci.17(1843),
1240–1243.

[123] V. Scheffer,Partial regularity of solutions to the Navier–Stokes equations, Pacific J. Math.66 (1976),
535–552.

[124] V. Scheffer,Hausdorff measure and the Navier–Stokes equations, Comm. Math. Phys.55 (1977), 97–112.
[125] V. Scheffer,The Navier–Stokes equations on a bounded domain, Comm. Math. Phys.73 (1980), 1–42.
[126] V. Scheffer,Nearly one-dimensional singularities of solutions to the Navier–Stokes inequality, Comm.

Math. Phys.110(1987), 525–551.
[127] W.R. Schowalter,Mechanics of Non-Newtonian Fluids, Pergamon Press, Oxford (1978).
[128] G.R. Sell,Global attractors for the three-dimensional Navier–Stokes equationsJ. Dynam. Differential

Equations8 (1996), 1–33.
[129] G.A. Serëgin and V. Šverák,The Navier–Stokes equations and backward uniqueness, Nonlinear Problems

in Mathematical Physics and Related Topics, Vol. II, Int. Math. Ser. (N. Y.), Vol. 2, Kluwer/Plenum, New
York (2002), 353–366.

[130] G.A. Serëgin and V. Šverák,Navier–Stokes equations with lower bounds on the pressure, Arch. Ration.
Mech. Anal.163(2002), 65–86.

[131] G. Seregin and V. Šverák,On smoothness of suitable weak solutions to the Navier–Stokes equations, Zap.
Nauchn. Sem. POMI306(2003), 186–198; 231.

[132] J. Serrin,The initial value problem for the Navier–Stokes equations, Nonlinear Problems, Proc. Sympos.,
Madison, Wisconsin, University of Wisconsin Press, Madison, WI (1963), 69–98.

[133] M. Shinbrot and S. Kaniel,The initial value problem for the Navier–Stokes equations, Arch. Rational
Mech. Anal.21 (1966), 270–285.

[134] J. Simpson and E. Weiner, eds,The Oxford English Dictionary, 2nd Edition, Oxford University Press, New
York (1989).

[135] J.S. Smagorinsky,General circulation model of the atmosphere, Mon. Weather Rev.91 (1963), 99–164.
[136] H. Sohr,The Navier–Stokes Equations, Birkhäuser Adv. Texts Basler Lehrb., Birkhäuser, Basel (2001).
[137] A.J.M. Spencer,Theory of invariants, Continuum Physics I, A.C. Eringen, ed., Academic Press, New York

(1971), 292–352.
[138] M. Steinhauer,On uniqueness- and regularity criteria for the Navier–Stokes equations, Geometric Analy-

sis and Nonlinear Partial Differential Equations, Springer-Verlag, Berlin (2003), 543–557.
[139] G.G. Stokes,On the theories of the internal friction of fluids in motion, and of the equilibrium and motion

of elastic solids, Trans. Cambridge Phil. Soc.8 (1845), 287–305.
[140] A.Z. Szeri,Fluid Film Lubrication: Theory and Design, Cambridge University Press, Cambridge (1998).
[141] R. Temam,Attractors for Navier–Stokes equations, Nonlinear Partial Differential Equations and Their

Applications, Collège de France Seminar, Vol. VII, Paris 1983–1984, Res. Notes Math., Vol. 122, Pitman,
Boston, MA (1985), 272–292.

[142] R. Temam,Navier–Stokes Equations and Nonlinear Functional Analysis, 2nd Edition, CBMS–NSF Re-
gional Conf. Ser. in Appl. Math., Vol. 66, SIAM, Philadelphia, PA (1995).

[143] R. Temam,Infinite-Dimensional Dynamical Systems in Mechanics and Physics, 2nd Edition, Appl. Math.
Sci., Vol. 68, Springer-Verlag, New York (1997).

[144] R. Temam,Navier–Stokes Equations: Theory and Numerical Analysis, AMS Chelsea Publishing, Provi-
dence, RI (2001). (Reprint of the 1984 edition.)

[145] F.T. Trouton,On the coefficient of viscous traction and its relation to that of viscosity, Proc. Roy. Soc.
London Ser. A77 (1906), 426–440.

[146] C. Truesdell,A First Course in Rational Mechanics, Academic Press, Boston (1991).
[147] C. Truesdell and W. Noll,The Non-Linear Field Theories of Mechanics. Handbuch der Physik, III3,

Springer-Verlag, Berlin–Heidelberg–New York (1965).



Mathematical issues concerning the Navier–Stokes equations and some of its generalizations459

[148] T.-P. Tsai,On Leray’s self-similar solutions of the Navier–Stokes equations satisfying local energy esti-
mates, Arch. Ration. Mech. Anal.143(1998), 29–51.

[149] W. von Wahl,The Equations of Navier–Stokes and Abstract Parabolic Equations, Aspects Math., Vol. E8,
Vieweg, Braunschweig (1985).

[150] M. Wiegner,The Navier–Stokes equations – A neverending challenge?Jahresber. Deutsch. Math.-Verein.
101(1999), 1–25.



This page intentionally left blank



CHAPTER 6

Evolution of Rate-Independent Systems

Alexander Mielke
Weierstraß-Institut für Angewandte Analysis und Stochastik,

Mohrenstraße 39, 10117 Berlin, Germany
and

Institut für Mathematik, Humboldt-Universität zu Berlin,
Rudower Chaussee 25, 12489 Berlin(Adlershof), Germany

E-mail: mielke@wias-berlin.de

Contents
1. Introduction . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 463
2. The simple case with a quadratic energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 468

2.1. Equivalent formulations . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 468
2.2. Basic a priori estimates and uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 471
2.3. Basic existence theory . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 473
2.4. Continuity properties of the solution operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 480

3. Incremental problems and a priori estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 484
3.1. Abstract setup of the problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 485
3.2. The time-incremental problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 487
3.3. Energetic a priori bounds .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 488
3.4. The condensed and reduced incremental problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 490
3.5. Lipschitz bounds via convexity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 491
3.6. A simplified incremental problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 494

4. Convex energies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 495
4.1. Translation invariant dissipation potentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 496
4.2. Quasi-variational inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 501
4.3. General dissipation metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 504
4.4. Higher temporal regularity and improved convergence . . . . . . . . . . . . . . . . . . . . . . . . .506

5. Nonconvex and nonsmooth problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 510
5.1. Existence results . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 510
5.2. Closedness of the stable set . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 518
5.3. An example of nonconvergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 521
5.4. Formulations which resolve jumps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 523
5.5. Time-dependent state spacesY(t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 525
5.6. Relaxation of rate-independent systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 530

HANDBOOK OF DIFFERENTIAL EQUATIONS
Evolutionary Equations, volume 2
Edited by C.M. Dafermos and E. Feireisl
© 2005 Elsevier B.V. All rights reserved

461



462 A. Mielke

6. Nonassociated dissipation laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 532
6.1. General setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 532
6.2. Existence theory . . . . . . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 533
6.3. Dry friction on surfaces . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 537

7. Applications to continuum mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 542
7.1. Linearized elastoplasticity .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 543
7.2. Finite-strain elastoplasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 544
7.3. Phase transformations in shape-memory alloys . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 547
7.4. Models in ferromagnetism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 550
7.5. A delamination problem . . . . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 551
7.6. Crack growth in brittle materials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 553

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 555
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 555



Evolution of rate-independent systems 463

1. Introduction

Rate-independent systems occur as limit problems in many physical and mechanical prob-
lems if the interesting time scales are much longer than the intrinsic time scales in the
system. Rate-independent systems are sometimes also called quasistatic systems, however,
the term “quasistatic” is often used in a more general sense, namely if the inertial terms in
a system are neglected but viscous effects might still be present.

This chapter considers only systems which satisfy the following exact definition of rate
independence. The definition is formulated in terms of input functionsℓ : [0,∞)→X and
output functionsy : [0,∞)→ Y . The usage of input and output functions is necessary,
since rate-independent systems have no own dynamics, they rather respond to changes in
the input.

DEFINITION 1.1. A systemH is called arate-independent systemwith input datay0 ∈ Y

andℓ ∈C0([t1, t2],X ) if the setO([t1, t2], y0, ℓ)⊂C0([t1, t2],Y) ∩ {y(t1)= y0} of possi-
ble outputs satisfies for all strictly monotone time reparametrizationsα : [t1, t2] → [t∗1 , t∗2 ]
with α(t1)= t∗1 andα(t2)= t∗2 the relation

y ∈O
(
[t1, t2], y0, ℓ

)
⇐⇒ y ◦ α ∈O

([
t∗1 , t

∗
2

]
, y0, ℓ ◦ α

)
.

We call the system amultivalued evolutionary systemif the following additional conditions
hold.

Concatenation:

ŷ ∈O
(
[t1, t2], y1, ℓ

)
, ỹ ∈O

(
[t2, t3], y2, ℓ

)
, ŷ(t2)= ỹ(t2)= y2

"⇒ y ∈O
(
[t1, t3], y1, ℓ

)
, wherey(t)=

{
ŷ(t) for t ∈ [t1, t2],
ỹ(t) for t ∈ [t2, t3].

Restriction:

t1 < t2 < t3 < t4 and y ∈O
(
[t1, t4], y1, ℓ

)

"⇒ y|[t2,t3] ∈O
(
[t2, t3], y(t2), ℓ

)
.

Note that the definition is such that the system may have several solutions for a given
initial value y(t1) and a given input functionℓ. Since rate-independent systems occur as
limit problems, it is to be expected that the solutions are not unique without strong further
assumptions.

Rate-independent systems occur on the level of ordinary differential equations as well as
for partial differential equations. The simplest systems of this type arise in the limitε = 0
in the following systems

εM
(
t, y(t)

)
ÿ(t)+D

(
t, y(t)

)
ẏ(t)=G

(
t, y(t)

)
ℓ̇(t) or

εẏ(t)=−DU
(
y(t)

)
+ ℓ(t),
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which appears in the slow-time limit of rigid-body dynamics. However, such smooth sys-
tems are in some sense trivial, sincey(t) can be obtained as a function ofℓ(t) without
any dynamical effects. Interesting problems occur only if nonsmoothness comes into play,
like in dry friction, where the frictional forceR is a multivalued, nonsmooth function of
the velocityv, namelyR = Sign(v), where Sign is the multivalued signum function. Thus,
replacingεẏ(t) above byR(ẏ)= Sign(ẏ), the corresponding system takes the form

0∈ Sign
(
ẏ(t)

)
+DU

(
y(t)

)
− ℓ(t), y(0)= y1.

Since Sign(γ v) = Sign(v) for all γ > 0 andv, it is easy to see that the problem is rate
independent.

Applications in partial differential equations arise naturally in the theory of elastoplas-
ticity or if an elastic body like a rubber is drawn slowly over a rough surface such that
dry friction acts but inertia does not matter. In fact, the driving problems in the theory of
rate-independent hysteresis have been the theory of elastoplasticity on the one hand, and
hysteresis effects in magnetism on the other hand. While in the former theory the aspect
of partial differential equations was always a focus of attention, in magnetism a proper
theory for the field equations was attacked only recently. Instead of this, highly complex
scalar-valued hysteresis operators like the Preisach and the Prandtl–Ishlinskii operators
were developed. In the latter case the ordering properties ofR

1 are essential whereas in
the former theory convexity methods in Hilbert spaces are the main tool and thus vector-
valued and tensor-valued generalizations of the Preisach and Prandtl–Ishlinskii operator
can be treated, see [KraP89,Vis94,BrS96,Kre96]. We will survey the scalar-valued theory
only little, since our focus is on methods for problems in continuum mechanics, where
complex hysteretic behavior occurs through spatial variations of the internal variables.

This chapter brings together different aspects of rate-independent models or hystere-
sis operators in the context of continuum mechanics. In fact, there are several areas in
these fields, which have evolved quite independently and have developed their own lan-
guages and notation. Here we try to compare these different approaches by translating
them into one language and thus hope to provide a useful overview of the different meth-
ods in the field. We will not try to survey the whole theory of hysteresis operators and
rate-independent models which started on the mechanical side more than 100 years ago
but had major mathematical achievements only in the mid-1970s [Mor74,Mor76,Joh76].
The theory was formulated on the level of research monographs only 15 years later starting
with [KraP89]. Afterwards, several books [Mon93,Vis94,BrS96,Kre96,Kre99] appeared,
which cover a variety of different aspects. We also refer to these works for the histori-
cal background. Note that most of these books treat also a lot of models which are not
rate-independent in the sense we have defined previously, but they usually involve a rate-
independent operator which is embedded into a larger system which is rate independent.
Nevertheless, the guiding theme of these works are the common difficulties one has in treat-
ing hysteretic behavior which is intrinsically nonsmooth. In [Vis94,Alb98] the emphasis on
applications in continuum mechanics is quite similar to ours, but we restrict ourselves to
pure rate independence.

The unified approach in this chapter will be a new energetic approach developed within
the last five years in [MieT99,MieTL02,MieT04]. It combines in a natural way several
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different approaches. Classically, rate-independent systems are either written as an evolu-
tionary (quasi)variational inequality

〈
DE
(
t, y(t)

)
, v− ẏ(t)

〉
+Ψ

(
y(t), v

)
−Ψ

(
y(t), ẏ(t)

)
� 0 for all v ∈ Y,

whereY is a Banach space with dual pairing〈·, ·〉, E : [0, T ]×Y →R is an energy-storage
potential with Gateaux derivative DE(t, y) ∈ Y ∗ andΨ :Y × Y → [0,∞) is the dissi-
pation (pseudo)potential. Rate independence is implemented through the assumption that
Ψ (y, ·) is homogeneous of degree 1, i.e.,

Ψ (y,γ v)= γΨ (y, v) for γ � 0, andΨ (y, v)= sup
{
〈σ, v〉

∣∣ σ ∈ C∗(y)
}
,

whereC∗(y) ⊂ Y ∗ is often called the elastic domain. The equivalent formulation using
subdifferentials is

0∈ ∂vΨ (y, ẏ)+DE(t, y)⊂ Y ∗,

which is a slight generalization of the doubly nonlinear form studied in [ColV90]. We
continue to use∂vΨ (y, ẏ) to indicate the subdifferential ofv �→ Ψ (y, v) at the pointv = ẏ,
i.e., only with respect to the second variable.

Using the Legendre transformL, such thatΨ (y, ·)= LIC∗(y), one arrives at the follow-
ing differential inclusion, also called generalized sweeping process,

ẏ(t) ∈ ∂IC∗(y(t))
(
−DE

(
t, y(t)

))
.

If the potentialE(t, ·) is convex and ifΨ does not depend ony ∈ Y , then the above equa-
tions are equivalent to the following energetic formulation:

Findy : [0, T ]→ Y with y(0)= y0 such that for allt ∈ [0, T ]
the stability (S) and the energy balance (E) hold:
(S) E(t, y(t))� E(t, ŷ)+Ψ (ŷ − y(t)) for all ŷ ∈ Y ;
(E) E(t, y(t))+

∫ t
0 Ψ (ẏ(s))ds = E(0, y0)+

∫ t
0 ∂sE(s, y(s))ds.

For general potentialsE , the energetic formulation may be considered as a weak form of
the variational inequality, since it is derivative free for the solutiony as well as for the
functionalsE andΨ . However, the smoothness of the loadings has to be a little higher
since the power of the external forces, given viat �→ ∂tE(t, y), must be well defined.

In Section 2 we study these systems in the standard case with a quadratic energy
E(t, y)= 1

2〈Ay,y〉−〈ℓ(t), y〉 on a Hilbert spaceY . We compare several equivalent formu-
lations, address their basic properties and explain the typical approaches to prove existence
and uniqueness of solutions. Thus, the hysteresis operatorH with y = H(y0, ℓ) can be
defined and in Section 2.4 we discuss the mapping properties ofH in different Banach
spaces.

However, the main emphasis of this work will not be the continuity properties of the
solution operator. We focus mainly on the question of solvability in general nonconvex
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problems where uniqueness does not hold and where even existence of solutions is ques-
tionable. Thus, we will mostly make simple assumptions on the temporal behavior of the
loading function which often can be generalized. Instead we want to be most general in
terms of the behavior of the energyE(t, y) on the state variabley, such that we are able
to deal with generally nonconvex problems like finite-strain elastoplasticity. Also the dis-
sipation law has to be understood in a more general setting. In particular, the dissipation
potential is replaced by a more general dissipation distanceD :Y × Y → [0,∞] which
generalizesΨ via D(y0, y1)= Ψ (y1− y0). The main emphasis will be on the topological
and analytical properties of the functionals

E : [0, T ] ×Y→R∞ :=R∪ {∞} and D :Y ×Y→[0,∞].

In Section 3 we set up the abstract formulation and show how first a priori estimates
can be used to estimate possible solutions. Moreover, we introduce a time-incremental
minimization problems (IP) which will be the basis of most of our existence proofs, namely

(IP)
For a giveny0 and a partition 0= t0 < t1 < · · ·< tN = T find
y1, y2, . . . , yN ∈ Y such thatyk ∈ Argmin{E(tk, y)+D(yk−1, y) | y ∈ Y}.

Under natural conditions it is possible to derive a priori estimates for the solutions
(yk)k=1,...,N of (IP) in the form

E(tk, yk)�E∗ and
N∑

k=1

D(yk−1, yk)�E∗,

i.e., they are independent of the partitions. Moreover, uniform convexity ofE(t, ·) +
D(y0, ·) will provide a Lipschitz bound.

Thus, we see that the problem is governed by three different topologies (or function
spaces). For instance in a Banach space setting, the energy-storage functionalE will be
coercive with respect to a Banach spaceY1. Moreover, it might be uniformly convex with
respect to a norm of a larger Banach spaceY2. Finally, the dissipation distanceD might be
bounded from below by a norm of a Banach spaceY3. Then, for solutions of (S) and (E)
or for piecewise constant interpolants of solutions to (IP) we can expect to obtain the
following, typical a priori estimates

∥∥y(t)
∥∥
Y1

� C1,
∥∥y(t)− y(s)

∥∥
Y2

� C2|t − s|,

VarY3

(
y; [0, T ]

)
� c3 DissD

(
z; [0, T ]

)
�C3,

for t, s ∈ [0, T ]. Here, the total dissipation is defined as

DissD
(
y; [r, s]

)

= sup

{
n∑

j=1

D
(
y(tj−1), y(tj )

) ∣∣∣ n ∈N, r � t0 < t1 < · · ·< tn � s

}
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and VarY3(y; [r, s]) is obtained similarly by replacingD(y(tj−1), y(tj )) via ‖y(tj ) −
y(tj−1)‖Y3. Thus, there will be two quite different approaches to show existence of so-
lutions. The first one (see Section 4) is based on convexity, uses the norm inY2 and yields
solutions in CLip([0, T ], Y2). The second approach (see Section 5) works without convex-
ity, relies on the dissipation estimate and provides solutions in BV([0, T ], Y3).

In Section 4 we study the convex cases in more detail. Under suitable additional smooth-
ness assumptions it is then possible to prove existence and uniqueness of solutions. In this
part no compactness arguments are needed to establish convergence; in fact, the error be-
tween the incremental solutions and the true solution can be estimated in terms of the fine-
ness of the time discretization. This part is based on work in [MieT04,BrKS04,MieR05].
Section 4.4 shows that in the best case the solutionsy have derivatives of bounded vari-
ations, i.e.,ẏ ∈ BV([0, T ], Y ). Adapting the proofs in [HanR95,AlbeC00] we provide a
convergence of the incremental solutions which is linear in the fineness of the partition.

In Section 5 we study general nonconvex and nonsmooth systems, where uniqueness
is not to be expected. The basic existence result relies on compactness assumptions and
is based on work in [MieT99,MieTL02,MaiM05,DalFT05,FM05]. In terms of the above-
mentioned Banach spacesY1 andY3 the compactness assumption roughly means, thatY1

is compactly embedded inY3.
It can be seen easily that the solutions of (S) and (E) may have jumps ifE is non-

convex. Thus, in Section 5.4 we explain how rate-independent limits of viscous problems
have been obtained in [EfM04]. They turn jumps into suitable continuous paths in state
space. In Section 5.5 we study situations where the state spaceY may depend on time.
Finally, Section 5.6 addresses the question of relaxations of rate-independent problems,
since many applications in continuum mechanics lead to systems in which the incremental
problem (IP) does not have solutions due to formation of microstructure.

Section 6 is devoted to dissipation laws which are nonassociated, i.e., they cannot be de-
rived from a principle of maximal dissipation. In particular, the energetic formulation is no
longer available, since the set of frictional forcesR(t, y, ẏ) is no longer given by the sub-
differential∂vΨ (y, ẏ). In this area there is known much less, but it is of great importance
in queuing theory, in plasticity models in soil mechanics and in the area of Coulomb fric-
tion of sliding elastic bodies or structures. The last application was a major stimulant for
the theory of nonassociated flow rules over the last 15 years, cf. [MarO87,And91,AndK97,
MarPS02].

The final Section 7 presents a selection of applications in continuum mechanics which
are meant to illustrate the abstract theory developed in the previous sections. In Section 7.1
we recall the classical theory of linearized elastoplasticity, which was the main driving
forces in the early mathematical developments, and in Section 7.2 we mention some re-
sult in finite-strain elastoplasticity. We also discuss some models for shape-memory al-
loys (cf. Section 7.3) and for ferromagnetic materials (cf. Section 7.4). Finally, we show
that certain damage problems can be also put into the energetic framework, namely a
delamination problem (cf. Section 7.5) as well as a problem of rate-independent crack
growth in brittle materials (cf. Section 7.6). The latter application is especially interest-
ing, as it provides a true need for the abstract formulation of the energetic problem in
Section 5. In the crack problem the state spaceY is far from being a subset of a Banach
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space, sincey = (u,Γ ) ∈ Y consists of subsetsΓ of the body	Ω ⊂R
d and a deformation

u ∈W1,p(Ω\Γ ;Rd).

2. The simple case with a quadratic energy

In this section we survey the classical results on evolutionary variational inequalities which
can be formulated in several equivalent ways. We collect these formulations for later refer-
ence, since each of the formulations has advantages when generalizations have to be done.
In the following subsection we shortly address the existence theory via monotone operators
and via time-incremental methods. Finally, we will review some results on the continuity
of the solution operator in different function spaces.

2.1. Equivalent formulations

We start with a Hilbert spaceY with dualY ∗ and dual pairing〈·, ·〉 :Y ∗ × Y → R and a
positive definite operatorA ∈ Lin(Y,Y ∗), i.e.,A = A∗ and there exists a constantα > 0
such that〈Ay,y〉� α‖y‖2 for all y ∈ Y . Often,Y ∗ andY are identified,A is taken to be
the identity1 and instead of the dual pairing the scalar product is used. However, as is
common practice in mechanics, we prefer to distinguish the space and its dual.

For a functionℓ ∈C1([0, T ], Y ∗) we define the energy functional

E(t, y)= 1

2
〈Ay,y〉 −

〈
ℓ(t), y

〉
.

Here ℓ serves as input datum and is called external loading in mechanics. We will use
Σ =−DyE(t, y)= ℓ(t)−Ay to denote the force generated by the potential.

Moreover, let a dissipation functionalΨ :Y → [0,∞] be given which is convex, lower
semicontinuous and positively homogeneous of degree 1, i.e.,

Ψ (γ v)= γΨ (v) for all γ � 0 andv ∈ Y.

(Throughout we assume that “convex” already means that the function is also “proper”,
i.e., not identically to+∞.) Its subdifferential is given via∂Ψ (v) = {σ ∈ Y ∗ | ∀w ∈
Y : Ψ (w) � Ψ (v) + 〈σ,w − v〉} and we setC∗ = ∂Ψ (0) ⊂ Y ∗, which is convex and
closed. Duality theory shows thatΨ is the Legendre transform of the characteristic func-
tion IC∗ :Y ∗→[0,∞], i.e.,Ψ (v)= sup{〈σ, v〉 | σ ∈ C∗}.

Thesubdifferential formulation(SF) of the rate-independent hysteresis problem associ-
ated withE andΨ reads

(SF) 0∈ ∂Ψ
(
ẏ(t)

)
+DyE

(
t, y(t)

)
= ∂Ψ

(
ẏ(t)

)
+Ay − ℓ(t)⊂ Y ∗. (2.1)

In mechanics, (SF) is a force balance which may be written asΣ ∈ ∂Ψ (ẏ).
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Using the definition of the subdifferential∂Ψ (ẏ) leads to thevariational inequality

(VI) ∀v ∈ Y :
〈
Ay − ℓ(t), v − ẏ

〉
+Ψ (v)−Ψ (ẏ)� 0. (2.2)

This formulation is called theprimal form, sincey ∈ Y is the primal variable whileΣ ∈ Y ∗
is the dual variable.

Using the Legendre transformΨ = L(IC∗) we can rewrite (2.1) (which reads in short
formΣ ∈ ∂Ψ (ẏ)) as thedifferential inclusion

(DI) ẏ(t) ∈ ∂IC∗(Σ)= ∂IC∗
(
−DE

(
t, y(t)

))
=NC∗

(
Σ(t)

)
⊂ Y, (2.3)

where we used the standard result that for closed convex setsC∗ the subdifferential∂IC∗(σ )
equals the outward normal cone NC∗(σ )= {v ∈ Y | ∀σ̂ ∈ C∗: 〈σ̂ − σ, v〉� 0}.

Introducing the variableu=−Ay ∈ Y ∗ and the moving setsC∗(t)=−ℓ(t)+C∗ ⊂ Y ∗,
we arrive at thesweeping-processformulation

(SW) −u̇(t) ∈ANC∗(t)
(
u(t)

)
, (2.4)

which is used in [Mon93] withA= 1 sinceY = Y ∗ is assumed.
Using the definition of the subdifferential∂IC∗ in (2.3) we see that (VI) is equivalent to

thedual variational inequality

(DVI) Σ = ℓ−Ay ∈ C∗ and 〈Σ − σ̂ , ẏ〉� 0 for all σ̂ ∈ C∗. (2.5)

Integration over[0, T ] leads to a weakened form which allowsy to lie in BV([0, T ],X)
by employing a suitable Stieltjes integral,

Σ = ℓ−Ay ∈ C∗ and
(2.6)∫ T

0

〈
Σ(t)− σ̃ (t),dy(t)

〉
� 0 for all σ̃ ∈C0([0, T ],C∗

)
.

In (DVI) we may also eliminate completely the primal variabley by usingẏ =A−1(ℓ̇−Σ̇),

Σ ∈ C∗ and ∀σ̂ ∈ C∗,
〈
Σ − σ̂ ,A−1(Σ̇ − ℓ̇

)〉
� 0. (2.7)

Finally, we derive the energetic formulation which is the basis for the more recent ap-
proach to general nonconvex problems. Whereas the equivalence of the above problems
is well known, see, e.g., [DuL76,HanR99], the equivalence to the energetic formulation is
less known. Thus, we explain it in more detail.

It can be easily seen that (VI) is equivalent to the following two local conditions:

(S)loc ∀v̂ ∈ Y :
〈
DE
(
t, y(t)

)
, v̂
〉
+Ψ (v̂)� 0;

(E)loc
〈
DE
(
t, y(t)

)
, ẏ(t)

〉
+Ψ

(
ẏ(t)

)
� 0.

(2.8)
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For (S)loc simply let v = αv̂ with α → ∞ in (VI), and for (E)loc let v = 0. How-
ever, sinceE(t, ·) and Ψ are convex, we conclude thaty(t) is a global minimizer of
ŷ �→ E(t, ŷ)+ Ψ (ŷ − y(t)) by letting ŷ = y(t)+ v̂. Moreover, (S)loc and (E)loc together
imply 〈DE(t, y(t)), ẏ(t)〉 +Ψ (ẏ(t))= 0, which leads to

d

dt
E
(
t, y(t)

)
= ∂tE

(
t, y(t)

)
−Ψ

(
ẏ(t)

)
=−

〈
ℓ̇(t), y(t)

〉
−Ψ

(
ẏ(t)

)
.

This leads to theenergetic formulationwhich is based on theglobal stability condi-
tion (S) and theglobal energy balance(E), which is obtained by integration overt ∈ [0, T ]:

(S) ∀ŷ ∈ Y : E
(
t, y(t)

)
� E(t, ŷ)+Ψ

(
ŷ − y(t)

)
;

(E) E
(
t, y(t)

)
+DissΨ

(
y; [0, t]

)
= E

(
0, y(0)

)
+
∫ t

0
∂sE
(
s, y(s)

)
ds,

(2.9)

where DissΨ (y; [r, s])=
∫ s
r
Ψ (ẏ(t))dt and

∫ t
0 ∂sE(s, y(s))ds =−

∫ t
0〈ℓ̇(s), y(s)〉ds.

The stability condition can be formulated in terms of thesets of stable states

S(t)=
{
y ∈ Y | ∀ŷ ∈ Y : E(t, y)� E(t, ŷ)+Ψ (ŷ − y)

}
⊂ Y,

S[0,T ] =
⋃

t∈[0,T ]

(
t,S(t)

)
⊂ [0, T ] × Y.

Now, (S) just meansy(t) ∈ S(t). The major simplification in the theory of quadratic ener-
gies arises from the fact thatS(t) can be given explicitly in the form

S(t)=
{
y ∈ Y | ℓ(t)−Ay ∈ C∗

}
=A−1(ℓ(t)−C∗

)
.

Hence,S(t) is a closed convex set and thus it is weakly closed.
A typical situation in continuum mechanical problems is that the state variablesy ∈ Y

consist of two components, namely an elastic (or nondissipative) componentu ∈ U and
an internal (or dissipative) componentz ∈ Z. The splitting is such thatΨ :Y → [0,∞]
depends only oṅz but not onẏ. In particular, we have

y = (u, z) ∈U ×Z = Y and Ψ (ẏ)= Ψ
(
(u̇, ż)

)
= Ψ̃ (ż), (2.10)

whereΨ̃ satisfies̃Ψ (ż) > 0 for ż �= 0. The linear operatorA takes the form
(
AUU AZU

AUZ AZZ

)
∈

Lin(U ×Z,U∗×Z∗), ℓ(t)= (ℓU (t), ℓZ(t)) ∈U∗×Z∗ and for the subdifferential∂Ψ we
have

∂Ψ
(
(u̇, ż)

)
= {0} × ∂Ψ̃ (ż) ∈U∗ ×Z∗.

With these definitions the subdifferential formulation (SF), see (2.1), takes the form

0=AUUu+AUZz− ℓU (t) ∈U∗ and
(2.11)

0∈ ∂Ψ̃ (ż)+AZUu+AZZz− ℓZ(t)⊂ Z∗.
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The first equation is then called the elastic equilibrium equation, and for givenz andℓU it
can be solved uniquely foru ∈U , sinceAUU is again positive definite. The second relation
is the flow rule for the internal variablez.

2.2. Basic a priori estimates and uniqueness

We first provide a few a priori estimates for the solutions of the above formulations. In
particular, we will obtain uniqueness of solutions as well as continuous dependence on the
data. For this, we make the following assumption on the dissipation functional:

∃c1 > 0,∀v ∈ Y : Ψ (v)� c1‖v‖X,

where‖ · ‖X denotes a seminorm. Note that in the caseX = Y this implies thatC∗ = ∂Ψ (0)
satisfies{σ ∈ Y ∗ | ‖σ‖∗ � c1} ⊂ C∗. Similarly, if Ψ is bounded from above byc2‖ · ‖Y ,
thenC∗ is contained inside a ball of radiusc2.

The assumptions onA and onℓ imply

E(t, y)�
α

2
‖y‖2−

∥∥ℓ(t)
∥∥
∗‖y‖�Λ‖y‖ − 1

2α

(
Λ+

∥∥ℓ(t)
∥∥
∗
)2 (2.12)

for anyΛ� 0. Thus, withΛ0= ‖ℓ‖L∞ andΛ1= ‖ℓ̇‖L∞ , we obtain

∣∣∂tE(t, y)
∣∣�

∣∣〈ℓ̇(t), y
〉∣∣�Λ1‖y‖�

Λ1

Λ

(
E(t, y)+ (Λ+Λ0)

2

2α

)
, (2.13)

whereΛ> 0 is still arbitrary. Further on we chooseΛ=Λ0.
Since any solutiony : [0, T ] → Y satisfies the energy balance (E) we find, using

DissΨ � 0, the estimateE(t, y(t)) � E(0, y(0)) +
∫ t

0
Λ1
Λ0
(E(s, y(s)) + 2Λ2

0
α
)ds. Applying

Gronwall’s estimate toE(t, y(t))+ 2Λ2
0/α we find

∀t ∈ [0, T ]: E
(
t, y(t)

)
� etΛ1/Λ0

(
E(0, y0)+

2Λ2
0

α

)
− 2Λ2

0

α
. (2.14)

Inserting this into (E) once again, we obtain the second estimate

∀t ∈ [0, T ]: c1

∫ t

0

∥∥ẏ(s)
∥∥
X

ds � DissΨ
(
y; [0, t]

)

� etΛ1/Λ0

(
E(0, y0)+

2Λ2
0

α

)
. (2.15)

It turns out that these two purelyenergetic estimatesapply in very general situations as
long as (2.13) holds. They imply a priori estimates for‖y(t)‖ via the coercivity of the
energy, cf. (2.12), as well as some control on the derivativeẏ(t) via (2.15).



472 A. Mielke

However, in the case of a quadratic energy (or in general convex situations, see Sec-
tion 3.5) we may also derive Lipschitz bounds using the uniform convexity due toA.
Using (i) (E)loc for y(s), (ii) Ψ (y(t)− y(s))� DissΨ (y, [s, t]) and (iii) (E), we obtain for
0� s < t � T ,

α

2

∥∥y(t)− y(s)
∥∥2

�
∥∥y(t)− y(s)

∥∥2
A

= E
(
s, y(t)

)
− E

(
s, y(s)

)
−
〈
DE
(
s, y(s)

)
, y(t)− y(s)

〉

(i)
�E

(
s, y(t)

)
− E

(
s, y(s)

)
+Ψ

(
y(t)− y(s)

)

(ii)
� E

(
s, y(t)

)
− E

(
s, y(s)

)
+DissΨ

(
y, [s, t]

)

(iii )= E
(
s, y(t)

)
− E

(
t, y(t)

)
+
∫ t

s

∂τE
(
τ, y(τ )

)
dτ

=
∫ t

s

[
∂τE

(
τ, y(τ )

)
− ∂τE

(
τ, y(t)

)]
dτ

�Λ1

∫ t

s

∥∥y(t)− y(τ)
∥∥dτ.

From this, we easily derive the Lipschitz bound (cf. Theorem 3.4),

∀s, t ∈ [0, T ],
∥∥y(t)− y(s)

∥∥�
Λ1

α
|t − s| or ‖ẏ‖L∞((0,T ),Y ) �

Λ1

α
.

Similar estimates give the continuity with respect to the data. Lety1 and y2 be two
solutions with data(y0

j , ℓj ). Then, with (VI) we find

1

2

d

dt

〈
A(y1− y2), y1− y2

〉

= 〈Ay1, ẏ1− ẏ2〉 + 〈Ay2, ẏ2− ẏ1〉
= −〈Ay1− ℓ1, ẏ2− ẏ1〉 − 〈Ay2− ℓ2, ẏ1− ẏ2〉 + 〈ℓ1− ℓ2, ẏ1− ẏ2〉
� Ψ (ẏ2)−Ψ (ẏ1)+Ψ (ẏ1)−Ψ (ẏ2)+ ‖ℓ1− ℓ2‖∗‖ẏ1− ẏ2‖
� ‖ℓ1− ℓ2‖∗

(
‖ẏ1‖ + ‖ẏ2‖

)
.

Thus, for allt ∈ [0, T ] we have the estimate

α
∥∥y1(t)− y2(t)

∥∥2
�
∥∥y1(t)− y2(t)

∥∥2
A

�
∥∥y0

1 − y0
2

∥∥2
A
+ 2Λ1

α

∫ t

0

∥∥ℓ1(s)− ℓ2(s)
∥∥
∗ ds. (2.16)



Evolution of rate-independent systems 473

Alternatively, the former estimate leads to

∥∥y1(t)− y2(t)
∥∥2
A

�
∥∥y0

1 − y0
2

∥∥2
A
+ 2‖ℓ1− ℓ2‖L∞([0,T ],Y ∗)

∫ t

0

(∥∥ẏ1(s)
∥∥+

∥∥ẏ2(s)
∥∥)ds. (2.17)

2.3. Basic existence theory

There are essentially two different approaches to the existence theory. The first approach
uses time discretization and solves a (static) variational inequality or a minimization prob-
lem in each time step. This method will be the main focus in this work as it generalizes
to complicated nonsmooth and nonconvex situations. However, the method is restricted to
symmetric operators in the variational inequality or, what is the same, to associated flow
laws for the rate-independent problem.

The second approach is based on the theory of monotone or accretive operators, which is
somehow more restrictive as it heavily uses the Hilbert or Banach space structure. However,
it allows for more general flow laws, such as nonassociated ones, see Section 6. Here, we
show how in the present situation both methods can be applied and finally mention also the
so-called Yosida regularization which is often used to treat nonsmooth problems.

2.3.1. Time-incremental minimization.This approach will be discussed in full detail in
later sections. Here we give a simplified version of the existence proof which shows the
same features as in Section 5.1, where a much more general situation is treated. Here we
use the simplifying structures of the quadratic energy.

We choose a sequence of partitions 0= tN0 < tN1 < · · · < tNN−1 < tNN = T of the inter-
val [0, T ] such that the finenessfN =max{tNj − tNj−1 | j = 1, . . . ,N} tends to 0. For given
initial valuey0 ∈ S(0) we solve iteratively

yk ∈ Argmin
{
E(tk, y)+Ψ (y − yk) | y ∈ Y

}
.

By convexity ofE(t, ·), this minimization problem is equivalent to the static variational
inequality:

Findyk ∈ Y such that∀v̂ ∈ Y :
〈
Ayk − ℓ(tk), v̂ − (yk − yk−1)

〉
−Ψ (yk − yk−1)+Ψ (v̂)� 0.

In fact, most work on evolutionary variational inequalities uses this form of the incremen-
tal problem, considers the piecewise linear interpolant of their solutions and shows that
their limit exists and satisfies the corresponding variational inequality (VI), given in (2.2).
We will instead stay with the minimization formulation and show that the limit function
satisfies the energetic formulation (S) and (E), see (2.9). Thus, we also provide a simplified
version of the general proof of Theorem 5.2.
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THEOREM 2.1. Let ℓ ∈ C1([0, T ], Y ∗) and y0 ∈ S(0) = A−1(ℓ(0) − C∗). Then, the en-
ergetic problem(S) and (E) (cf. (2.9)) and hence also(VI) have a unique solution
y ∈CLip([0, T ], Y ).

PROOF. Except for the uniqueness part, we follow the six steps of the proof of Theo-
rem 5.2. We use the norm‖ · ‖A on Y and the dual norm onY ∗ and indicate this fact by
writing YA andY ∗A, respectively.

Step0. Uniqueness. For any two solutions estimate (2.16) withℓ1 = ℓ2 = ℓ gives the
estimate‖y1(t)− y2(t)‖A � ‖y1(0)− y2(0)‖A, which proves uniqueness.

Step1. A priori estimates. Let Π = {tk | k = 0, . . . ,N} be any partition. Since the func-
tionaly �→ E(tk, y)+Ψ (y − yk−1) is strictly convex, it has a unique minimizeryk in each
step and we have

∀y ∈ Y, E(tk, y)+Ψ (y − yk−1)

�
1

2
‖y − yk‖2

A + E(tk, yk)+Ψ (yk − yk−1). (2.18)

Insertingy = yk−1 andy = yk+1, respectively, we obtain

∀k ∈ {1, . . . ,N},
E(tk, yk)+Ψ (yk − yk−1)

� E(tk, yk−1)= E(tk−1, yk−1)+
∫ tk

tk−1

∂sE(s, yk−1)ds; (2.19)

∀k ∈ {0, . . . ,N − 1},
1

2
‖yk+1− yk‖2

A � E(tk, yk+1)+Ψ (yk+1− yk)− E(tk, yk), (2.20)

where we have estimatedΨ (yk − yk−1) � 0. Note that the last estimate is claimed also
for k = 0, which follows from the assumptiony0 ∈ S(0). Thus, fork = 0, . . . ,N − 1, we
obtain

1

2
‖yk+1− yk‖2

A

� E(tk, yk+1)+Ψ (yk+1− yk)− E(tk, yk)

� E(tk+1, yk+1)−
∫ tk+1

tk

∂sE(s, yk+1)ds +Ψ (yk+1− yk)− E(tk, yk)

(2.19)
� E(tk, yk)−

∫ tk+1

tk

∂sE(s, yk+1)ds − E(tk, yk)

=
∫ tk+1

tk

[
∂sE(s, yk)− ∂sE(s, yk+1)

]
ds �Λ1,A(tk+1− tk)‖yk+1− yk‖A,
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whereΛ1,A = ‖ℓ̇‖L∞([0,T ],Y ∗A). Thus, the piecewise linear interpolantŷΠ : [0, T ]→ Y and

the piecewise constant interpolantȳΠ : [0, T ] → Y with y(t)= yk−1 for t ∈ [tk−1, tk) sat-
isfy the a priori bounds

∥∥ŷΠ
∥∥

C0([0,T ],YA) � ‖y0‖A + 2Λ1,AT ,

∥∥ȳΠ
∥∥

L∞([0,T ],YA) � ‖y0‖A + 2Λ1,AT ,

∥∥ ˙̂yΠ
∥∥

L∞([0,T ],YA) � 2Λ1,A,

∥∥ŷΠ − ȳΠ
∥∥

L∞([0,T ],YA) � 2Λ1,Af (Π).

Step2. Selection of a subsequence.Now we choose an arbitrary sequence(Πm)m∈N of
partitions withf (Πm)→ 0. Since the function̂yΠ

m
satisfies a uniform Lipschitz bound

and since closed balls in the reflexive Banach spaceY are weakly compact, we can apply
the Arzela–Ascoli theorem which provides a subsequence(ml)l∈N and a limit function
y : [0, T ]→ Y such thatŷl = ŷΠ

ml andȳl = ȳΠ
ml satisfy

∀t ∈ [0, T ], ŷl(t) ⇀ y(t), ȳl(t) ⇀ y(t) and ‖ẏ‖L∞([0,T ],YA) � 2Λ1,A.

It remains to be shown thaty is a solution.

Step3. Stability of the limit function. Estimate (2.18) and the triangle inequality forΨ
imply, for all y ∈ Y ,

E(tk, yk) � E(tk, y)+Ψ (y − yk−1)−Ψ (yk − yk−1)

� E(tk, y)+Ψ (y − yk),

which meansyk ∈ S(tk). Hence, for the sequencêyl we have ŷl(t) ∈ S(t) for each
t ∈Πml . As f (Πml )→ 0 we find, for eacht∗ ∈ [0, T ], a sequencet l with t l → t∗. Us-
ing ‖ ˙̂yl‖L∞ � 2Λ1,A we obtainŷl(t l)⇀ y(t∗). Moreover, the graph set,

S[0,T ] =
⋃

t∈[0,T ]

(
t,S(t)

)

=
{
(t, y)

∣∣ y ∈ S(t)
}

=
{
(t, y)

∣∣ y ∈A−1(ℓ(t)−C∗
)}
⊂ [0, T ] × Y,

is closed with respect to the weak topology ofY , since eachS(t) is strongly closed
and convex and sinceℓ is strongly continuous. Thus,(t l, ŷl(t l)) ∈ S[0,T ] implies
(t∗, y(t∗)) ∈ S[0,T ], which meansy(t∗) ∈ S(t∗) and the stability (S) is proved.
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Step4. Upper energy estimate.For t ∈ (0, T ] and l ∈ N let j be the largest index with
tj =max{tn ∈Πml | tn � t}. Then, adding (2.19) fromk = 1 to j gives

E
(
t, ȳl(t)

)
+DissΨ

(
ȳl; [0, t]

)

=
∫ t

tj

∂sE
(
s, ȳl(tj )

)
ds + E

(
tj , ȳ

l(tj )
)
+

j∑

k=1

Ψ
(
ȳl(tk)− ȳl(tk−1)

)

�

∫ t

tj

∂sE
(
s, ȳl(s)

)
ds + E(0, y0)+

∫ tj

0
∂sE
(
s, ȳl(s)

)
ds

= E(0, y0)−
∫ t

0

〈
ℓ̇(s), ȳl(s)

〉
ds.

The right-hand side of this estimate converges toE(0, y0)−
∫ t

0〈ℓ̇(s), y(s)〉ds by the weak
convergence and Lebesgue theorem on dominated convergence. The left-hand side is lower
semicontinuous, sinceE(t, ·) and DissΨ are convex and strongly continuous. Thus, for each
t ∈ [0, T ] we concludeE(t, y(t))+DissΨ (y; [0, t])� E(0, y0)−

∫ t
0〈ℓ̇(s), y(s)〉ds, which

is the desired upper energy estimate.

Step5. Lower energy estimate.The lower estimate is a consequence of stability of the
limit function y as proved in Step 3. Take an arbitrary partitionT = {τj | j = 0, . . . ,M} of
the interval[0, t]. Then, forj � 1 stability ofy(τj−1) gives

E
(
τj , y(τj )

)
+Ψ

(
y(τj )− y(τj−1)

)

=
∫ τj

τj−1

∂sE
(
s, y(τj )

)
ds + E

(
τj−1, y(τj )

)
+Ψ

(
y(τj )− y(τj−1)

)

�

∫ τj

τj−1

∂sE
(
s, y(τj )

)
ds + E

(
τj−1, y(τj−1)

)
.

Adding these estimates fromj = 1 toM and using the definition of DissΨ , we find

E
(
t, y(t)

)
+DissΨ

(
y; [0, t]

)
� E

(
t, y(t)

)
+

M∑

1

Ψ
(
y(τj )− y(τj−1)

)

� E(0, y0)−
M∑

1

∫ τj

τj−1

〈
ℓ̇(s), y(τj )

〉
ds

� E(0, y0)−
∫ t

0

〈
ℓ̇(s), y(s)

〉
ds − f (T )2Λ1,A.

Thus, by making the partitionT as fine as we like, we obtain the lower energy estimate
and together with Step 4 the energy balance (E) is established andy is a solution.
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Step6. Improved convergence.By Step 0 we know that there exists at most one solution.
We conclude that not only the subsequenceyl converges weakly toy, but the whole se-
quenceŷΠ

m
converges weakly toy. In fact, in Section 4.1 it is shown that the convergence

is strong with a convergence like
√
f (Π), see Theorem 4.3. �

2.3.2. Monotone operators. The existence theory via monotone operators is based on the
concept of multivalued monotone operators on a Hilbert space. A mappingM :D(M)⊂
Y →P(Y ), whereP denotes the power set, is called monotone if

∀y1, y2 ∈D(M),∀w1 ∈M(y1),w2 ∈M(y2), 〈w1−w2|y1− y2〉� 0,

where〈·|·〉 denotes the scalar product inY . A monotone operatorM is calledmaximal
monotone, if its graphG(M) =⋃y∈D(M)(y,M(y)) ⊂ Y × Y does not have a proper
extension to a graph of another monotone operator. The following result is contained in
many textbooks, see, e.g., [Zei85], Theorem 55A, or [Bre73].

THEOREM 2.2. Let Y be a real, separable Hilbert space andM :D(M) ⊂ Y → P(Y )

a maximal monotone operator. Then, for eachT > 0 the Cauchy problem

0∈ ˙̂y(t)+M
(
ŷ(t)

)
− b(t) for almost everyt ∈ [0, T ] and ŷ(0)= ŷ0, (2.21)

has, for eachŷ0 ∈ D(M) and eachb ∈W1,1((0, T ), Y ), a unique solution̂y ∈W1,1((0,
T ), Y ). In fact, we haveŷ ∈W1,∞((0, T ), Y ).

Moreover, two solutionsŷ1, ŷ2 associated with data(ŷ0
j , bj ) satisfy the estimate

∥∥ŷ1(t)− ŷ2(t)
∥∥�

∥∥ŷ0
1− ŷ0

2

∥∥+
∫ t

0

∥∥b1(s)− b2(s)
∥∥ds for t ∈ [0, T ]. (2.22)

In our rate-independent problemsb will be related toℓ̇ and the values ofM must be
closed cones, as the valuesM(ŷ) of any maximal monotone operator are closed and convex
and rate independence givesM(ŷ) = γM(ŷ) for all γ > 0. To apply the above theorem
to our problems of Section 2.1 we letŷ(t)= y(t)−A−1ℓ(t) andM(ŷ)=−∂IC∗(−Aŷ).
Then (DI) takes the form

0∈ ˙̂y(t)+M
(
ŷ(t)

)
−A−1ℓ̇(t), ŷ(0)= y0−A−1ℓ(0).

Clearly, ŷ(0) ∈ D(M) = {ŷ | M(ŷ) �= ∅} means−Aŷ(0) ∈ C∗ which is equivalent
to the stability conditiony0 ∈ S(0) = A−1(ℓ(0) − C∗). Moreover,M is a maximal
monotone operator, since it is the subdifferential of the lower semicontinuous, convex
function ϕ :Y → R∞; ŷ �→ IC∗(−Aŷ), i.e., ϕ = I−A−1C∗ . For this choose the scalar
product to be defined byA as usual, namely〈y1|y2〉 = 〈Ay1, y2〉; then it is easy to
check that the Hilbert space subdifferential using the scalar product∂ϕ(ŷ) = {w ∈ Y |
∀y ∈ Y : ϕ(y)� ϕ(ŷ)+ 〈w|y − ŷ〉} is equal to−NC∗(−Aŷ) as desired.

In principle this approach provides the desired existence result. However, it has the dis-
advantage that it strongly relies on the linearity ofy �→ DE(t, y) = Ay − ℓ(t) and that it
uses the time derivativėℓ.
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Finally, let us mention that the restriction ofy being a Hilbert space can be avoided
by using the theory ofm-accretive operators on Banach spaces, see [Bar76] or [Vis94],
Section XII.4, for a short survey.

2.3.3. Doubly nonlinear problems. An approach better adapted to our needs is the theory
of doubly nonlinear equations developed in [ColV90]. There, general equations of the type

0∈R
(
ẏ(t)

)
+Σ0

(
y(t)

)
− ℓ(t) for a.a.t ∈ [0, T ];y(0)= y0, (2.23)

are studied, whereR andΣ0 are (possibly multivalued) maximal monotone operators on
the Hilbert spaceY . Theorem 2.1 treats the caseΣ0 = ∂U while R is general with linear
growth. Theorem 2.2 is dedicated to the caseR= ∂Ψ with strongly monotoneΣ0. Finally,
Theorem 2.3 assumesR= ∂Ψ andΣ0= ∂U with minimal assumptions on the potentials
Ψ andU . Theorem 2.2 is most suited for our purposes and we repeat a variant of it for the
reader’s convenience.

THEOREM 2.3. The Hilbert spaceY is densely and compactly embedded into the Hilbert
spaceH . The dissipation potentialΨ :H →R∞ is convex and lower semicontinuous and
R= ∂Ψ . The mappingΣ0 :Y → Y ∗ is Lipschitz continuous and uniformly monotone, i.e.,

∃c1,C2 > 0,∀y1, y2 ∈ Y,
∥∥Σ0(y1)−Σ0(y2)

∥∥
Y ∗ � C2‖y1− y2‖Y and

〈
Σ0(y1)−Σ0(y2), y1− y2

〉
� c1‖y1− y2‖2

Y .

Then, for everyℓ ∈H1((0, T ), Y ∗) and everyy0 with ℓ(0)−Σ0(y0) ∈D(LΨ ), there exists
a solutiony ∈H1((0, T ), Y ) of (2.23).

HereLΨ denotes the Legendre–Fenchel transform of the convex functionΨ . In the
case of aΨ which is 1-homogeneous, we haveLΨ = IC∗ and thusD(LΨ )= C∗. Clearly,
the above theorem provides the solvability of our subdifferential formulation (SF) given
in (2.1) if we letΣ0(y)=Ay. However, for this general version involving monotone oper-
atorsΣ0 instead of a linear and positive operatorA we have to pay by making an additional
assumption onC∗ = ∂Ψ (0)⊂H =H ∗. SinceY is compactly embedded inH , we find that
C∗ ∩ {σ ∈ Y ∗ | ‖σ‖∗ � ρ} is compact inY ∗ for ρ > 0. This relates to the conditions of the
closedness of the stable set in the weak topology, which is central in the abstract Section 5.

It is interesting to note that the existence result for monotone operators is mostly ob-
tained by using regularization techniques, which replace the nonsmooth, multivalued prob-
lem by a classical Lipschitz continuous ordinary differential equation. The main technique
is theYosida regularizationwhich works for all maximal monotone operators (even for
m-accretive operators), see [Zei85], Section 55.2. IfM :Y → P(Y ) is maximal monotone,
then for allε > 0 the problemy + εM(y)= b has a unique solution, which we denote by
y =Rε,M(b). The Yosida regularization ofM is then defined to be the operator

MY
ε :Y → Y ; y �→ 1

ε

(
y −Rε,M(y)

)
.
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Defining M0 via M0(y) = arg min{‖w‖ | w ∈M(w)} we obtain the following standard
results: eachMY

ε is Lipschitz continuous and maximal monotone, and fory ∈ D(M) we
haveMY

ε (y)→M0(y) for ε→ 0 whereasy /∈D(M) implies‖MY
ε (y)‖→∞.

Instead of solving the Cauchy problem (2.21) one then solves the regularized problem
0= ẏ(t)+MY

ε (y(t))− b(t) which by Lipschitz continuity ofMY
ε has a unique solution

yε ∈CLip([0, T ], Y ). Using the monotonicity properties it is then possible to show that the
limit y(t)= limε→0yε(t) exists and solves (2.21).

The point here is that in the case of our interest the operatorM is the subdifferential of
the characteristic functionϕ = IC with C = −A−1C∗ ⊂ Y . It is easy to see thatRε,M is
independent ofε and is equal to the orthogonal projectionPC :Y → C ⊂ Y , i.e.,PC(y)=
argmin{‖ŷ − y‖Y | ŷ ∈ C}. Thus, the Yosida regularizationMY

ε takes the form

MY
ε (y)=

1

ε

(
y − PC(y)

)
= ∂Dε(y), whereDε(y)=

1

2ε
dist(y,C)2.

Thus, the regularized equation

0= ẏ +MY
ε (y)− b(t)= ẏ + 1

ε

(
y − PC(y)

)
− b(t)

corresponds to the traditional viscoplastic approximation to plasticity. This fact was first
noted in [Ort81].

In [ColV90] the doubly nonlinear problems (2.23) are regularized in a two-fold way.
The auxiliary problem is

0∈ εẏ(t)+R
(
ẏ(t)

)
+MY

ε

(
y(t)

)
− ℓ(t),

where the first term can be understood as a viscous friction term. To solve forẏ we
use the operatorRε :v �→ R1/ε,R(

1
ε
v), which leads to the ordinary differential equation

0= ẏ +Rε(Mε(y(t))− ℓ(t)), which is Lipschitz continuous. We will consider related vis-
cous regularizations in Section 5.4. Such regularizations are important ifM is no longer
strictly monotone and thus solutions can develop jumps.

Note that the viscous regularizationRvis
ε = ε1+R for R= ∂Ψ is adjusted to the fact

that∂Ψ is 1-homogeneous. ForR(v)= Sign(v) the regularizationε1+R has a Lipschitz
continuous inverse, while the Yosida regularizationRY

ε is bounded and hence not invert-
ible, namelyRY

ε (v)=min{1
ε
, 1
‖v‖ }v.

2.3.4. Sweeping processes.Finally, we mention some special existence results related to
the sweeping-process formulation taken from [Mon93], Chapters 2 and 5. The origins stem
from Moreau, see, e.g., [Mor74]. There, fory ∈ BV+([0, T ], Y ), the BV functions which
are continuous from the right, the differential measure dy and the associated Radon mea-
sure|dy| are defined such that dy([s, t])=

∫ t
s

dy = y(t)−y(s) and Diss‖·‖(y)=
∫
[s,t] |dy|.

The new point is thaty may have jumps, i.e.,t is a jump point, if limrցt y(r) = y(t) �=
y−(t)= limsրt y(s). This implies|dy|({t})= ‖y(t)− y−(t)‖ and dy({t})= y(t)− y−(t).
The important fact is that dy can be decomposed into a directional party′ and the
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length |dy| such thaty′ is defined|dy|-almost everywhere and takes values in the unit
sphere{y ∈ Y | ‖y‖ = 1}. One shortly writesy′ = dy

|dy| .
For a given family(C(t))[0,T ] of closed convex sets, we can now formulate the sweeping

process using the normal cone NC(t)(y)⊂ Y , which is defined via the scalar product onY ,
as follows

y(0)= y0 ∈ C(0), ∀t ∈ [0, T ], y(t) ∈ C(t),

− dy

|dy| (t) ∈NC(t)

(
y(t)

)
for |dy|-almost everyt ∈ [0, T ].

The existence of solutions in BV+([0, T ], Y ) can now be shown using special incremental
problems or the Yosida regularization if one of the following conditions hold:

(A) ([Mon93], Chapter 1, Theorem 1.5)t �→ C(t) is right-continuous and of bounded
variation with respect to the Hausdorff distance on closed sets.

(B) ([Mon93], Chapter 2, Theorem 2.1)t �→ C(t) is Hausdorff continuous and each
C(t) has nonempty interior (theny ∈C0([0, T ], Y )∩BV([0, T ], Y )), cf. Theorem 2.6.

(C) ([Mon93], Chapter 2, Theorem 2.4)Y is finite dimensional, there existsρ > 0 and
y0 ∈ Y with Bρ(y0) ⊂ C(t) and t �→ C(t) is lower semicontinuous from the right
(i.e., ∀t0 ∈ [0, T ), ∀O ⊂ Y open withO ∩ C(t0) �= ∅ ∃ε > 0: O ∩ C(t) �= ∅ for all
t ∈ [t0, t0+ ε]).

(D) ([Mon93], Chapter 2, Theorem 2.4)Y is finite dimensional, eachC(t) has non-
empty interior andt �→ C(t) is lower semicontinuous (i.e.,∀t0 ∈ [0, T ], ∀O ⊂ Y open
with O ∩C(t0) �= ∅ ∃ε > 0: O ∩C(t) �= ∅ for all t ∈ [t0− ε, t0+ ε] ∩ [0, T ]).

2.4. Continuity properties of the solution operator

In Sections 2.2 and 2.3 we have seen that associated with the linear operatorA :Y → Y ∗

and the dissipation functionalΨ = LIC∗ there is a solution operator

H :

{
C∗ ×CLip

(
[0, T ], Y ∗

)
→CLip

(
[0, T ], Y

)
,

(σ0, ℓ) �→ y(·),
with y(0)= y0=A−1(ℓ(0)− σ0

)
,

where y solves any of the equivalent formulations in Section 2.1. In fact, the esti-
mates (2.16), (2.17) and (2.22) provided a first result on continuous-dependence forH.
Here and below we use the energy norm‖y‖A = 〈Ay,y〉1/2 onY and the dual norm onY ∗,
i.e.,‖σ‖∗ = 〈σ,A−1σ 〉1/2.

In particular, we have established thatH(·, ℓ) defines a contraction semigroup, namely
for yj =H(σj , ℓ) with fixed ℓ ∈CLip we have

∥∥y1(t)− y2(t)
∥∥
A
=
∥∥H(σ1, ℓ)(t)−H(σ2, ℓ)(t)

∥∥
A

� ‖σ1− σ2‖∗ =
∥∥y1(0)− y2(0)

∥∥
A

(2.24)
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for all t ∈ [0, T ].
So far, we have shown thatH(σ0, ·) maps CLip([0, T ], Y ∗) into CLip([0, T ], Y ).

However, using the rate-independence, it can be easily seen thatH(σ0, ·) also maps
W1,p([0, T ], Y ∗) into W1,p([0, T ], Y ) for anyp ∈ [1,∞] (where CLip =W1,∞ sinceY is
a Hilbert space). For this, just note thatℓ ∈W1,p([0, T ], Y ∗) allows to define the new time
variable

τ = α(t)= t +
∫ t

0

∥∥ℓ̇(s)
∥∥ds ∈ [0, T◦] with T◦ = α(T ).

If β : [0, T◦] → [0, T ] is the inverse ofα, then ℓ◦ = ℓ ◦ β ∈ CLip([0, T◦], Y ∗), since
ℓ′◦(τ )= (1+ ‖ℓ̇(β(τ ))‖∗)−1ℓ̇(β(τ )) has a norm less than 1 a.e. in[0, T◦]. With the corre-
sponding solutiony◦ =H(σ0, ℓ◦) ∈CLip([0, T◦], Y ) we are then able to obtain the solution
y =H(σ0, ℓ) in the formy = y◦ ◦ α and find

‖ẏ‖Lp([0,T ],Y ) =
∥∥y′◦
(
α(·)

)
α̇(·)

∥∥
Lp([0,T ],Y )

�
∥∥y′◦
∥∥

L∞([0,T ],Y )
∥∥α̇(·)

∥∥
Lp([0,T ])

�
∥∥y′◦
∥∥

L∞([0,T ],Y )
(
T 1/P +

∥∥ℓ̇
∥∥

Lp([0,T ],Y ∗)
)
,

sinceα̇ = 1+ ‖ℓ̇‖∗.
In [Kre99], Theorem 3.6 (see also [BrS96]), we find the following general result, where

the last statement follows from (2.22).

PROPOSITION 2.4. For each p ∈ [1,∞] the mappingH :C∗ × W1,p([0, T ], Y ∗) →
W1,p([0, T ], Y ) is continuous. Moreover, the mappingH :C∗ × W1,1([0, T ], Y ∗) →
C0([0, T ], Y ) is globally Lipschitz continuous.

REMARK 2.5. In [Kre99] the continuity results are formulated in terms of the play op-
eratorP and the stop operatorS and written in the Hilbert space setting withA = 1 and
〈y1|y2〉 = 〈Ay1, y2〉. In our setting the corresponding definitions are

y = P(σ0, ℓ)=H(σ0, ℓ)

and

σ = S(σ0, ℓ)= ℓ−Ay = ℓ−AH(σ0, ℓ) ∈C0([0, T ],C∗
)
,

such thatS(σ0, ℓ)(0)= σ0 andS+AP= 1.

The next result states thatH can be extended to an operator fromC∗ × C0([0, T ], Y ∗)
into BV([0, T ], Y ) ∩C0([0, T ], Y ), if 0 is an interior point ofC∗, which is equivalent to a
lower bound onΨ :

B∗ρ(0)=
{
σ ∈ Y ∗

∣∣ ‖σ‖∗ � ρ
}
⊂ C∗ ⇐⇒ ∀v ∈ Y, Ψ (v)� ρ‖v‖A.

(2.25)
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For the reader’s convenience we give the main ingredients of the proof, which is a special
case of [Mon93], Chapter 2, Theorem 2.1. The solutionsy = H(σ0, ℓ) in the following
result will solve the weakened form (2.6) of the dual variational inequality which reads

∫ T

0

〈
ℓ(t)−Ay(t)− σ̃ (t),dy(t)

〉
� 0

for all σ̃ ∈C0([0, T ],C∗
)
;y(0)=A−1(ℓ(0)− σ0

)
. (2.26)

See also [KreL02,KreV03] for generalizations to the space of regulated functions, i.e., to
functions which may be not continuous but have limits from the left and right at each point.

THEOREM 2.6. Let C∗ andΨ satisfy(2.25).Then, the operatorH :C∗ ×W1,1([0, T ],
Y ∗)→W1,1([0, T ], Y ) can be extended to a continuous operator fromC∗×C0([0, T ], Y ∗)
into C0([0, T ], Y ). Moreover,H mapsC∗×C0([0, T ], Y ∗) into BV([0, T ], Y )∩C0([0, T ],
Y ) and around each(σ0, ℓ) ∈ C∗×C0([0, T ], Y ∗) there exists a neighborhoodB such that
H :B→C0([0, T ], Y ∗) is Hölder continuous with exponent1/2.

PROOF. By (2.24) it suffices to consider the caseσ0= 0. Choose anŷℓ ∈ C0([0, T ], Y ∗),
then by uniform continuity there existsN ∈N such that withtj = jT /N , j = 0, . . . ,N , we
have‖ℓ̂(t)− ℓ̂(tj )‖∗ � ρ/3 for t ∈ [tj , tj+1]. Denote byB the set of allℓ ∈C0([0, T ], Y ∗)
with ‖ℓ̂− ℓ‖∞ � ρ/6, then‖ℓ(t)− ℓ(tj )‖∗ � ρ/2 for t ∈ [tj , tj+1].

We show that forℓ ∈ B ∩W1,1([0, T ], Y ∗) the solutionsy =H(0, ℓ) have a uniformly
bounded variation. Fort ∈ [tj , tj+1] we have, by using (E)loc from (2.8) and (2.25),

1

2

d

dt

∥∥Ay(t)− ℓ(tj )
∥∥2
∗ =

〈
Ay − ℓ(tj ), ẏ

〉

=
〈
Ay − ℓ(t), ẏ

〉
+
〈
ℓ(t)− ℓ(tj ), ẏ

〉

� −Ψ (ẏ)+
∥∥ℓ(t)− ℓ(tj )

∥∥
∗‖ẏ‖A

� −Ψ (ẏ)+ ρ

2
‖ẏ‖A

� −1

2
Ψ (ẏ).

Thus, we conclude‖Ay(tj+1)− ℓ(tj )‖∗ � δj := ‖Ay(tj )− ℓ(tj )‖∗ and

∫ tj+1

tj

Ψ
(
ẏ(s)

)
ds �

∥∥Ay(tj )− ℓ(tj )
∥∥2
∗ −

∥∥Ay(tj+1)− ℓ(tj )
∥∥2
∗ � δ2

j . (2.27)

This impliesδj+1 � δj + ‖ℓ(tj+1)− ℓ(tj )‖∗ � δj + ρ/2. With δ0 = ‖Ay(0)− ℓ(0)‖∗ =
‖σ0‖∗ we find by inductionδj � ‖σ0‖∗ + jρ/2. Adding (2.27) overj gives the a priori
bound

ρ

∫ T

0

∥∥ẏ(t)
∥∥
A

dt �

∫ T

0
Ψ
(
ẏ(t)

)
dt �N

(
‖σ0‖∗ +

Nρ

2

)2

=KB. (2.28)
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Now employ the estimate (2.17) to obtain for allℓ1, ℓ2 ∈ B∩W1,1([0, T ], Y ∗) the estimate

‖y1− y2‖2
C0([0,T ],YA) �

∥∥A−1(ℓ1(0)− ℓ2(0)
)∥∥2

A
+ 2KB

ρ
‖ℓ1− ℓ2‖C0([0,T ],Y ∗).

Thus, by density there is a unique Hölder continuous extension ofH to all of B. �

The a priori bound (2.28) can easily be extended to all small neighborhoods of compact
subsets of C0([0, T ], Y ∗). Uniform continuity results forH can be obtained by further
assumptions.

THEOREM 2.7. (A) ([Kre99], Theorem 4.1.)If C∗ is uniformly strictly convex(see
[Kre99], Definition2.13),then there exists a monotone functionβ : [0,∞)→ [0,∞) with
β(δ)→ 0 for δ→ 0, such that the operatorH :C∗ ×C0([0, T ], Y ∗)→C0([0, T ], Y ) sat-
isfies

∥∥H(σ1, ℓ1)−H(σ2, ℓ2)
∥∥
∞

� max
{∥∥(σ1− ℓ1(0)

)
−
(
σ2− ℓ2(0)

)∥∥
∗, β

(
‖ℓ1− ℓ2‖∞

)}
.

(B) ([Kre99], Corollary 5.9, [Des98].)Let C∗ satisfy B∗ρ(0) ⊂ C∗ ⊂ B∗R(0) and as-
sume that for each pointσ ∈ ∂C∗ there exists a unique outward normal vectorn(σ )
of length1 such thatn : ∂C∗→ Y is Lipschitz continuous. Then, for each ballBR(0) =
{ℓ ∈W1,1([0, T ], Y ∗) | ‖ℓ‖W1,1 �R} there exists a Lipschitz constantLR such that

∀σ1, σ2 ∈ C∗,∀ℓ1, ℓ2 ∈ BR,
∥∥H(σ1, ℓ1)−H(σ2, ℓ2)

∥∥
W1,1 � LR

(
‖σ1− σ2‖∗ + ‖ℓ1− ℓ2‖W1,1

)
.

See also [Kre99,Kre01] for certain counterexamples which show that without the given
conditions the results may fail. In particular, it is not sufficient thatn : ∂C∗→ Y is C1,
since global Lipschitz continuity implies the boundedness of the derivative.

In [KraP89] hysteresis problems withpolyhedral characteristicsare studied, i.e.,C∗ has
the form

C∗ =
{
σ ∈ Y ∗

∣∣ ∀j = 1, . . . ,K: 〈σ,nj 〉� βj
}
, (2.29)

wherenj ∈ Y with ‖nj‖ = 1 andβj > 0 are given. DenotingX = span{n1, . . . , nK} ⊂ Y

andX∗ =AX we may decomposeY andY ∗ as follows:

Y =X⊕X⊥ with X⊥ =
{
y ∈ Y

∣∣ ∀j = 1, . . . ,K : 〈Anj , y〉 = 0
}

and

Y ∗ =X∗ ⊕X⊥∗ with X⊥∗ =AX⊥.
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Thus,C∗ takes the form of a polyhedral cylinder̂C∗ + X⊥∗ with Ĉ∗ = C∗ ∩ X∗ and the
Legendre transform givesΨ (ẏ)= Ψ (ẋ+ ˙̂x⊥)= Ψ̂ (ẋ). The important fact is that 0∈X∗ is
now an interior point of̂C∗. WritingA= diag(AX,A

⊥), y = x+ x⊥ andℓ= ℓX+ ℓ⊥, the
Legendre transform givesΨ (ẋ + ẋ⊥) = Ψ̂ (ẋ) and the subdifferential equation (SF) (2.1)
decouples into

0∈ ∂Ψ̂
(
ẋ(t)

)
+AXx(t)− ℓX(t) in X∗

and

0=A⊥x⊥(t)− ℓ⊥(t) in X⊥∗ .

Hence, we findx⊥ by solving a static problem, namelyx⊥(t) = (A⊥)−1ℓ⊥(t). Only,
x : [0, T ]→X has to be found by solving a hysteresis problem.

THEOREM 2.8 [KraP89,DesT99].If C∗ is polyhedral as defined in(2.29),then there exist
global Lipschitz constantsLC andLW such that the following holds(yj =H(σj , ℓj ))

∀σ1, σ2 ∈C∗,∀ℓ1, ℓ2 ∈C0([0, T ], Y ∗
)
,

‖y1− y2‖C0([0,T ],Y ) �LC
(
‖σ1− σ2‖∗ + ‖ℓ1− ℓ2‖C0([0,T ],Y ∗)

)
,

∀σ1, σ2 ∈C∗,∀ℓ1, ℓ2 ∈W1,1([0, T ], Y ∗
)
,

‖y1− y2‖W1,1([0,T ],Y ) � LW
(
‖σ1− σ2‖∗ + ‖ℓ1− ℓ2‖W1,1([0,T ],Y ∗)

)
.

Short and complete proofs of these results can be found in [Kre99], Section 6. Further
results concerning the continuity ofH with respect to changes in the setC∗ can be found
in [Kre96]. If (Cm

∗ )m∈N is a sequence of closed convex sets containing 0∈ Y ∗ and converg-
ing in the sense of the Hausdorff distance toC∗, then, for eachp ∈ [1,∞), the convergence
of the data(σm, ℓm)→ (σ, ℓ) in Y ∗×W1,p([0, T ], Y ∗) implies the convergence of the so-
lutions, namelyHCm∗ (σm, ℓm)→HC∗(σ, ℓ) in W1,p([0, T ], Y ). If additionally allCm

∗ are
recession sets, then the result holds as well with C0([0, T ], Y ∗) and C0([0, T ], Y ), respec-
tively. In fact, in the light of Theorem 2.6 it should be sufficient to assume that (2.25) holds
uniformly for (Cm

∗ )m∈N and that the property of recession sets is no longer needed.

3. Incremental problems and a priori estimates

For general nonlinear problems in discrete and continuum mechanics the assumption of
convexity is not reasonable. First, the constitutive laws may be nonmonotone giving rise to
nonconvex potentials, and second, even the underlying set of states may have no underlying
linear structure any more. Such situations are usually modeled by working on suitable
subsets of Banach spaces which are equipped either with the weak or the strong topology.
Here we propose an abstract approach which does not need any Banach space theory and
thus highlights the fundamental nature of the energy functionalsE andD even more.
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3.1. Abstract setup of the problem

To keep the connection with continuum mechanics we consider the setY = F × Z as
the basic state space, cf. (2.10) for the same splitting in the linearized setting. Whenever
possible we will writey instead of(ϕ, z) to shorten notation. Note that the splitting is done
such that changes inz involve dissipation whereas those ofϕ do not. The state spaceY

is equipped with a Hausdorff topologyT = TF × TZ and we denote byyk
Y→ y, ϕk

F→ ϕ

andzk
Z→ z the corresponding convergence of sequences. Throughout it will be sufficient

to consider sequential closedness, compactness and continuity.
The first ingredient of the energetic formulation is thedissipation distanceD :Z×Z→

[0,∞], which is a semidistance, which means

(i) ∀z1, z2 ∈Z, D(z1, z2)= 0 ⇐⇒ z1= z2,
(A1)

(ii) ∀z1, z2, z3 ∈Z, D(z1, z3)�D(z1, z2)+D(z2, z3).

Here (i) is the classical positivity of a distance and (ii) the triangle inequality. Note that
we allow the value∞ and that we do not enforce symmetry, i.e.,D(z1, z2) �=D(z2, z1) is
allowed, as this is needed in many applications.

One major point of the theory is the interplay between the topologyTZ and the dis-
sipation distance. To have a typical nontrivial application in mind, one may consider
Z = {z ∈ L1(Ω,Rk) | ‖z‖L∞ � 1} equipped with the weak L1-topology and the dissipa-
tion distanceD(z1, z2)= ‖z1− z2‖L1.

For a given curvez : [0, T ]→Z we define the total dissipation on[s, t] via

DissD
(
z; [s, t]

)

= sup

{
N∑

1

D
(
z(τj−1), z(τj )

) ∣∣∣N ∈N, s = τ0 < τ1 < · · ·< τN = t

}
. (3.1)

Further we define the following set of functions:

BVD

(
[0, T ],Z

)
:=
{
z : [0, T ]→Z

∣∣DissD
(
z; [0, T ]

)
<∞

}
.

The functions are defined everywhere and changing them at one point may increase the
dissipation. Moreover, the dissipation is additive:

DissD
(
z; [r, t]

)
=DissD

(
z; [r, s]

)
+DissD

(
z; [s, t]

)
for all r < s < t.

Later on, we will sometimes use the notationD(y0, y1) instead ofD(z0, z1) where
yj = (ϕj , zj ). This slight abuse of notation will never lead to confusion, sinceD as a
function onY =F ×Z still satisfies all assumptions except of the positivity (A1)(i).

The second ingredient is the energy-storage functionalE : [0, T ]×Y→R∞ :=R∪{∞}.
Heret ∈ [0, T ] plays the role of a (very slow) process time which changes the underlying
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system via changing loading conditions. We assume that for ally with E(t, y∗) <∞ the
function t �→ E(t, y∗) is differentiable, namely

There existc(1)E , c
(0)
E > 0 such that for ally∗ ∈ Y :

E(t, y∗) <∞ "⇒
{
∂tE(·, y∗) : [0, T ]→R is measurable and
∣∣∂tE(t, y∗)

∣∣� c
(1)
E

(
E(t, y∗)+ c

(0)
E

)
.

(A2)

From (A2) and Gronwall’s inequality we easily derive

E(t, y)+ c
(0)
E �

(
E(s, y)+ c

(0)
E

)
ec

(1)
E |t−s|, (3.2)

which implies the Lipschitz continuity oft �→ E(t, y). The notion ofself-controlling mod-
els in [Che01,Che03] corresponds closely to our condition (A2).

DEFINITION 3.1. A curvey = (ϕ, z) : [0, T ]→ Y =F×Z is called anenergetic solution
of the rate-independent system associated with(D,E), if t �→ ∂tE(t, y(t)) is integrable and
if the global stability(S) and theenergy equality(E) hold for all t ∈ [0, T ]:

(S) For allŷ = (ϕ̂, ẑ) ∈ Y, we have E
(
t, y(t)

)
� E(t, ŷ)+D

(
z(t), ẑ

)
;

(E) E
(
t, y(t)

)
+DissD

(
z; [0, t]

)
= E

(
0, y(0)

)
+
∫ t

0
∂tE
(
τ, y(τ )

)
dτ .

The stability condition (S) can be rephrased by defining the setS(t) of stable states at
time t via

S(t) :=
{
y ∈ Y

∣∣ E(t, y) <∞,E(t, y)� E(t, ŷ)+D(y, ŷ) for all ŷ ∈ Y
}
,

S[0,T ] :=
{
(t, y) ∈ [0, T ] ×Y

∣∣ y ∈ S(t)
}
=

⋃

t∈[0,T ]

(
t,S(t)

)
.

Then, (S) simply means thaty(t) ∈ S(t) for all t ∈ [0, T ]. The properties of the stable sets
turn out to be crucial for deriving existence results.

The definition of solutions of (S) and (E) is such that it implies the two natural require-
ments for evolutionary problems, namely thatrestrictionsandconcatenationsof solutions
remain solutions. To be more precise, for any solutiony : [0, T ] → Y and any subinterval
[s, t] ⊂ [0, T ], the restrictiony|[s,t] solves (S) and (E) with initial datumy(s). Moreover,
if y1 : [0, t] → Y andy2 : [t, T ] → Y solve (S) and (E) on the respective intervals and if
y1(t)= y2(t), then the concatenationy : [0, T ] → Y solves (S) and (E) as well. Thus, the
definition implies that if solvability can be shown for allz0 ∈ S(0), then we have a multi-
valued evolutionary semigroup as explained in Section 1, see also [Bal97].

Rate-independence manifests itself by the fact that the problem has no intrinsic time
scale. It is easy to show thaty is a solution for(D,E) if and only if the reparametrized curve
ỹ : t �→ y(α(t)), whereα̇ > 0, is a solution for(D, Ẽ) with Ẽ(t, y)= E(α(t), y). In particu-
lar, the stability (S) is a static concept and the energy balance (E) is rate-independent, since
the dissipation defined via (3.1) is scale invariant like the length of a curve.
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Before discussing the question of existence of solutions we want to point out, that the
concept of energetic solutions provides a priori bounds on the solutions. For the time-
continuous problem these bounds are easy to derive and the main structure becomes more
transparent. Of course, similar estimates will be crucial in the time-discrete setting. Using
the assumption (A2) the energy balance (E) gives

E
(
t, y(t)

)
+DissD

(
z; [0, t]

)

� E
(
0, y(0)

)
+
∫ t

0
c
(1)
E

(
E
(
s, y(s)

)
+ c

(0)
E

)
ds. (3.3)

Omitting the dissipation and addingc(0)E on both sides allows for an application of
Gronwall’s inequality and we obtain

E
(
t, y(t)

)
�
(
E
(
0, y(0)

)
+ c

(0)
E

)
ec

(1)
E t − c

(0)
E .

Inserting this again into (3.3) we can also estimate the dissipation via

DissD
(
z; [0, T ]

)
�
(
E
(
0, y(0)

)
+ c

(0)
E

)
ec

(1)
E T ,

sinceE(t, y(t))�−c(0)E by (A2).
Because of the rate-independence it is easily possible to generalize assumption (A2) to

include absolutely continuous loadings instead of C1-loadings. We may replace (A2) by

∃c(0)E , λ ∈ L1([0, T ]
)
,
∣∣∂tE(t, y∗)

∣∣� λ(t)
(
E(t, y∗)+ c

(0)
E

)
.

With Λ(t) =
∫ t

0 λ(τ)dτ we easily find the estimatesE(t, y) + c
(0)
E � (E(s, y) + c

(0)
E ) ×

e|Λ(t)−Λ(s)|, E(t, y(t)) � (E(0, y(0)) + c
(0)
E )eΛ(t) − c

(0)
E and DissD(z; [0, T ]) � (E(0,

y(0))+ c
(0)
E )eΛ(T ).

3.2. The time-incremental problem

The most natural approach to solve (S) and (E) is via time discretization using the fact
that incremental problems exist which are minimization problems. Using the classical ap-
proach for thedirect method in the calculus of variations(cf. [Dac89]) it is possible to find
solutions as minimizers of a lower semicontinuous functional onY . For this we make the
following standard assumptions:

E(·, ·) : [0, T ] ×Y→R∞ has compact sublevels,
(A3)

D :Z ×Z→[0,∞] is lower semicontinuous.

Here the sublevelsLα of E are defined viaLα := {(t, y) ∈ [0, T ] ×Y | E(t, y)� α}. Com-
pactness of allLα implies lower semicontinuity, in particular eachE(t, ·) :Y→ R∞ will
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be lower semicontinuous. In the standard caseY is a closed, convex and bounded subset of
a reflexive Banach space (like the Sobolev space W1,p(Ω,Rm) with p ∈ (1,∞)) equipped
with its weak topologyT . Then, lower semicontinuity ofE andD in (Y,T ) is the same as
the classical weak lower semicontinuity in the calculus of variations, see [Dac89].

For the time discretization we choose a partition(tk)k ∈ PartN ([0, T ]) and seek for ayk
which approximates the solutiony at tk , i.e., yk ≈ y(tk). Our energetic approach has the
major advantage that the valuesyk can be found incrementally via minimization problems.
Since the methods of the calculus of variations are especially suited for applications in
material modeling this will allow for a rich field of applications.

In our general setting theincremental problem(IP) takes the following form:

(IP)
Fory0 ∈ S(0)⊂ Y find y1, . . . , yN ∈ Y such that
yk ∈ Arg min{E(tk, y)+D(yk−1, y) | y ∈ Y} for k = 1, . . . ,N .

(3.4)

Here “Argmin” denotes the set of all minimizers. The following result shows that (IP) is
intrinsically linked to (S) and (E).

3.3. Energetic a priori bounds

Without any smallness assumptions on the time steps, the solutions of (IP) satisfy proper-
ties which are closely related to (S) and (E).

THEOREM 3.2. Let (A1) and (A2) hold. Any solution of the incremental problem(3.4)
satisfies the following properties.

(i) For k = 0, . . . ,N we have thatyk is stable at timetk , i.e., yk ∈ S(tk).
(ii) For k = 1, . . . ,N we have

∫ tk

tk−1

∂sE(s, yk)ds � ek − ek−1+ δk

�

∫ tk

tk−1

∂sE(s, yk−1)ds,

whereej = E(tj , yj ) andδk =D(zk−1, zk).
(iii) If (A3) holds, then solutions of(IP) exist.

PROOF. (i) The stability follows from minimization properties of the solutions and the
triangle inequality. For all̂y ∈ Y we have

E(tk, ŷ)+D(zk, ẑ) = E(tk, ŷ)+D(zk−1, ẑ)+D(zk, ẑ)−D(zk−1, ẑ)

� E(tk, yk)+D(zk−1, zk)+D(zk, ẑ)−D(zk−1, ẑ)

� E(tk, yk).
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(ii) The first estimate is deduced fromyk−1 ∈ S(tk−1) as follows

E(tk, yk)+D(zk−1, zk)− E(tk−1, yk−1)

= E(tk−1, yk)+
∫

[tk−1,tk]
∂sE(s, yk)ds +D(zk−1, zk)− E(tk−1, yk−1)

�

∫

[tk−1,tk]
∂sE(s, yk)ds.

Sinceyk ∈ Argmin{E(tk, y)+D(zk−1, z) | y ∈ Y} the second estimate follows via

E(tk, yk)− E(tk−1, yk−1)+D(zk−1, zk)

� E(tk, yk−1)− E(tk−1, yk−1)+D(zk−1, zk−1)=
∫

[tk−1,tk]
∂sE(s, yk−1)ds.

(3.5)

(iii) The minimizers are constructed inductively. In thekth stepyk−1 is known and
any minimizery has to satisfyJk(y) := E(tk, y)+D(zk−1, z) � E(tk, yk−1) = Jk(yk−1)

sincey = yk−1 is a candidate. UsingD � 0 it suffices to minimize the lower semicon-
tinuous functionalJk on the compact sublevelE(tk, ·)� E(tk, yk−1). Hence, Weierstrass’
extremum principle provides the existence of a minimizeryk . �

Now we use assumption (A2) to obtain a priori bounds on the energy and the dissipation
for the solution of (IP). Combining (A2), (3.2) and the upper estimate in (ii) of Theorem 3.2
give

ek + δk � ek−1+
(
c
(0)
E + ek−1

)(
ec

(1)
E (tk−tk−1) − 1

)
(3.6)

=
(
c
(0)
E + ek−1

)
ec

(1)
E (tk−tk−1) − c

(0)
E . (3.7)

Usingδk � 0 and (3.7), induction overk leads to

c
(0)
E + ek �

(
c
(0)
E + e0

) k∏

j=1

ec
(1)
E (tj−tj−1) =

(
c
(0)
E + e0

)
ec

(1)
E tk for k = 1, . . . ,N.

(3.8)

For the dissipated energy we find the estimate

k∑

j=1

δj
(3.6)
� e0− ek +

k∑

j=1

(
c
(0)
E + ej−1

)(
ec

(1)
E (tj−tj−1) − 1

)

(3.8)
�
(
c
(0)
E + e0

)
−
(
c
(0)
E + ek

)
+
(
c
(0)
E + e0

) k∑

1

(
ec

(1)
E tj − ec

(1)
E tj−1

)

�
(
c
(0)
E + e0

)
ec

(1)
E tk ,
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wherec(0)E + ek � 0 was used in the last step.
For each incremental solution(yk)k=1,...,N of (IP) associated with a partition

Π ∈ PartN ([0, T ]) we define the piecewise constant interpolantYΠ with

YΠ (T )= yN and
(3.9)

YΠ (t)= yk−1 for t ∈ [tk−1, tk), wherek = 1, . . . ,N.

COROLLARY 3.3. Assume that(A1) and (A2) hold and letΠ ∈ PartN ([0, T ]). Then, for
any solution(yk)k=0,...,N of (IP) the interpolantYΠ = (ϕΠ , zΠ ) : [0, T ]→F×Z satisfies
the following three properties.

(1) (S)discr For t ∈Π we haveYΠ (t) ∈ S(t).
(2) (E)discr For s, t ∈Π with s < t we have the energy estimate

E
(
t, YΠ (t)

)
+DissD

(
zΠ ; [s, t]

)
� E

(
s, YΠ (s)

)
+
∫ t

s

∂τE
(
τ,YΠ (τ )

)
dτ.

(3) For all t ∈ [0, T ] we have the a priori estimates(withE0= E(0, y0)+ c
(0)
E )

E
(
t, YΠ (t)

)
�E0 ec

(1)
E t − c

(0)
E and DissD

(
zΠ ; [0, T ]

)
�E0ec

(1)
E T . (3.10)

3.4. The condensed and reduced incremental problem

Recall the incremental problem in the form

(ϕk, zk) ∈ Arg min
{
E(tk, ϕ̂, ẑ)+D(zk−1, ẑ)

∣∣ (ϕ̂, ẑ) ∈F ×Z
}
. (3.11)

In many applications in continuum mechanics a specific feature occurs, namely that
E(t, ϕ, z) andD(z0, z) depend only locally onz, in the sense that atx ∈ Ω the integral
overΩ usesz only through its point valuez(x). Hence,z can be eliminated pointwise. We
define thecondensed energy densityW cond and theupdate functionZupdatefor the internal
variable via

W cond(zold;x,F ) :=min
{
W(x,F, z)+D(x, zold, z)

∣∣ z ∈ Z
}
,

(3.12)
Zupdate(zold;x,F ) ∈ Argmin

{
W(x,F, z)+D(x, zold, z)

∣∣ z ∈ Z
}
.

With this we obtain a functionalEcond(zold; t, ϕ) =
∫
Ω
W cond(zold;Dϕ)dx − 〈ℓext(t), ϕ〉

and the solution of (3.11) is equivalent to findingϕk ∈ Argmin{Econd(zk−1; tk, ϕ̂) | ϕ̂ ∈F}
and then lettingzk = Zupdate(zk−1;Dϕk). For more details we refer to [Mie03a,Mie04b].

The above condensation is very useful for computational purposes and it also allows for
an existence theory for (IP) in the case of finite-strain elastoplasticity, see [Mie04b]. How-
ever, for the mathematical theory associated with the time-continuous problem (S) and (E)
it seems advantageous to reduce the problem to thez-variable alone. The major difficulty
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in considering the pairy = (ϕ, z) is thatϕ ∈ F does not appear in the dissipation. Hence,
by (S),ϕ(t) will always be a global minimizer ofE(t, ·, z(t)). But otherwise we have no
control over the temporal oscillations in the approximate functionsϕN : [0, T ]→F .

A first possible approach to tackle this difficulty is to introduce the reduced energy func-
tional

E red(t, z)=min
{
E(t, ϕ, z) | ϕ ∈F

}
.

However, in general we will lose the exact control, sinceE red is no longer explicit. In par-
ticular, the differentiability oft �→ E red(t, z) is not guaranteed in general. At the moment,
there is only one way out, which is not always acceptable: We simply restrict ourselves to
problems where the minimizerϕ =Φ(t, z) of E(t, ·, z) is unique and depends continuously
on (t, z). Then,E red(t, z)= E(t,Φ(t, z), z) and∂tE red(t, z)= ∂tE(t,Φ(t, z), z).

The same assumption is needed if we keep theϕ-variable. In this second approach the
bottleneck is the assumption (A4) (cf. Section 5.1) which allows us to control convergence
only in the componentz. However, foryk = (ϕk, zk) ∈ S(tk) we knowϕk =Φ(tk, zk) and,
from D(zk, z)→ 0 together with continuity ofE andD, we concludeϕk→ ϕ =Φ(t, z).

This uniqueness assumption will be used in Sections 7.3 and 7.5, see also [MieTL02,
MieRou03,KoMR05]. However, in Section 7.6 this uniqueness can be dispensed with.

3.5. Lipschitz bounds via convexity

As we have seen in the quadratic case, we are able to obtain also Lipschitz bounds, if
convexity ofE(t, ·) is used. Classical convexity theory involves a Banach spaceY as the
basic state space. Then, a functionf :Y→ R∞ is calleduniformly convex, if there exists
α > 0 such that for ally0, y1 ∈ Y we have

f (yθ )� (1− θ)f (y0)+ θf (y1)−
α

2
θ(1− θ)‖y1− y0‖2,

whereyθ = (1− θ)y0+ θy1.

This notion can be generalized to arbitrary metric spaces by using so-called geodesical
convexity. So let(Y, d) be a general metric space. For eachy0, y1 ∈ Y we define the set

[y0, y1]θ =
{
y ∈ Y

∣∣ d(y, y0)= θd(y0, y1) andd(y, y1)= (1− θ)d(y0, y1)
}
.

We define the following convexity notions forf :Y→R∞:
f is convex if

∀y0, y1 ∈ Y,∀θ ∈ (0,1),∃y ∈ [y0, y1]θ : f (y)� (1− θ)f (y0)+ θf (y1);

f is strictly convex if

∀y0, y1 ∈ Y,∀θ ∈ (0,1),∃y ∈ [y0, y1]θ : f (y) < (1− θ)f (y0)+ θf (y1);
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f is α-convex if

∀y0, y1 ∈ Y,∀θ ∈ (0,1),∃y ∈ [y0, y1]θ :

f (y)� (1− θ)f (y0)+ θf (y1)−
α

2
θ(1− θ)d(y0, y1)

2.

For strictly convex Banach spaces the sets[y0, y1]θ are singletons and the above notions
coincide with the classical ones. If anα-convex functionf is two-times differentiable,
then D2f satisfies D2f (y)[v, v] � α‖v‖2. We again use the notion uniformly convex, if
we haveα-convexity for someα > 0.

The major difficulty in general rate-independent problems is that the dissipation dis-
tanceD is not convex, even ifY is a Banach space. For instance, we may consider a sys-
temẼ , D̂ onY which is a Banach space and̂D has the form̂D(ŷ0, ŷ1)= Ψ (ŷ1− ŷ0). Doing
a coordinate transformation̂y = Φ(y) we arrive at the transformed dissipation distance
D : (y0, y1) �→ D̂(Φ(y0),Φ(y1)), which is no longer convex onY × Y if Φ is a nonlinear
mapping. However, with respect to the transformed metricd : (y0, y1) �→ ‖Φ(y1)−Φ(y0)‖
geodesic convexity is preserved.

It should be noted that our dissipation distance is in general different from the metric
to be considered. For instance we want to allow forD assuming the value+∞ and for
asymmetry. It is also important to note, that in general the functiond(y∗, ·) :y �→ d(y∗, y)
is not geodesically convex on(Y, d), for instance the arc-length distance onS

1. However,
on S

1 nonconstant convex functions exist, but they must attain the value+∞.

THEOREM 3.4. Assume thatE and D are defined on the metric space(Y, d) and sat-
isfy (A2) and the following two conditions:

∃α > 0,∀(t, y) ∈ [0, T ] ×Y : ŷ �→ E(t, ŷ)+D(y, ŷ) is α-convex, (3.13)

∀t ∈ [0, T ],∀y0, y1 ∈ Y :
∣∣∂tE(t, y0)− ∂tE(t, y1)

∣∣� C3d(y0, y1). (3.14)

Then, any solutiony : [0, T ]→ Y of (S) and (E) satisfies the estimate

∀s, t ∈ [0, T ], d
(
y(s), y(t)

)
�
C3

α
|t − s|.

Moreover, the solution(yk)k=0,1,...,N of (IP) is unique and satisfies

∀k = 1, . . . ,N, d(yk−1, yk)� 2
C3

α
(tk − tk−1).

PROOF. We use the fact that for the minimizery∗ of anα-convex functionf we always
havef (y)� f (y∗)+ α

2d(y, y∗)
2, hence it is unique.
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For the first assertion we usey(s) ∈ S(s), D(y(s), y(t))� DissD(y; [s, t]) and (E):

α

2
d
(
y(s), y(t)

)2

� E
(
s, y(t)

)
+D

(
y(s), y(t)

)
− E

(
s, y(s)

)

� E
(
t, y(t)

)
+DissD

(
y; [s, t]

)
− E

(
s, y(s)

)
−
∫ t

s

∂rE
(
r, y(t)

)
dr

�

∫ t

s

[
∂rE
(
r, y(r)

)
− ∂rE

(
r, y(t)

)]
dr.

For fixedt > 0 let δ(s)= d(y(s), y(t)), thenδ(s)2 � 2C3
α

∫ t
s
δ(r)dr for s ∈ [0, t]. Now, let

h(τ) =
∫ t
t−τ δ(r)dr for τ � 0, thenh(0) = 0 andh′(τ ) � (2C3h(τ)/α)

1/2. This implies
h(τ)� C3τ

2/(2α) and henceδ(t − τ)� C3τ/α, which is the desired result.
The second assertion follows in the same way by using Theorem 3.2(i) and (ii), namely

α

2
d(yk, yk−1)

2 �

∫ tk

tk−1

[
∂rE(r, yk−1)− E(r, yk)

]
dr

� C3(tk − tk−1)d(yk, yk−1),

which proves the claim. �

With this result we supply Lipschitz continuity results for the solution of (S) and (E) and
of (IP). They will be useful in the construction of solutions.

EXAMPLE 3.5. We illustrate the concept with a simple example onY = R. Take the en-
ergy functionalE(t, y)= (y − ℓ(t))2/2 and the dissipation metric

Ψ (y, ẏ)= h(y)|ẏ|, whereh(z)=
{

1+ a − a sign(z) for |z|� 1,

1+ a − az for |z|� 1,

where a > 0. It is easy to see that the associated dissipation distance is given by
D(y0, y1)= |H(y1)−H(y0)| with H(y)=

∫ y
0 h(s)ds.

Thus, using the classical distanced(y0, y1)= |y1− y0| onR, we see thaty �→ E(t, y)+
D(y0, y) is (geodesically)α-convex, forα = inf{E ′′(t, y)+ ∂2

yD(y0, y) | y ∈R}. Thus, for
y0 � 1 we obtainα = 1 and fory0 < 1 we haveα = 1− a. In particular,y0 < 1 anda > 1
imply that convexity is lost and uniqueness of minimizers and Lipschitz bounds are no
longer valid.
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3.6. A simplified incremental problem

If Y is a Banach spaceY and the dissipation distanceD is implicitly defined through a
dissipation potentialΨ :Y × Y →[0,∞] via

D(y0, y1)

:= inf

{∫ 1

0
Ψ
(
y(t), ẏ(t)

)
dt
∣∣∣ y ∈C1([0,1], Y

)
, y(0)= y0, y(1)= y1

}
,

then it is desirable to approach the differential inclusion

0∈ ∂vΨ (y, ẏ)+DE(t, y)⊂ Y ∗

via an incremental problem which avoidsD and usesΨ instead. Under suitable conditions
we have

D(y0, y0+ εv)= εΨ (y0, v)+
ε2

2
DzΨ (y0, v)[v] + o

(
ε2).

Thus, if some convexity is available then we may hope that the increments are small and
thus it should suffice to approximateD(y0, y1) by Ψ (y0, y1 − y0). This leads to the fol-
lowing incremental problem:

(ĨP)
Fory0 ∈ S(0) find y1, . . . , yN ∈ Y such that
yk ∈ Arg min{E(tk, y)+Ψ (yk−1, y − yk−1) | y ∈ Y }. (3.15)

The functionΨ (y, ·) is always convex, hence the solutionsyk are unique as soon as
E(tk, ·) is strictly convex. Thus, (̃IP) is solvable, but we find no counterpart to Theorem 3.2
concerning stability and energy inequalities. The problem is that we do not have a counter-
part to the triangle inequality. To obtain useful bounds we need the dependence ofΨ (z, v)

on z to be sufficiently mild.
In general we need the following smallness assumption:

∃ψ∗ > 0,∃α > ψ∗ such thatE(t, ·) is α-convex and
(3.16)∀v, y1, y2 ∈ Y : |Ψ (y1, v)−Ψ (y2, v)|�ψ∗d(y1, y2)‖v‖.

Then the incremental solutions as well as time-continuous solutions satisfy an a priori
Lipschitz bound. From (̃IP) andα-convexity we obtain

∀y ∈ Y : E(tj , yj )+Ψ (yj−1, yj − yj−1)+
α

2
d(y, yj )

2

� E(tj , y)+Ψ (yj−1, y − yj−1).

As shorthand we introduceδj = d(yj , yj−1). Fixing k we use the above estimate with
j = k andy = yk−1 and add this to the estimate obtained withj = k − 1 andy = yk . This
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gives (a):

αδ2
k

(a)
� E(tk, yk−1)− E(tk, yk)+ E(tk−1, yk)− E(tk−1, yk−1)

+ 0−Ψ (yk−1, yk − yk−1)+Ψ (yk−2, yk − yk−2)

−Ψ (yk−2, yk−1− yk−2)

(b)
�

∫ tk

tk−1

∂rE(r, yk−1)− ∂rE(r, yk)dr

−Ψ (yk−1, yk − yk−1)+Ψ (yk−2, yk − yk−1)

(c)
� C3(tk − tk−1)δk +ψ∗δk−1δk.

For (b) we use the fact thatΨ (yk−2, ·) satisfies the triangle inequality and (c) follows from
(3.14) and (3.16). After dividing byαδk we find the recurrence relation

δk �
C3

α
(tk − tk−1)+

ψ∗
α
δk−1,

which provides the desired a priori bound onδk , sinceψ∗/α < 1.
In Example 3.5 the conditionψ∗/α < 1 takes the fromψ∗ = ‖h′‖∞ = |a| < 1 since

α = 1.

4. Convex energies

In this section we treat the case of general, uniformly convex energiesE on a reflexive
Banach spaceY (which in most cases will, in fact, be a Hilbert space). Since in this sec-
tion the distinction between the elastic variableϕ ∈ F and the dissipative variablez ∈ Z

is not of importance, we will use exclusively the variabley and writeD(y0, y1) instead
of D(z0, z1). The point is, of course, thatD(y0, y1)= 0 does not implyy0= y1. Similarly,
Ψ (y, v)= 0 will not imply v = 0.

In most parts we will follow [MieT04] and use the classical convexity with respect to
the linear Banach space structure, since the general theory of geodesic convexity is not
developed enough. However, in Section 4.3 we will address the question of more general
concepts of convexity. By strict convexity on a Banach spaceY the energetic formulation
(S) and (E) is equivalent to the variational inequality (VI) or to the subdifferential formu-
lation (SF):

(VI) ∀v ∈ Y,
〈
DE
(
t, y(t)

)
, y − ẏ(t)

〉
+Ψ

(
y(t), v

)
−Ψ

(
y(t), ẏ(t)

)
� 0,

(SF) 0∈ ∂vΨ
(
y(t), ẏ(t)

)
+DE

(
t, y(t)

)
⊂ Y ∗.

In fact, in (SF) it suffices to use the subdifferential∂E(t, y(t)) in the case of a nondifferen-
tiable, convex energy.
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However, in this section we will always assume smoothness, namely

E ∈C3([0, T ] × Y,R) satisfies (A1) and for eachE0 > 0

there exist constantsCty,Cyyy,Ctyy > 0, such that

E(0, y)�E0

"⇒
{∥∥DE(t, y)

∥∥,
∥∥D2E(t, y)

∥∥,
∥∥∂tDE(t, y)

∥∥� Cty,∥∥D3E(t, y)
∥∥� Cyyy,

∥∥∂tD2E(t, y)
∥∥� Ctyy .

(C1)

In the quadratic case of Section 2 both constantsCtyy andCyyy are equal to 0.
The second major assumption is of course uniform convexity, i.e.,

∃α > 0,∀v, y ∈ Y :
〈
D2E(t, y)v, v

〉
� α‖v‖2. (C2)

Because of C2-regularity this condition is equivalent toα-convexity as defined in Sec-
tion 3.5, namely

E
(
t, (1− θ)y0+ θy1

)
� (1− θ)E(t, y0)+ θE(t, y1)−

α

2
(1− θ)θ‖y1− y0‖2.

In Section 4.1 we will treat the case of a translation invariant dissipation metric, i.e.,
DyΨ ≡ 0, and in Section 4.3 we will consider partial results in cases whereΨ really de-
pends ony. In any caseΨ :Y × Y →[0,∞] will always be such thatΨ (z, ·) :Y →[0,∞]
is 1-homogeneous, convex and lower semicontinuous. The value+∞ is allowed as well
asΨ (z, v) = 0 for v �= 0. Recall that typical applications in continuum mechanics relate
to spacesY = L2(Ω) andΨ (y, v) = ‖v‖L1(Ω) =

∫
Ω
|v(x)|dx. Thus, we do not need any

of the assumptionsΨ (z, v)� ρ1‖v‖ or Ψ (y, v)� ρ2‖v‖ with ρj > 0 (which would mean
equivalently forC∗(y) = ∂Ψ (z,0) the inclusionsB∗ρ1

(0) ⊂ C∗(y) andC∗(z) ⊂ B∗ρ2
(0),

respectively).

4.1. Translation invariant dissipation potentials

Like in [MieT04] we consider the case DyΨ ≡ 0, i.e.,Ψ (y, v)= Ψ (v),

Ψ :Y →[0,∞] is convex, 1-homogeneous and lower semicontinuous. (C3)

As a consequence the dissipation distanceD :Y × Y → [0,∞] has a simple form and
the closed, convex setsC∗(y)= ∂Ψ (y,0) are constant

D(y0, y1)= Ψ (y1− y0) and C∗ = ∂Ψ (0)⊂ Y ∗.

By smoothness and convexity ofE the stable sets can be characterized as

S(t)=
{
y ∈ Y

∣∣−DE(t, y) ∈ C∗
}
.



Evolution of rate-independent systems 497

Note that in general these sets are not convex unlessE(t, ·) is quadratic, see Example 5.12.
In particular,S(t) will in general be strongly closed but not weakly closed.

The major advantage in assuming thatΨ is translation invariant is that in the variational
inequality (VI) we can compare two solutions. For instance, ify1 andy2 are solutions of

(VI) ∀v ∈ Y,
〈
DE
(
t, y(t)

)
, v − ẏ(t)

〉
+Ψ (v)−Ψ

(
ẏ(t)

)
� 0, (4.1)

then we may test withvj = ẏ3−j (t) and add the two inequalities to obtain

〈
DE
(
t, y1(t)

)
−DE

(
t, y2(t)

)
, ẏ1(t)− ẏ2(t)

〉
� 0, (4.2)

which generalizes the basic monotonicity estimate employed in Section 2.2 to show that in
the quadratic case the hysteresis operator defines a contraction semigroup, see (2.16).

We will first use this estimate to prove an existence result and then show that similar
methods allow us to establish existence via proving strong convergence of the solutions
obtained by the time-incremental method.

PROPOSITION4.1. If assumptions(C1)–(C3) hold, then the variational inequality(4.1)
has for eachy0 ∈ S(0) at most one solution withy(0)= y0.

PROOF. Let y1 andy2 be two solutions. By Theorem 3.4 we know that each solution must
be Lipschitz continuous, hencėyj (t) exist a.e. in[0, T ] and satisfies‖ẏj (t)‖ � K . With
DEj =DE(t, yj (t)) define

γ (t)=
〈
DE1−DE2, y1(t)− y2(t)

〉
� α

∥∥y1(t)− y2(t)
∥∥2
,

where we usedα-convexity ofE . Moreover, we have

γ̇ (t)=
〈
∂tDE(t, y1)− ∂tDE(t, y2), y1− y2

〉
+
〈
r∗1 , ẏ1

〉
+
〈
r∗2 , ż2

〉
,

where r∗j = 2(DEj − DE3−j ) + b∗j with b∗j = D2E(t, yj )[yj − y3−j ] − DEj + DE3−j .

Using (C1) we find‖b∗j‖∗ � Cyyy‖y1− y2‖2 and‖∂tDE(t, y1)− ∂tDE(t, y2)‖ � Ctyy ×
‖y1− y2‖ which leads to

γ̇ � Ctyy‖y1− y2‖2+Cyyy‖y1− y2‖2(Lip(y1)+ Lip(y2)
)

+ 2〈DE1−DE2, ẏ1− ẏ2〉
� (Ctyy +Cyyy2K)‖y1− y2‖2+ 0

�
(Ctyy +Cyyy2K)γ

α
,

where we have used (4.2) in the second estimate. Thus, Gronwall’s estimate implies the
desired result ifγ (0)= 0. �
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Another way to establish uniqueness without the above strong smoothness condi-
tion (C1) and theα-convexity in (C2) is possible, if the stable setsS(t) are convex,
see [MieT04], Section 5, for sufficient conditions.

THEOREM4.2. If E has the formE(t, y)= U(y)−〈ℓ(t), y〉 whereU is strictly convex and
if the stable setsS(t) are convex for allt ∈ [0, T ], then for each initial conditiony0 ∈ S(0)
there is at most one solution to(S) and (E).

PROOF. Letyj : [0, T ]→ Y be two solutions withyj (0)= y0 andỹ(t)= 1
2(y1(t)+y2(t)).

By the convexity of the stable sets we know thatỹ(t) ∈ S(t) and thusỹ satisfies (S).
Now assumey2(t) �= y1(t) for somet > 0. Using strict convexity ofU , the energy bal-

ance (E) of (2.9) and the linearity of∂tE , we obtain

E
(
t, ỹ(t)

)
+DissΨ

(
ỹ; [0, t]

)

<
1

2

[
E
(
t, y2(t)

)
+ E

(
t, y1(t)

)
+DissΨ

(
y2; [0, t]

)
+DissΨ

(
y1; [0, t]

)]

= 1

2

[
E
(
0, y2(0)

)
+ E

(
0, y1(0)

)]
−
∫ t

0

1

2

[〈
ℓ̇, y2

〉
+
〈
ℓ̇, y1

〉]
ds

= E(0, y0)+
∫ t

0
∂tE
(
s, ỹ(s)

)
ds.

However, as in Proposition 5.7 it can be shown that (S) implies the opposite energy in-
equality, i.e.,E(t, ỹ(t))+DissΨ (ỹ; [0, t])� E(0, y0)+

∫ t
0 ∂tE(s, ỹ(s))ds. This produces a

contradiction and we concludey1≡ y2. �

The following result was first established in [MieT04], Section 7. For the readers conve-
nience we repeat the main steps, since the proof of Proposition 7.2 contains several wrong
signs. The proof is an adaptation of the strong convergence result in [HanR95,HanR99] for
the quadratic case.

THEOREM 4.3. Assumptions(C1)–(C3) hold. Then, the variational inequality(4.1) has
for eachy0 ∈ S(0) a unique solutiony ∈ CLip([0, T ], Y ) with y(0) = y0 which depends
Lipschitz continuously on the initial valuey0 ∈ S(0).

Moreover, the solutionsYΠ : [0, T ] → Y (cf. (3.9)) of the incremental problem(IP)
in (3.4) associated with a partitionΠ are unique and converge strongly to the unique
solution such that

∥∥YΠ − y
∥∥

L∞([0,T ],Y ) � C
√
f (Π),

wheref (Π)=min{ti − ti−1 | i = 1, . . . ,N} is the fineness of the partition and whereC is
independent of the solution and of the partition.

The uniqueness part and the Lipschitz continuity in the initial condition was established
already in Proposition 4.1. For the existence and the strong convergence the following
proposition is crucial.
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PROPOSITION4.4. Let E1 and E2 satisfy assumptions(C1)–(C3) and lety0 ∈ S(0) be
given. Set

ρ = sup
{∥∥DE1(t, y)−DE2(t, y)

∥∥
∗
∣∣ E(t, y)�

(
E(0, y0)+ c

(0)
E

)
ec

(1)
E t − c

(0)
E

}
.

Then, there exists a constantC0 > 0 such that for any partitionΠ the associated solutions
YΠ1 andYΠ2 satisfy

∥∥YΠ1 − YΠ2

∥∥
L∞([0,T ],Y ) � C0

√
ρ.

PROOF. We introduce the notationσ j (t, y)= DEj (t, y), ek = y1
k − y2

k and the difference
operatorτkζ = ζk − ζk−1, whereζ stands fort, yj , σ j (t, ylk) or e.

The incremental solutions(yjk )k=0,...,N are defined via the variational inequality

∀v ∈ Y,
〈
σ j
(
tk, y

j

k

)
, v− τkz

j
〉
+Ψ (v)−Ψ

(
τky

j
)
� 0.

Choosingv = τky
3−j and adding the equations forj = 1 and 2 gives the discrete counter-

part to (4.2), namely

〈
σ 1(tk, z1

k

)
− σ 2(tk, z2

k

)
, τke

〉
� 0. (4.3)

As in the uniqueness proof we introduce an energetic quantityγk which controls the error
ek = y1

k − y2
k because ofα-convexity

γk =
〈
σ 1(tk, y1

k

)
− σ 1(tk, y2

k

)
, ek
〉

=
〈
DE1(tk, y1

k

)
−DE1(tk, y2

k

)
, y1

k − y2
k

〉

� α
∥∥y1

k − y2
k

∥∥2= α‖ek‖2.

The incrementτkγ = γk − γk−1 can be estimated via (4.3) as follows

τkγ =
〈
σ 1(tk, y1

k

)
− σ 1(tk, y2

k

)
, τke

〉
+
〈
τk
(
σ 1(tk, y1

k

)
− σ 1(tk, y2

k

))
, ek−1

〉

= 2
〈
σ 1(tk, y1

k

)
− σ 2(tk, y2

k

)
, τke

〉
+ βk � βk,

whereβk takes the form

βk = 〈Akek −Ak−1ek−1, ek−1〉 − 〈Akek, τke〉 − 2
〈
σ 1(tk, y2

k

)
− σ 2(tk, y2

k

)
, τke

〉

= −〈Akτke, τke〉 +
〈
(Ak −Ak−1)ek−1, ek−1

〉

− 2
〈
σ 1(tk, y2

k

)
− σ 2(tk, y2

k

)
, τke

〉
.
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The symmetric operatorsAk ∈ Lin(Y,Y ∗) are defined viaAk =
∫ 1

0 D2E1(tk, y
2
k + θek)dθ

and satisfyAkek = σ 1(tk, y
1
k )− σ 1(tk, y

2
k ). By convexity and three-times differentiability

we obtain

〈Aky, y〉� 0

and

‖Ak −Ak−1‖�Ctyyτkt +Cyyy
(∥∥τky1

∥∥+
∥∥τky2

∥∥) whereτkt = tk − tk−1.

Together with‖τke‖� ‖τkz1‖ + ‖τkz2‖� 2CKτkt (see Theorem 3.4) we find

τkγ � 0+ (Ctyy +Cyyy2CK)τkt‖ek−1‖2+
∥∥σ 1(tk, y2

k

)
− σ 2(tk, y2

k

)∥∥2CKτkt

�

(
Ctyy + 2CKCyyy

α
γk−1+ ρ2CK

)
τkt

= (C1γk−1+C2ρ)(tk − tk−1).

By induction overk we find

γk � C2ρ

k∑

n=1

(tn − tn−1)

k∏

j=n+1

[
1+C1(tj − tj−1)

]

� C2ρ

k∑

n=1

(tn − tn−1)e
C1(tk−tn) � C2ρ

∫ tk

0
eC1(tk−s) ds

= C2ρ

C1

(
eC1tk − 1

)
.

Together with‖y1
k − y2

k‖2 � 1
α
γk this is the desired result‖y1

k − y2
k‖2 � ρC2eC1T /(αC2).

�

PROOF OFTHEOREM 4.3. By convexity and the a priori assumptions we know that for
all partitions the solutions of (IP) exist and lie in the sublevelE(t, y)� (E(0, y0)+ c

(0)
E )×

ec
(1)
E t − c

(0)
E .

We start with an arbitrary partitionΠ of [0, T ] and define the sequence of partitionsΠm

by Π1 = Π and by successive dividing each subinterval into two equal intervals of half
the length, in particular,f (Πm) = 21−mf (Π). Denote byYm : [0, T ] → Y the solution
associated with the partitionΠm. For comparingYm andYm+1 we want to apply Propo-
sition 4.4. For this we defineE1 andE2 as follows. Fortk ∈ Πm+1 define t̂k ∈ Πm via
t̂k =max{sj ∈Πm | sj � tk} and let

E1(tk, y)= E
(
t̂k, y

)
and E2(tk, y)= E(tk, y) for tk ∈Πm+1.
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For t /∈Πm+1 we may defineEj by piecewise linear interpolation. The construction was
done such that the incremental solution forE2 gives exactlyYm+1, whereasYm is exactly
the incremental solution obtained withE1 on the partitionΠm+1, sincet̂2j = t̂2j+1 leads to
the fact that the unique incremental solution forE1 does only move on every second step.

Now |tk− t̂k|� f (Πm+1)= 2−mf (Π) implies‖DE1(t, y)−DE2(t, y)‖� Cty2−mf (Π)

on the relevant sublevel. Thus, we conclude

∥∥Ym+1− Ym
∥∥

L∞([0,T ],Y ) �C0
(
Cty2−mf (Π)

)1/2= C∗
√
f (Π)2−m/2,

and(Ym)m∈N form a Cauchy sequence in L∞([0, T ], Y ) with a limit y : [0, T ]→ Y . Note
that the total distance betweeny andY 1 = YΠ is less than or equal to

∑∞
1 C∗

√
f (Π)×

2−m/2 � 3C∗
√
f (Π) as desired.

It remains to show thaty is a solution of (S) and (E) which is equivalent to (4.1). Using
the a priori Lipschitz estimate of Theorem 3.4 shows that allYm are uniformly Lipschitz
when restricted toΠm. Hence,y satisfies‖y(t)− y(s)‖� Cty |t − s|/α. Moreover, using
the stability ofYm at the points inΠm, the strong convergence and the strong closedness
of S[0,T ] = {(t, y) | y ∈ S(t)} we easily concludey(t) ∈ S(t) for all t ∈ [0, T ]. Finally we
are able to pass to the limit in the discrete energy estimates (ii) obtained in Theorem 3.2
and find thaty also satisfies (E). This concludes the proof of Theorem 4.3. �

4.2. Quasi-variational inequalities

In [BrKS04] the evolution quasi-variational inequality

(i) ℓ(t)−Ay(t) ∈ C∗
(
g
(
t, ℓ(t), y(t)

))
for all t ∈ [0, T ],

(ii) ℓ(0)−Ay(0)= σ0 ∈ C∗
(
g
(
0, ℓ(0), y(0)

))
,

(4.4)
(iii)

〈
ℓ(t)−Ay(t)− σ̂ , ẏ(t)

〉
� 0 for σ̂ ∈ C∗

(
g
(
t, ℓ(t), y(t)

))

for a.a.t ∈ [0, T ],

with Y being a Hilbert space and〈Ay1, y2〉 = 〈y1|y2〉 is considered. Hereg : [0, T ] × Y ∗×
Y →R is a continuous map andR is a closed, convex subset of a Banach spaceR. More-
over, for eachg ∈R the setC∗(g) is closed and convex and satisfiesB∗ρ1

(0) ⊂ C∗(g) ⊂
B∗ρ2

(0)⊂ Y ∗. Under suitable conditions, which we explain below, an existence and unique-
ness result is derived which corresponds to Theorem 4.3.

To compare the results in [BrKS04] with the results presented so far, we translate it into
our subdifferential framework. WithE(t, y)= 1

2〈Ay,y〉− 〈ℓ(t), y〉 andΨ (g, ·)= LIC∗(g),
(4.4) takes the form

0∈ ∂Ψ
(
g
(
t, ℓ(t), y(t)

)
, ẏ(t)

)
+DE

(
t, y(t)

)
a.e. on[0, T ];

y(0)=A−1(ℓ(0)− σ0
)
. (4.5)
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The above assumptions imply that the dissipation metricΨ (g, ·) satisfies the estimates

∀r ∈R,∀v ∈ Y, ρ1‖v‖� Ψ (r, v)� ρ2‖v‖. (4.6)

The results in [BrKS04] are formulated in terms of the Minkowski functionalMC∗(r) :
Y ∗→[0,∞) of the setsC∗(r), namely

M(r,σ )=MC∗(r)(σ )= inf

{
s > 0

∣∣∣ 1

s
σ ∈ C∗(r)

}
.

By the Legendre–Fenchel transformL we have, forB(r, σ )= 1
2M(r,σ )2, the identity

1

2
Ψ (r, v)2= L

[
B(r, ·)

]
(v)= L

[
1

2
M(r, ·)2

]
(v).

The main assumptions onC∗(r) orΨ (r, ·) are now phrased in terms ofB:

(a) B ∈C1(R× Y ∗;R
)

with

J (r, σ )=DσB(r, σ ) ∈ Y and K(r,σ )=DrB(r, σ ) ∈R∗;
(b) ∀r ∈R,∀σ ∈ C∗(r):

∥∥K(r,σ )
∥∥
R∗ �K0; (4.7)

(c) ∀r1, r2 ∈R,∀σ1 ∈ C∗(r1),∀σ2 ∈ C∗(r2):
∥∥J (r1, σ1)− J (r2, σ2)

∥∥
Y

� CJ
∥∥(r1, σ1)− (r2, σ2)

∥∥
R×Y ∗ ,

∥∥K(r1, σ1)−K(r2, σ2)
∥∥
R∗ � CK

∥∥(r1, σ1)− (r2, σ2)
∥∥
R×Y ∗ .

With these assumptions for the linear, time-dependent problem

0∈ ∂Ψ
(
r(t), ẏ(t)

)
+Ay(t)− ℓ(t) a.e. on[0, T ];

y(0)=A−1(ℓ(0)− σ0
)
, (4.8)

the following existence result and Lipschitz estimate are derived.

PROPOSITION4.5. If assumptions(4.6) and (4.7) hold, then, for eachℓ ∈W1,1([0, T ],
Y ∗), r ∈ W1,1([0, T ],R) and σ0 ∈ C∗(r(0)), (4.8) has a unique solution. Moreover, if
y1, y2 are solutions of(4.8) associated with(r1, ℓ1) and (r2, ℓ2), respectively, then for
a.a. t ∈ [0, T ] we have the estimate

1

ρ2

∥∥ẏ1(t)− ẏ2(t)
∥∥+ d

dt

∣∣B1(t)−B2(t)
∣∣

�
1

ρ1

∥∥ℓ̇1(t)− ℓ̇2(t)
∥∥
∗ +K0

∥∥ṙ1(t)− ṙ2(t)
∥∥
R

(4.9)

+
(
2CJ

∥∥ℓ̇1(t)
∥∥
∗ + (CK + ρ2CJK0)

∥∥ṙ1(t)
∥∥
R

)

×
(∥∥r1(t)− r2(t)

∥∥
R
+
∥∥ℓ1(t)− ℓ2(t)

∥∥
∗
)
,
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whereBj (t)= B(rj (t), ℓj (t)−Ayj (t)).

The crucial new idea here is the introduction of the new quantityB which takes val-
ues in[0, 1

2], sinceM(r,σ ) � 1 onC∗(r). In fact, B measures the distance to the yield
surface∂C∗(r(t)), namelyσ ∈ ∂C∗(r)⇔ B(r, σ )= 1/2. Moreover, the identity

d

dt
B
(
r(t), ℓ(t)−Ay(t)

)

=
〈
K
(
r(t),Σ(t)

)
, ṙ(t)

〉
+
〈
J
(
r(t),Σ(t)

)
, ℓ̇(t)−Aẏ(t)

〉
,

whereΣ(t)= ℓ(t)−Ay(t), together with the flow laẇy(t)= λJ (r(t),Σ(t)) (whereλ� 0
for B= 1/2 andλ= 0 else) allows us to derive (4.9) in a direct manner.

Finally the original nonlinear problem is solved by a contraction argument. For this, the
mappingg : [0, T ] × Y ∗ × Y →R needs to be suitable:

(a) g ∈C1([0, T ] × Y ∗ × Y,R
)
;

(b) ∀(t, ℓ, y):
(4.10)∥∥Dℓg(t, ℓ, y)

∥∥
Y ∗→R

� Cℓ,
∥∥Dyg(t, ℓ, y)

∥∥
Y→R

� Cy;
(c) ∂tg(t, ·),Dℓg(t, ·),Dyg(t, ·) are uniformly Lipschitz continuous.

THEOREM 4.6. If assumptions(4.6), (4.7)and (4.10)hold and

ρ2K0Cy < 1, (4.11)

then, for eachℓ ∈W1,1([0, T ], Y ∗) and eachσ0 ∈ Y ∗ with σ0 ∈ C∗(g(0, ℓ(0),A−1(ℓ(0)−
σ0))), (4.5) (or equivalently, (4.4)) has a unique solutiony ∈W1,1([0, T ], Y ). Moreover,
the solutions depend Lipschitz continuously on the data in the following way. For each
ρ3 > 0 there exists a constantC3 > 0 such that for everyℓ1 andℓ2 with ‖ℓj‖W1,1 � ρ3 and
everyσ j0 with σ j0 ∈ C∗(g(0, ℓj (0),A−1(ℓ0− σ

j

0 ))) the unique solutionsy1 andy2 satisfy

‖y1− y2‖W1,1([0,T ],Y ) � C3
(∥∥σ 1

0 − σ 2
0

∥∥
∗ + ‖ℓ1− ℓ2‖W1,1([0,T ],Y ∗)

)
.

In [BrKS04], Section 8, one finds a counterexample withY =R
2 showing that dropping

the Lipschitz continuity (4.7)(c) forJ leads to nonuniqueness. Similar smallness conditions
for the Lipschitz constant were obtained in [KuM98] cf. also [MieR05] andψ∗/α < 1 in
Section 3.6.

In [RoS05], the quasivariational sweeping process,

−ẏ ∈ ∂IC∗(t,y)(y)⊂H for y ∈W1,1([0, T ],H
)
, (4.12)

is considered in an ordered Hilbert space(H,�). The assumptions of the time and state
dependent setC∗ are the following.
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(i) There exist functionsY∗(t, y) andY
∗(t, y) such that

C∗(t, y)=
[
Y∗(t, y),Y∗(t, y)

]
:=
{
ỹ ∈H |Y∗(t, y)� ỹ � Y

∗(t, y)
}
.

(ii) For eacht ∈ [0, T ] the functions−Y∗(t, ·) :H →H and−Y
∗(t, ·) :H →H are

(ii.1) maximal (for graph inclusion within monotone operators),
(ii.2) T -monotone, i.e.,〈−Y

∗
∗(t, y1)−Y

∗
∗(t, y2)|(y1− y2)

+〉� 0 for all y1, y2,
(ii.3) nondecreasing, i.e.,y1 � y2⇒−Y

∗
∗(t, y1)� Y

∗
∗(t, y2).

HereY∗∗ means eitherY∗ or Y∗.
In this general setting uniqueness of solutions can be established. An existence result

is obtained forH = L2(Ω) with the usual ordering of functions and under additional as-
sumptions on the functionsY∗ andY ∗.

4.3. General dissipation metrics

This subsection is speculative, in the sense that we propose a certain philosophy which is
under investigation in [MieR05].

The general subdifferential formulation has the form

0∈ ∂vΨ (y, ẏ)+DE(t, y)⊂ Y ∗, (4.13)

where∂vΨ (y, ẏ) denotes the subdifferential ofΨ with respect to the second variablev = ẏ

at fixedy. This formulation includes the theory in [MieT04] where DzΨ ≡ 0 as well as the
theory in [BrKS04] with DE(t, y)=Ay − ℓ(t) if we let R= R = Y andg(t, ℓ, y)= y. In
the above two subsections the results heavily rely on convexity assumptions ofE . However,
existence and uniqueness results for such problems should not depend on the coordinate
system we use to describe the problem. However, under coordinate transformations con-
vexity properties are usually destroyed. Denote byy =Φ(ŷ) a smooth coordinate transfor-
mation fromŶ intoY (Φ ∈C2(Ŷ , Y )). Then, the transformed energŷE and the transformed
dissipation metriĉΨ are

Ê(t, ŷ)= E
(
t,Φ(ŷ)

)
and Ψ̂ (ŷ, v̂)= Ψ

(
Φ(ŷ),DΦ(ŷ)v̂

)
.

Using the adjoint operator DΦ(ŷ)∗ :Y ∗→ Ŷ ∗, the transformed derivatives read∂v̂Ψ̂ (ŷ,
v̂) = DΦ(ŷ)∗ ∂Ψ (Φ(ŷ),DΦ(ŷ)v̂) and D̂E(t, ŷ) = DΦ(ŷ)∗DE(t,Φ(ŷ)), such that (4.13)
is equivalent to the transformed equation 0∈ ∂Ψ̂ (ŷ, ˙̂y)+DÊ(t, ŷ)⊂ Ŷ ∗.

For proving existence and uniqueness for (4.13) with a method like in [BrKS04]
we would need the smallness condition‖DzΨ (y, v)‖ � δ ≪ 1 for all y ∈ Y and
v with ‖v‖ � 1 which implies (4.11) since by Legendre transform one findsK(y,σ ) =
−Ψ (y,J (y,σ ))DyΨ (y,J (y,σ )). However, this condition in not invariant under coordi-
nate changes since

DyΨ̂ (ŷ, v̂)[ŵ] = DyΨ
(
Φ(ŷ),DΦ(ŷ)v̂

)[
Dφ(ŷ)ŵ

]

+DvΨ
(
Φ(ŷ),DΦ(ŷ)v̂

)[
D2φ(ŷ)[v̂, ŵ]

]
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needs the second derivative ofΦ as well as the derivative ofΨ with respect tov (whose
existence we have to assume henceforth). In [MieR05] we argue that the smallness
of ‖DyΨ (y, v)‖ can be replaced by a one-sided convexity condition which takes the form

∃δ > 0,∀(t, y) ∈ S[0,T ],∀v ∈ Y :
〈
D2E(t, y)v, v

〉
+DyΨ (y, v)[v]� αΨ (y, v)2. (4.14)

Note that both sides in the estimate are 2-homogeneous, but the left-hand side in the esti-
mate is not quadratic, since DyΨ (y,αv)[αv] = α|α|DyΨ (y, v)[v].

Nevertheless the new condition is nothing else than the local version of the geo-
desic convexity if we used = D. In fact, using the expansionD(y, y + v) = Ψ (y, v) +
1
2DyΨ (y, v)[v] + o(‖v‖2), our smoothness assumptions onE and (4.14) we find

E(t, y + sv)+D(y, y + sv)

� E(t, y)+
(
sDE(t, y)[v] +Ψ (y, sv)

)
+ αs2+ o

(
s2)

s→0.

The left-hand side in the estimate of (4.14) is not invariant under coordinate changes.
However, taking it together with the stability condition the additional term involving the
second derivative ofΦ has a positive sign, namely

〈
D2Ê(t, ŷ)v̂, v̂

〉
+DyΨ̂ (ŷ, v̂)[v̂]

=
〈
D2E

(
t,Φ(ŷ)

)
DΦ(ŷ)v̂,DΦ(ŷ)v̂

〉
+DyΨ

(
Φ(ŷ),DΦ(ŷ)v̂

)[
DΦ(ŷ)v̂

]

+ 1

2
DE
(
t,Φ(ŷ)

)[
D2Φ(ŷ)[v̂, v̂]

]
+ 1

2
DvΨ

(
Φ(ŷ)

)[
D2Φ(ŷ)[v̂, v̂]

]

(S)
� αΨ

(
Φ(ŷ),DΦ(ŷ)v̂

)2+ 0= αΨ̂ 2(ŷ, v̂)2,

where for (S) we have usedy =Φ(ŷ) ∈ S(t) which implies 0∈ ∂vΨ (y,0)+DE(t, y).
A second condition appearing already in [MieT04], Appendix C, is the so-calledstruc-

ture conditionon the dissipation metricΨ :Y × Y →[0,∞]:

∀R > 0,∃CR � 0,∀y1, y2 with ‖yj‖�R:

0∈ ∂vΨ (yj , vj )+ σj for j = 1,2

"⇒ 〈σ1− σ2, v1− v2〉� CR‖y1− y2‖2(‖v1‖ + ‖v2‖
)
. (4.15)

In contrast to the above condition, (4.15) is not invariant under coordinate changes.

EXAMPLE 4.7. We takeY = R
2, Ψ (y, v) = |v1| + |v2| andy = Φ(ŷ) = (y1 + y2

2, y2).
Then,Ψ satisfies the structure condition withCR = 0, since 0∈ ∂Ψ (vj )+σj is equivalent
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to vj ∈ ∂(LΨ )(−σj ) andLΨ = IC∗ is convex. However,̂Ψ does not satisfy (4.15). To see
this, use the explicit form

∂v̂Ψ̂ (ŷ, v̂)= Sign

(〈(
1

2ŷ2

)
, v̂

〉)
(1,2ŷ2)+Sign(v̂2)(0,1).

For ŷ = (0,1) andv̂ = (1,−1), we find∂Ψ̂ (ŷ, v̂)= {(−1,−3)}. For ŷ∗ = (0,1− ε) with
0 < ε < 1/2 and v̂∗ = (1,−2), we find ∂Ψ̂ (ŷ∗, v̂∗) = {(−1,−3+ 2ε)}. Thus, we find
σ̂ = (1,3) andσ∗ = (1,3− 2ε) and arrive at

〈σ̂ − σ̂∗, v̂ − v̂∗〉 =
〈
(0,2ε), (0,1)

〉
= 2ε.

Since‖ŷ− ŷ∗‖ = |ε| we see that (4.15) does not hold. The problem here is not the missing
differentiability ofΨ but rather the fact, thatΨ 2 is not uniformly convex.

Based on assumption (4.14) and the natural smoothness assumptions onE andΨ (e.g.,
E ∈C3,Ψ 2 ∈C2 andΨ 2 uniformly convex) analogues of Theorems 4.3 and 4.6 are derived
in [MieR05].

A related notion ofconvex composite systemswas introduced in [Che03]. There the
notion of monotone operators is generalized to systems which are monotone after a suitable
diffeomorphism is applied. See Section 6.2 for some details of this theory.

4.4. Higher temporal regularity and improved convergence

In the general convex case we know from the a priori estimates in Section 3.5 that the so-
lutions are Lipschitz continuous. Under suitable conditions this regularity can be improved
somewhat, but the best we can hope for, is that the time derivativeẏ lies in BV([0, T ], Y ).

EXAMPLE 4.8. Let Y = R and E(t, y) = 1
2(y − ℓ(t))2, Ψ (y, ẏ) = |ẏ| and y(0) = 0.

For ℓ(t) = a sin(t) with a > 1 definet1 ∈ (0, π

2 ) via sint1 = 1/a and t2 ∈ (π

2 ,
3π

2 ) via
sint2= 1− 2/a. Then the unique solution reads

y(t)=





0 for t ∈ [0, t1],
a sin(t)− 1 for t ∈ [t1, π

2 ] and

t − 2πk ∈
[
π+ t2,

5π

2

]
,

a − 1 for t − 2πk ∈
[

π

2 , t2
]
,

a sin(t)+ 1 for t − 2πk ∈
[
t2,

3π

2

]
,

−a + 1 for t − 2πk ∈
[3π

2 ,π+ t2
]
,

for k ∈N0.

Hence, the derivativėy has jumps wheneverΣ(t) = ℓ(t) − y(t) hits the yields surface
(i.e., the boundary ofC∗ = [−1,1]), namely att1 andt2+ πN. Note that the derivativėy
is continuous wheny leaves the yield surface.
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Using this observation the following result was derived in [MieT04], Theorem 7.8.

THEOREM 4.9. If E ∈ C3([0, T ] × Y,R) and Ψ = LIC∗ , whereC∗ satisfiesB∗ρ1
(0) ⊂

C∗ ⊂ B∗ρ2
(0) for ρ2 � ρ1 > 0 and the boundary∂C∗ is of classC2, then any solution of the

variational inequality(4.1)satisfiesẏ ∈ BV([0, T ], Y ).

In [Kre99], Theorem 7.2, a more abstract approach is used to prove a similar regularity
result. It is based on the local Lipschitz continuity results as given in Theorems 2.7 and 2.8.

THEOREM 4.10. If the hysteresis operatorH :C∗ ×W1,1([0, T ], Y ∗)→W1,1([0, T ], Y )
is Lipschitz continuous on every bounded subset ofC∗ ×W1,1([0, T ], Y ∗), then for every
σ0 ∈ C∗ and everyℓ ∈W1,1([0, T ], Y ∗) with ℓ̇ ∈ BV([0, T ], Y ∗) the solutiony =H(σ0, ℓ)

satisfiesẏ ∈ BV([0, T ], Y ).

PROOF. The idea of the proof is simple. Forh > 0 consider the inputsℓh with ℓh(t)= ℓ(0)
for t ∈ [0, h] and ℓ(t) = ℓ(t − h) for t ∈ [h,T ]. Because of the rate independence the
unique solutionH(σ0, ℓh) is yh which is obtained fromy in the same way asℓh from ℓ.
Since the functions(ℓh)h∈[0,T ] are bounded in W1,1([0, T ], Y ∗), we obtain a Lipschitz
constantL such that

∫ T

h

∥∥ẏ(t)− ẏ(t − h)
∥∥dt � ‖y − yh‖W1,1 � L‖ℓ− ℓh‖W1,1

� C

∫ T

0

∥∥ℓ(t)− ℓh(t)
∥∥
∗ dt � Ch

∥∥ℓ̇
∥∥

BV([0,T ],Y ∗).

This implies‖ẏ‖BV([0,T ],Y ) � C‖ℓ̇‖BV([0,T ],Y ∗), see [Kre99] for details. �

In numerical approaches to elastoplasticity or other hysteresis problems such higher tem-
poral regularity can be used to improve the convergence rates of the incremental problem.
We do this for the linear variational inequality (2.2), namely

〈
Ay(t)− ℓ(t), v − ẏ(t)

〉
+Ψ (v)−Ψ

(
ẏ(t)

)
� 0 for a.a.t ∈ [0, T ], (4.16)

under the same assumptions as in Section 2. Instead of the fully implicit Euler scheme (IP),
which was used above, one considers the more general semiimplicit scheme as follows:

(IP)ϑ
Findyk ∈ Y such that∀v̂ ∈ Y ,

〈Ayϑk − ℓ(tϑk ), v̂ − (yk − yk−1)〉 −Ψ (yk − yk−1)+Ψ (v̂)� 0,

wheretϑk = (1−ϑ)tk−1+ϑtk andyϑk = (1−ϑ)yk−1+ϑyk . Forϑ = 1 this is the old fully
implicit scheme and forϑ = 1/2 it is the midpoint rule (also called the Crank–Nicholson
scheme).
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Under the proved assumption of Lipschitz continuity (i.e.,‖ẏ‖L∞ <∞), it is shown
in [HanR95], that the convergence of the discrete solution to the exact solutions behaves
like

∥∥yΠ − y
∥∥

L∞ � C
(
f (Π)

)s

with s = 1/2 if ϑ ∈ [12,1], see Theorem 4.3 for the caseϑ = 1. Under the unproved
assumptiony ∈ W2,2([0, T ], Y ) this convergence was improved to the orders = 1
in [AlbeC00], Remark 4.1. For the Crank–Nicholson scheme, i.e.,ϑ = 1/2, [HanR95]
obtaineds = 1 if y ∈W3,1([0, T ], Y ) and this was improved tos = 2 in [AlbeC00], Re-
mark 4.3.

Following the method in [AlbeC00] we provide a short proof of the convergence rate
s = 1 under the assumptioṅy ∈ BV([0, T ], Y ), which is the best we can expect for any
true hysteretic behavior. We also add the convergence estimate for the derivative as derived
there.

THEOREM 4.11. Let y ∈ CLip([0, T ], Y ) be a solution of the variation inequality(4.16)
with ẏ ∈ BV([0, T ], Y ). Then there exists a constantC > 0 such that for each partitionΠ
the piecewise linear interpolant̂yΠ of the solution of(IP)ϑ=1 satisfies

∥∥y − ŷΠ
∥∥

L∞([0,T ],Y ) � f (Π)

[
1+ f (Π)

2

]
VarA

(
ẏ; [0, T ]

)
,

∥∥ẏ − ˙̂yΠ
∥∥

L2([0,T ],Y ) � 2
f (Π)√
f∗(Π)

VarA
(
ẏ; [0, T ]

)
,

wheref∗(Π)=min{tk − tk−1 | k = 1, . . . ,N}� f (Π).

PROOF. Like in Section 2 we use the energetic scalar product〈v|w〉 = 〈Av,w〉 and the
associated norm‖v‖A.

Define the error functione via e(t)= y(t)− ŷΠ (t) and setIk = [tk−1, tk], τk = tk− tk−1,
ℓk = ℓ(tk), ek = e(tk) and ėk = ẏ(tk)− 1

τk
(yk − yk−1). SinceŷΠ is piecewise linear, we

have

‖ek − ek−1− τk ėk‖A =
∥∥∥∥
∫

Ik

ẏ(s)− ẏ(tk)ds

∥∥∥∥
A

�

∫

Ik

∥∥ẏ(s)− ẏ(tk)
∥∥
A

ds

�

∫

Ik

VarA
(
ẏ; [s, tk]

)
ds � τk VarA(ẏ; Ik). (4.17)

Sincey satisfies (4.16) andyk satisfies (IP)ϑ=1, we obtain, by using the test functions
v = 1

τk
(yk − yk−1) andv̂ = τk ẏ(tk), respectively,

0�

〈
Ay(tk)− ℓk,

1

τk
(yk − yk−1)− ẏ(tk)

〉
+Ψ

(
1

τk
(yk − yk−1)

)
−Ψ

(
ẏ(tk)

)
,

0�
〈
Ayk − ℓk, τk ẏ(tk)− (yk − yk−1)

〉
+Ψ

(
τk ẏ(tk)

)
−Ψ (yk − yk−1).
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Dividing the second equation byτk and adding it to the first one, we find

0�

〈
A
(
y(tk)− yk

)
,

1

τk
(yk − yk−1)− ẏ(tk)

〉
= 〈ek|−ėk〉 = −〈ek|ėk〉.

Now the discrete error can be estimated via

‖ek‖2
A = ‖ek−1‖2

A + 2〈ek − ek−1|ek〉 − ‖ek − ek−1‖2
A

� ‖ek−1‖2
A + 2〈ek − ek−1− τk ėk|ek〉 − ‖ek − ek−1‖2

A

� ‖ek−1‖2
A − ‖ek − ek−1‖2

A + τk VarA(ẏ; Ik)‖ek‖A. (4.18)

Letm be such that max{‖ek‖A | k = 1, . . . ,N} is attained atk =m. Then, adding the above
estimate fromk = 1 tom, usinge0= 0 and neglecting the terms‖ek − ek−1‖2

A gives

‖em‖2
A �

m∑

k=1

τk VarA(ẏ; Ik)‖em‖A � f (Π)VarA
(
ẏ; [0, T ]

)
‖em‖A,

which implies‖ek‖A � f (Π)VarA(ẏ; [0, T ]) for all k. Moreover, again using the fact that
ŷΠ is piecewise linear gives fort ∈ (tk−1, tk),

e(t)= t − tk−1

τk
ek +

tk − t

τk
ek−1+

∫

Ik

αk(t, s)
(
ẏ(s)− ẏ(tk)

)
ds

with αk(t, s)=
{

tk−t
τk

if s < t ,

− t−tk−1
τk

if s > t ,

since
∫
Ik
αk(t, s)ds = 0. By

∫
Ik
|αk(t, s)|ds � τk/2 this implies

∥∥∥∥e(t)−
(
t − tk−1

τk
ek +

tk − t

τk
ek−1

)∥∥∥∥
A

�
τk

2
VarA(ẏ; Ik)

and the first estimate is established.
Summing (4.18) once again we find, withe0= 0 andf∗(Π)=minτk ,

f∗(Π)

N∑

1

1

τk
‖ek − ek−1‖2

A �

N∑

1

‖ek − ek−1‖2
A

�

N∑

1

τk VarA(ẏ; Ik)‖ek‖A

�
(
f (Π)VarA

(
ẏ; [0, T ]

))2
.
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We defineYΠ to be the piecewise linear interpolant of the exact solutiony. Then we
haveẎΠ − ˙̂yΠ = 1

τk
(ek − ek−1) on (tk−1, tk) and the left-hand side in the above estimate

is ‖ẎΠ − ˙̂yΠ‖2
L2([0,T ],Y ). Let v = y − YΠ . Then v(tk) = 0 for all k and VarA(v̇; Ik) �

VarA(ẏ; Ik). Hence,

∫

Ik

∥∥v̇(s)
∥∥2
A

ds =
[〈
v(s)

∣∣v̇(s)
〉]tk
tk−1

−
∫

Ik

〈v|dv̇〉� ‖v‖L∞(Ik,Y ) VarA(v̇; Ik).

As above we have‖v‖L∞(Ik,Y ) � τk
2 VarA(v̇; Ik) and conclude

∥∥ẏ − ẎΠ
∥∥2

L2([0,T ],Y ) = ‖v̇‖
2
L2([0,T ],Y )

�
f (Π)

2
Var
(
v̇; [0, T ]

)2

� f (Π)Var
(
ẏ; [0, T ]

)2
.

Together with the triangle inequality andf∗(Π)� f (Π) we obtain the desired result.�

The strong convergence of the derivative like
√
f (Π) can also be shown using interpo-

lation between the linear convergence in L∞ and a uniform bound on VarA(ŷΠ ; [0, T ]).

5. Nonconvex and nonsmooth problems

We recall the three major conditions (A1)–(A3) from Sections 3.1 and 3.2:

(i) ∀z1, z2 ∈Z: D(z1, z2)= 0⇔ z1= z2,
(A1)

(ii) ∀z1, z2, z3 ∈Z: D(z1, z3)� D(z1, z2)+D(z2, z3).

There existc(1)E , c
(0)
E > 0 such that for ally∗ ∈ Y :

E(t, y∗) <∞ "⇒
{
∂tE(·, y∗) : [0, T ]→R is measurable and∣∣∂tE(t, y∗)

∣∣� c
(1)
E

(
E(t, y∗)+ c

(0)
E

)
.

(A2)

∀t ∈ [0, T ]: E(t, ·) :Y→R∞ has compact sublevels,
(A3)

D :Z ×Z→[0,∞] is lower semicontinuous.

The existence theory developed below will build on the incremental problem (IP) and the
a priori estimates derived in Section 3.

5.1. Existence results

The general strategy for constructing solutions to (S) and (E) is to choose a sequence of
partitionsΠm with finenessfm tending to 0, to extract a convergent subsequence of(Y l)l
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of (YΠ
m
)m∈N and then to show that the limitY : [0, T ] → Y solves (S) and (E). A major

problem arises from the fact that the temporal behavior of the elastic componentϕ of
y = (ϕ, z) cannot be controlled, which is in contrast to the inelastic componentz whose
variation is controlled via the dissipation.

For the dissipative part it is possible to extract a suitable limit function if the dissipation
is strong enough. We need the following assumption for any sequence(zk)k and anyz
in Z :

min
{
D(zk, z),D(z, zk)

}
→ 0 for k→∞ "⇒ zk

Z→ z for k→∞.

(A4)

The following version of Helly’s selection principle is a special case of [MaiM05], The-
orem 3.2. The classical result of Helly relates to real-valued monotone functions. Versions
for functions with values in Hilbert and Banach spaces can be found in [Mon93,BarP86].

THEOREM 5.1. Let D :Z × Z → [0,∞] satisfy (A1) and (A4). Moreover, let K be a
compact subset ofZ . Then, for every sequence(Zl)l∈N withZl : [0, T ]→K and bounded
dissipation, i.e.,

supl∈N DissD
(
Zl; [0, T ]

)
� C <∞,

there exist a subsequence(Zln)n∈N, a function z∞ : [0, T ] → K and a functionδ∞ :
[0, T ]→ [0,C] such that the following holds:

(a) δln(t) :=DissD(Zln , [0, t])→ δ∞(t) for all t ∈ [0, T ],
(b) Zln(t)

Z→ z∞(t) for all t ∈ [0, T ],
(c) DissD(z∞, [t0, t1])� limtցt1 δ∞(t)− limsրt0 δ∞(s) for all 0� t0 < t1 � T .

Like in the theory of BV functions in Banach spaces, all functionsz ∈ BVD([0, T ],Z)
are continuous except at the discontinuity points oft �→ DissD(z; [0, t]). Moreover, for
all t ∈ [0, T ] the right-hand and left-hand limitsz+(t) and z−(t) exist, see Section 3
in [MaiM05].

For the main existence result we need two more conditions. One condition relates to the
power of the external forces∂tE(t, y) which we assume to satisfy not only (A2) but also a
uniform continuity property:

Condition (A2) holds and

∀E∗ > 0,∀ε > 0,∃δ > 0: (A5)

E(t, y)�E∗ and|t − s|� δ⇒ |∂tE(t, y)− ∂tE(s, y)|< ε.

The above conditions for the topologyT on Y and the associated lower semi-
continuities ofE andD appear very natural and are standard from the point of view of
the calculus of variations. Condition (A5) concerns only the power of the external forces,
which is determined by the prescribed loading data, and thus is uncritical.
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THEOREM 5.2. Assume thatE andD satisfy assumptions(A1) and(A3)–(A5). Moreover,
let one of the following two conditions(A6) or (A7) be satisfied:

D :Z ×Z→[0,∞] is continuous. (A6)

The setS[0,T ] of stable states is closed in[0, T ] ×Y and
(A7)∀E0 > 0: ∂tE : {(t, y) | E(t, y)�E0}→R is continuous.

Then, for eachy0 ∈ S(0) there exists a solutiony = (ϕ, z) : [0, T ]→ Y of (S)and (E).
Moreover, if Π l ∈ PartNl

fl
([0, T ]) is a sequence of partitions with finenessfl tending to0

andYΠl is the interpolant of any solution of the associated incremental problem(IP), then
there exist a subsequenceyk = YΠlk and a solutiony = (ϕ, z) : [0, T ]→ Y of (S) and (E)
such that the following holds:

(i) ∀t ∈ [0, T ]: zk(t) Z→ z(t);
(ii) ∀t ∈ [0, T ]: DissD(zk; [0, t])→DissD(z; [0, t]);

(iii) ∀t ∈ [0, T ]: E(t, yk(t))→ E(t, y(t));
(iv) ∂tE(·, yk(·))→ ∂tE(·, y(·)) in L1((0, T )).

REMARK 5.3. It is easy to see that conditions (A4) and (A6) can be weakened by assuming
that the conditions are valid on each sublevel ofE .

REMARK 5.4. In Step 3 of the proof of Theorem 5.2, we will show that condition (A6)
implies thatS[0,T ] is closed. This central condition will be discussed in more detail in
Section 5.2.

REMARK 5.5. Theorem 5.2 does not claim the convergence of the elastic componentϕn(t)

to ϕ(t). In fact, since we do not have any control on the temporal oscillations ofϕ, we have
no selection criterion. We will construct the limitϕ(t) by choosing a suitablet-dependent
subsequence ofϕk(t). As a consequence, we do not obtain information on the continuity
or on the measurability of the limitϕ : [0, T ]→F .

However, sometimes theϕ-component is uniquely determined viaz in the following
sense (cf. [MieRou03], equation (3.18))

y1= (ϕ1, z1), y2= (ϕ2, z2) ∈ S(t) and z1= z2 "⇒ ϕ1= ϕ2. (5.1)

Then, theϕ-component can be controlled more precisely. In [MaiM05] the slightly stronger
assumption

yk = (ϕk, zk) ∈ S(t) and zk
Z→ z "⇒ ϕk

F→ ϕ (5.2)

is used to conclude the stronger resultyn(t)
Y→ y(t) for all t ∈ [0, T ] in Theorem 5.2(i) as

well as continuity oft �→ y(t) ∈ Y for all t except at the (at most countable) jump points
of DissD(z; [0, T ]).
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The proof consists of several steps and uses the two following auxiliary results. The first
result concerns the continuity of the power of the external forces as a function onY , i.e.,
of y �→ ∂tE(t, y). Very often it is assumed that the loading acts linearly onϕ. This gives
the term∂tE(t, y)=−〈ℓ̇(t), ϕ〉 which is automatically weakly continuous. However, in the
case of time-dependent Dirichlet conditions this is more difficult, since we need to control
the stresses due to the boundary condition. This problem was first solved in [DalFT05] by
showing that the stresses in fact converge weakly if we know that the functionsϕn as well
as the energy converge. The following result is an abstract and much simpler version of
this fact.

PROPOSITION5.6. If E satisfies(A3) and (A5), then for all t ∈ (0, T ) the following im-
plication holds:

ym
Y→ y and

E(t, ym)→ E(t, y) <∞

}
"⇒ ∂tE(t, ym)→ ∂tE(t, y). (5.3)

PROOF. Let E0, h0 > 0 be such thatt ± h0 ∈ [0, T ] andE(t, ym),E(t, y) � E0 for suf-
ficiently largem. Then, condition (A5) implies the existence of a modulus of continuity
ω0 : [0, h0]→ [0,∞) (i.e.,ω0 is monotone increasing andω0(h)→ 0 for hց 0) such that
for h ∈ (0, h0) we have

∣∣∣∣
1

h

(
E(t ± h,ym)− E(t, ym)

)
∓ ∂tE(t, ym)

∣∣∣∣� ω0(h), (5.4)

since the difference quotient can be replaced by a derivative at an intermediate value. The
same estimate also holds fory. By h > 0, the lower semicontinuity ofE(t, ·) from (A3)
and the assumed convergence of the energy, we find

lim inf
m→∞

1

h

(
E(t ± h,ym)− E(t, ym)

)
�

1

h

(
E(t ± h,y)− E(t, y)

)
.

Combining the case “+” with (5.4) we find

lim inf
m→∞

∂tE(t, ym) � lim inf
m→∞

1

h

(
E(t + h,ym)− E(t, ym)

)
−ω0(h)

�
1

h

(
E(t + h,y)− E(t, y)

)
−ω0(h)� ∂tE(t, y)− 2ω0(h).

Similarly, the case “−” gives lim supm→∞ ∂tE(t, ym) � ∂tE(t, y) + 2ω0(h). Sinceh can
be made arbitrarily small, the result is proved. �

The second result shows that the stability property (S) already implies a lower energy
estimate, as can be seen in the proof of Theorem 3.2(ii). Thus, it will be sufficient to keep
track of the upper energy estimate only, see (E)discr in Corollary 3.3. This was observed
first in [MieTL02].
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PROPOSITION5.7. Assume that(A1) and(A5) hold. Lety = (ϕ, z) : [0, T ]→ Y be given
such thatDissD(z; [0, T ]) <∞, t→ E(t, y(t)) is bounded, ∂tE(·, y(·)) ∈ L∞((0, T )), and
y(t) ∈ S(t) for all t ∈ [0, T ]. Then, for all 0 � r < s � T we have the lower energy
inequality

E
(
s, y(s)

)
+DissD

(
y; [r, s]

)
� E

(
r, y(r)

)
+
∫ s

r

∂tE
(
t, y(t)

)
dt. (5.5)

PROOF. Sinceθ : t �→ ∂tE(t, y(t)) is integrable there exists a sequence of partitionsΠm ∈
PartNm

δm
([r, s]) with δm → 0 such that the Lebesgue integral can be approximated by the

corresponding Riemann sums, namely
∫ s
r
θ(t)dt = limm→∞

∑Nm

j=1 θ(t
m
j )(t

m
j − tmj−1). We

refer to [Mai05] or [FM05] for this result, or to [DalFT05] for a more general version.
In each subinterval[tmj−1, t

m
j ] we use the stability (S), see the proof of Theorem 3.2(ii),

and (A5) to obtain

E
(
tmj , y

(
tmj
))
+D

(
y
(
tmj−1

)
, y
(
tmj
))

(S)
� E

(
tmj−1, y

(
tmj−1

))
+
∫ tmj

tmj−1

∂sE
(
s, y
(
tmj
))

ds

(A5)
�
[
θ
(
tmj
)
− ε
](
tmj − tmj−1

)
,

whereε > 0 can be made as small as we like by choosingm sufficiently large and hence
δm sufficiently small. Adding overj = 1, . . . ,Nm and taking the limitm→∞ gives the
desired result, sinceε > 0 is arbitrary. �

PROOF OF THEOREM 5.2. For a simplified version of this proof we refer to the proof
of Theorem 2.1, where the same steps are followed but for the much simpler case of a
quadratic energy on a Banach spaceY .

We first prove the result under the assumption that (A6) is satisfied. The differences in
the proof for the case when (A7) holds are given afterwards.

Step1.A priori estimates. We choose an arbitrary sequence of partitionsΠm whose fine-
nessfm tends to 0. According to Section 3.2 the time-incremental minimization problems
(IP) are solvable and the piecewise constant interpolantsYm : [0, T ]→ Y satisfy the a pri-
ori estimates

DissD
(
Zm; [0, T ]

)
�C and ∀t ∈ [0, T ], E

(
t, Ym(t)

)
� C,

whereC is given explicitly in Corollary 3.3(3).

Step2. Selection of subsequences.Our version of Helly’s selection principle in The-
orem 5.1 allows us to select a subsequence of(Zm)m∈N which converges pointwise
and which makes the dissipation converge as well. Moreover, the functionsΘm : t �→
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∂tE(t, Y
m(t)) form a bounded sequence in L∞((0, T )). Thus, by choosing a further subse-

quence(Ymk )k∈N we may assume the following convergence properties fork→∞, where
we writeyk = (ϕk, zk) as shorthand forYmk andθk for Θmk ,

∀t ∈ [0, T ], δk(t) :=DissD
(
zk; [0, t]

)
→ δ(t) and zk(t)

Z→ z(t);

θk
∗
⇀θ in L∞

(
(0, T )

)
.

Note that the limit functionsδ, z and θ exist. We further define the functionθsup: t �→
lim supk→∞ θk(t) such thatθsup∈ L∞((0, T )) andθ � θsup by Fatou’s lemma.

To defineϕ(t), fix t ∈ [0, T ] and we choose at-dependent subsequencek = K t
n such

that

θK t
n
(t)→ θsup(t) and ϕK t

n
(t)

F→ ϕ(t).

Here we use the a priori boundE(t, yk(t)) � C and the compactness of the sublevels as-
sumed in (A3). Hence,y(t)= (ϕ(t), z(t)) is defined.

Step3. Stability of the limit function. We first show that (A6) implies the closedness
of S[0,T ]. For a sequence(tl, yl)l∈N in S[0,T ] with limit (t, y) consider any test statêy.
SinceD is continuous andE lower semicontinuous, we have

E(t, y)� lim inf
l→∞

E(tl, yl)
(S)
� lim inf

l→∞
E(tl, ŷ)+D(yl, ŷ)= E(t, ŷ)+D(y, ŷ),

which is the desired stability ofy. Hence,S[0,T ] is closed.
Using the closedness ofS[0,T ] it is easy to show that the limit functiony : t �→

(ϕ(t), z(t)) is stable. Fort ∈ [0, T ] fixed defineτ tk =min{τ ∈Πmk | τ � t}, thenyk(t) =
yk(τ

t
k) ∈ S(τ tk) by the definition of the interpolantyk = Ymn . Thus

(
τ tK t

n
, yK t

n
(t)
)
∈ S[0,T ], τ tk→ t, and yK t

n
(t)

Y→ y(t).

Hence, the closedness gives(t, y(t)) ∈ S[0,T ], i.e.,y(t) ∈ S(t).

Step4. Upper energy estimate.We define the functions

ek(t) := E
(
t, yk(t)

)
,

δk(t) :=DissD
(
zk; [0, t]

)
,

wk(t) :=
∫ t

0
∂tE
(
s, yk(s)

)
ds =

∫ t

0
θk(s)ds.

Corollary 3.3 and the boundedness of∂tE by a constantC1 (use (A2) and Step 1) give

ek(t)+ δk(t)�wk(t)+C1fmk
. (5.6)
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SinceE is lower semicontinuous andδk and θk converge according to Step 2, the limit
k =K t

n→∞ for n→∞ leads to

E
(
t, y(t)

)
+DissD

(
z; [0, t]

)
� e(t)+ δ(t)

� e(0)+
∫ t

0
θ(s)ds � e(0)+

∫ t

0
θsup(s)ds,

whereE(t, y(t)) � e(t) = lim inf k→∞ ek(t). In fact, we havee(t) = limn→∞ E(t, yK t
n
(t))

since

E
(
t, y(t)

) (A6)= lim
n→∞

E
(
t, y(t)

)
+D

(
zK t

n
(t), z(t)

) (S)
� lim sup

n→∞
E
(
t, yK t

n
(t)
)
� e(t).

Thus, together withyK t
n
(t)

Y→ y(t) the assumptions of Proposition 5.6 are satisfied and we
conclude

θsup(t)= lim
n→∞

θN t
n
(t)= lim

n→∞
∂tE
(
t, yK t

n
(t)
)
= ∂tE

(
t, y(t)

)
.

Together with the above, this is the desired upper energy estimate.

Step 5. Lower energy estimate.As we have established thatθsup= ∂tE(·, y(·)) lies
in L∞((0, T )) we are able to apply Proposition 5.7 and obtain the lower energy estimate

E
(
t, y(t)

)
+DissD

(
z; [0, t]

)
� E

(
0, y(0)

)
+
∫ t

0
∂tE
(
s, y(s)

)
ds.

Step6. Improved convergence.Steps 1–5 show that the constructed limity : [0, T ] → Y

is a solution. In the last step we show that the convergences (i)–(iv) stated at the end of the
theorem hold. Part (i) is already shown. The lower and upper energy estimate imply

e(0)+
∫ t

0
θsupds � e(t)+DissD

(
z; [0, t]

)
� e(t)+ δ(t)

� e(0)+
∫ t

0
θ ds � e(0)+

∫ t

0
θsupds.

Hence, all inequalities are in fact equalities and we conclude DissD(z, [0, t]) = δ(t) and
θ = θsup a.e. in [0, T ]. The first identity is (ii) and the second identity implies (iv),
cf. [FM05], Proposition A2. Finally note that the energyE(t, yk(t)) convergences not only
on thet-dependent subsequencek =N t

n, but along the whole sequence. This follows since
we have shown thatek(t)+ δk(t) always has a limit andδk is convergent.

This completes the proof of Theorem 5.2 in the case that (A6) holds. Now assume that
(A7) holds instead.

Steps 1–3 work identical. In Step 4 the identityθsup(t) = ∂tE(t, y(t)) follows directly
from the continuity of∂tE assumed in (A7). Thus, the upper and lower energy estimates
follow as above and Steps 4 and 5 are done.



Evolution of rate-independent systems 517

In Step 6 the convergence of the energy is not yet established. However, with (5.6) and
δk(t)→ δ(t)=DissD(z; [0, t]) we again find, by the lower semicontinuity ofE ,

E
(
t, y(t)

)
+DissD

(
z; [0, t]

)
� lim inf

k→∞
ek(t)+ δ(t)

� lim sup
k→∞

ek(t)+ δ(t)

� E
(
0, y(0)

)
+
∫ t

0
θsup(s)ds.

Together with the lower energy estimate this provesek(t)→ E(t, y(t)) as desired. The
remaining parts of Step 6 are the same.

Thus, Theorem 5.2 is proved. �

We formulate now a special version of Theorem 5.2, which is based on Banach spaces
and which can be easily applied to several models in continuum mechanics.

THEOREM 5.8. LetY1 andY be Banach spaces. Suppose thatY1 is compactly embedded
in Y and that{y ∈ Y1 | ‖y‖Y1 � 1} is closed inY . The dissipation distanceD :Y × Y →R

is theY norm, i.e., D(y1, y2)= ‖y1− y2‖Y . Furthermore, the functionalE : [0, T ] × Y →
[Emin,∞] has the following properties.

(a) E is lower semicontinuous on[0, T ] × Y (with respect to the norm topology ofY ).
(b) For some real numbersc1 > 0,C2 andα > 0 we have

E(t, y)� c1‖y‖αY1
−C2 (i.e., E(t, y)=∞ for y ∈ Y \ Y1). (5.7)

(c) Condition(A5) is satisfied.
Then, for each y0 ∈ S(0) there exists at least one solutiony ∈ BVD([0, T ], Y ) ∩
B([0, T ], Y1) of (S) and (E) with y(0) = y0 and all the conclusions of Theorem5.2 also
hold.

HereB([0, T ], Y1) denotes the set of mappingsy such thatt �→ ‖y(t)‖Y1 is bounded.

The result is an easy consequence if we chooseY = Y equipped with its norm topol-
ogy. Obviously,D is continuous and satisfies (A2) and (A4). Moreover, the lower semi-
continuity ofE and its coerciveness in the compactly embedded spaceY1 show thatE has
compact sublevels. Thus, (A1)–(A6) hold and Theorem 5.2 is applicable.

A possible application of this result is the partial differential inclusion

0∈ κ(x)Sign
(
ẏ(t, x)

)

− div
[
a(x)Dxy(t, x)

]

+DyF
(
x, y(t, x)

)
− ℓ(t, x) in Ω,

z(t, x)= 0 on ∂Ω.
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To this end, takeY = L1(Ω), Y1=H1
0(Ω) and defineD andE via

D(y0, y1)=
∫

Ω

κ(x)
∣∣y1(x)− y0(x)

∣∣dx

and

E(t, y)=
∫

Ω

a(x)

2

∣∣Dxy(x)
∣∣2+ F

(
x, y(x)

)
− ℓ(t, x)y(x)dx.

If we assume thatF : 	Ω × R → [0,∞] is continuous, then (a) and (b) hold with
α = 2. Moreover, withℓ ∈ CLip([0, T ],H−1(Ω)) we obtain|∂tE(t, y)| = |〈∂tℓ(t), y〉| �
C‖y‖H1 � c

(1)
E (E(t, y)+ c

(0)
E ) for suitablec(1)E , c

(0)
E > 0.

5.2. Closedness of the stable set

The major assumptions of our existence result in Theorem 5.2 are the compactness of the
sublevels ofE and the closedness ofS[0,T ]. Before deriving abstract results in this direction
we give two simple nontrivial applications of the theorem and thus highlight that the choice
of the topologyT is crucial. For both examples, letY = L1(Ω) with Ω ⊂ R

d be open
and bounded, and choose the dissipation distanceD(y0, y1)= ‖y1− y0‖Y =

∫
Ω
|y1(x)−

y0(x)|dx.
For the first example, consider

E1(t, y)=
∫

Ω

a(x)
∣∣y(x)

∣∣α − g(t, x)y(x)dx,

wherea(x) � a0 > 0, α > 1 andg ∈ C1([0, T ],L∞(Ω)). SinceE1(t, ·) is convex and
lower semicontinuous, the sublevels ofE are closed, convex set which are contained an
Lα-ball. Hence, takingT to be the weak topology onY = L1(Ω), the compactness condi-
tion (A4) holds. Note that using the norm topology of L1(Ω) would not supply the desired
compactness. The stable sets forE1 are given by

S1(t)

=
{
y ∈ L1(Ω)

∣∣∣
∣∣y(x)

∣∣α−2
y(x) ∈

[
g(t, x)− 1

a(x)α
,
g(t, x)+ 1

a(x)α

]
for a.a.x ∈Ω

}
,

which are closed with respect toT since they are convex and closed in the norm topology.
Hence, withT as weak topology inY = L1(Ω) all conditions of Theorem 5.2 can be
satisfied.

For the second example, consider the nonconvex energy functional

E2(t, y)=
∫

Ω

1

2

∣∣Dy(x)
∣∣2+ f

(
t, x, y(x)

)
dx for y ∈H1(Ω) and +∞ else,
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wheref : [0, T ] ×Ω ×R→ R and∂tf are continuous and bounded. Because of the gra-
dient term the sublevels ofE are already compact in the norm topology ofY = L1(Ω),
since they are closed and contained in aY1-ball, whereY1=H 1(Ω) is compactly embed-
ded inY . With these properties, it can be shown that all conditions of Theorem 5.8 are
satisfied.

The proof of the first abstract result is contained in Step 3 of the proof of Theorem 5.2.
We repeat the result here for convenience.

PROPOSITION5.9. Let (A2) hold. Assume thatE is lower semicontinuous on[0, T ] × Y

and thatD is continuous onZ ×Z . Then, E :S[0,T ]→ R∞ is continuous as well and the
setS[0,T ] is closed.

PROOF. For (s, ys), (t, yt ) ∈ S[0,T ], we have by stability

−CE |t − s| −D(ys, yt )� E(t, yt )− E(s, ys)�CE |t − s| +D(yt , ys).

This estimate together with the continuity ofD implies the continuity ofE .
Now, consider a sequence(tk, yk)k∈N in S[0,T ] with tk→ t∗ andyk

Y→ y∗. It remains to
show thaty∗ ∈ S(t∗). For an arbitraryy ∈ Y , we haveE(tk, yk)� E(tk, y)+D(yk, y) for
all k ∈ N. Taking the limitk→∞ the continuities yieldE(t∗, y∗)� E(t∗, y)+D(y∗, y).
Sincey ∈ Y is arbitrary, it follows thaty∗ ∈ S(t∗). �

The next result is a strengthened version of the previous one.

PROPOSITION 5.10. Let (A2) hold. Assume that for each sequence(tk, yk)k∈N with

(tk, yk) ∈ S[0,T ], tk→ t∗ andyk
Y→ y∗ in Y the following condition holds

∀y ∈ Y, lim sup
k→∞

[
E(tk, yk)−D(yk, y)

]
� E

(
t∗, y∗

)
−D

(
y∗, y

)
. (5.8)

Then, the setS[0,T ] is closed.

PROOF. Let y ∈ Y be arbitrary. We have to show thatE(t∗, y∗) � E(t∗, y) + D(y∗, y).
Since(tk, yk) ∈ S[0,T ], we have the following estimates

E
(
t∗, y∗

)
= E

(
t∗, y∗

)
− E(tk, yk)+ E(tk, yk)

� E
(
t∗, y∗

)
− E(tk, yk)+ E(tk, y)+D(yk, y)

= E
(
t∗, y

)
+D

(
y∗, y

)
+
(
E(tk, y)− E

(
t∗, y

))

−
[
E(tk, yk)−D(yk, y)− E

(
t∗, y∗

)
+D

(
y∗, y

)]
.

Taking the lim infk→∞, using (A2) (i.e.,|∂tE |� CE ) and condition (5.8) we obtain the
desired result. �
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For an application to the delamination problem in Section 7.5 we use the following
result, which uses continuity ofE and some approximation property forD. This approxi-
mation property is weaker than the continuity assumed in Proposition 5.9. A similar idea,
but not in such an abstract setting, is used in [FL03], Theorem 2.1, and [DalFT05], where
the corresponding result is namedjump transfer lemma.

PROPOSITION5.11. Let (A1)–(A4) hold and assume thatE andD satisfy the following
condition:

For all (t, ŷ), (tk, yk) ∈ S[0,T ] with (tk, yk)
Y→(t, y),

there existŝyk ∈ Y such thatŷk
Y→ ŷ and

lim inf k→∞ E(tk, ŷk)+D(zk, ẑk)� E(t, ŷ)+D(z, ẑ).

(5.9)

Then, the setS[0,T ] is closed.

REMARK . For the case thatZ is a Banach space andD(z, ẑ) = ∆(ẑ − z) with c1‖z‖ �
∆(z) � c2‖z‖, we simply choosêyk = (ϕk, ẑ − z + zk). ThenD(zk, ẑk) = ∆(ẑ − z) =
D(z, ẑ), and the assumption holds ifE is continuous.

PROOF OFPROPOSITION5.11. Take any sequence(tk, yk) ∈ S[0,T ] with (tk, yk)
Y→ (t, y).

We have to show thaty ∈ S(t). For arbitraryŷ ∈ S(t) we choosêyk according to condi-
tion (5.9). Using the lower semicontinuity ofE andyk ∈ S(tk) we obtain

E(t, y)� lim inf
k→∞

E(tk, yk)� lim inf
k→∞

E(tk, ŷk)+D(yk, ŷk)� E(t, ŷ)+D(y, ŷ),

which is the desired stability result. �

If Y is a Banach spaceY , then it is often easy to show thatD is continuous with re-
spect to the strong topology. However, compactness is often only obtained in the weak
topology. Hence, it is desirable to know, under which conditions we can show convexity
of the stable setsS(t). The most important case involves a quadratic energyE(t, y) =
〈Ay,y〉 − 〈ℓ(t), y(t)〉 and a translationally invariant dissipation metricΨ = LIC∗ . As we
have seen in Section 2 we haveS(t) = A−1(ℓ(t) − C∗). Under suitable conditions on a
general dissipation distanceΨ :Y ×Y →[0,∞] (like (4.11)) it is still possible to show the
characterization

S(t)=
{
y ∈ Y

∣∣ 0∈ ∂Ψ (y,0)+Ay − ℓ(t)
}
,

and in some cases the convexity may be established from this. However, in general the
stable sets are not convex and fortunately this condition is not needed in Section 4 where
we always prove strong convergence.

EXAMPLE 5.12. LetY =R×H , whereH is a Hilbert space. Lety = (a,h) ∈X and

E(t, y)= 1

4

(
a2+ ‖h‖2)2− γ (t)a, ∆(y)=

√
a2+ ‖h‖2.
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Fig. 1. Visualizations of nonconvex stable sets.
Left: Example 5.12 withH =R. Right: Example 5.13 withY =R

2.

Then for γ (t1) = 2, it can be shown thatS(t1) is not convex and not weakly closed.
In fact, for anyh∗ with ‖h∗‖ = (3 · 53/216)1/6 we have((35/28)1/3, h∗) ∈ S(t1) but
((35/28)1/3,0) /∈ S(t1), see [MieT04], Example 5.5, and on the left in Figure 1.

EXAMPLE 5.13. In this exampleE is quadratic plus a characteristic function. LetY be a
Hilbert space with dimY � 2 and

E(t, y)= α

2
‖y‖2+ IBR(0)(y)−

〈
ℓ(t), y

〉
, Ψ (v)= ‖v‖.

Theny with ‖y‖ < R is stable if and only if‖αy − ℓ(t)‖ � 1. Fory with ‖y‖ = R the
boundary ofBR(0) enlarges the stable set. Stability holds if there existsγ ∈ [α,∞) such
that ‖γy − ℓ(t)‖ � 1. Thus, in the case‖ℓ(t)‖ �

√
1+ α2R2 we have the convex stable

setS(t)= {z ∈E: ‖αz− ℓ(t)‖� 1} ∩BR(0), which is the intersection of two balls. In the
case‖ℓ(t)‖>

√
1+ α2R2, we have

S(t) =
{
y ∈ BR(0) |

∥∥αy − ℓ(t)
∥∥� 1

}

∪
{
y | ‖y‖ =R,

∥∥(∥∥ℓ(t)
∥∥2− 1

)1/2
y −Rℓ(t)

∥∥�R
}

which contains a nonconvex part of the boundary of the sphere, see on the right of Figure 1.

5.3. An example of nonconvergence

Here we provide an example where the incremental problem (IP) is solvable and the asso-
ciated interpolants converge to a limitz∞ : [0, τ ]→Z . However, the limit is not a solution
despite the fact that the energetic problem (S) and (E) has many solutions.

Let (ℓ1,‖ · ‖1) and(c0,‖ · ‖∞) be the Banach spaces of absolutely summable sequences
and sequences converging to 0, respectively. ConsiderZ = {z= (z(j))j∈N ∈ ℓ1 | ‖z‖1 � 1},

E(t, z)=−
∞∑

j=1

z(j) −
〈
ℓ(t), z

〉
and D(z0, z1)= ‖z1− z0‖1,
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whereℓ ∈C1([0,3], c0) is given via

ℓ(t)=
∞∑

k=1

(
1

4

)k
ϕ
(
2kt
)
ek, whereek = (0, . . . ,0,1,0, . . .) ∈ c0

andϕ ∈C1(R) with supp(ϕ)= [12,1] andϕ(t) ∈ [0,1]. Hence‖ℓ(t)‖∞ � ct2 and for each
t ∈ [0,3] there existk ∈N andλ ∈ [0,1] with ℓ(t)= λek .

The stable sets can be easily computed, sinceE(t, ·) is linear:

ℓ(t)= 0 "⇒ S(t)=Z,

ℓ(t)= λek with λ ∈ (0,1) "⇒ S(t)=
{
z ∈Z

∣∣ z(k) = 1−
∥∥z− z(k)ek

∥∥
1

}
.

For the incremental problem (IP) we prescribe the initial conditionz0 = 0 andt0 = 0. In
the first step we have to minimize

z �→ E(t1, z)+D(0, z0)=−
〈
ê+ ℓ(t1), z

〉
+ ‖z‖1,

whereê = (1,1,1, . . .) ∈ ℓ∞. If ℓ(t1)= 0, then anyz1 ∈Z with z
(j)

1 � 0 for all j ∈N is a
minimizer. If ℓ(t1) = λ1en(1) with λ1 ∈ (0,1), then the unique minimizer isz1 = en(1).
Generically, for small time incrementst1 − t0 the second case occurs andn(1)→∞
for t1ց 0.

In the second step,ℓ(t2) = λ2en(2) with n(2) � n(1) andλ2 ∈ [0,1], and we have to
minimize

z �→ E(t2, z)+D(z1, z)=−〈ê+ λ2en(2), z〉 + ‖z− en(1)‖1.

It is easy to see thatz2= z1= en(1) remains the unique global minimizer, since forn(2) <
n(1) we have

E(t2, en(2))+D(en(1), en(2))

=−(1+ λ2)+ 2

> E(t2, en(1))+D(en(1), en(1))=−1+ 0.

Finally, for all further steps we findzk = en(1). Thus, for all partitionsΠ the piecewise
constant interpolantzΠ : [0, T ]→Z has the form

zΠ (t)= 0 for t ∈ [0, t1) and zΠ (t)= en(1) for t ∈ [t1,3],

wheren(1) is determined viaℓ(t1)= λ1en(1) and hence forf (Π)→ 0 we findn(1)→∞.
To study convergence, we fix the topology onZ as the weak∗ topology onℓ1 = c∗0.

Then,Z is a compact space, butE(t, ·) :Z → R is not weakly∗ lower semicontinuous.
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Even worse, the stable setsS(t) are not weakly∗ closed forℓ(t) = λek with λ ∈ (0,1).
However, we find

zΠm(t)
∗
⇀ 0 for all t ∈ [0,3].

Thus, the limit functionz∞ : [0,3] → Z with z∞(t) = 0 is well defined. Obviously,
z∞ solves (E) but the stability (S) fails for allt with ℓ(t) �= 0.

Nevertheless, (S) and (E) has many solutions. Choose anyz∗ ∈ Z with ‖z∗‖1 = 1 and
z
(j)
∗ � 0 for all j ∈ N. Definez : [0,3] → Z with z(0) = 0 andz(t) = z∗ for t > 0. Then

(S) holds sincez(t) ∈ S(t) for eacht ∈ [0,3]. Moreover, (E) holds sinceE(0, z(0)) = 0
and fort > 0 we have

E
(
t, z(t)

)
=−1−

〈
ℓ(t), z∗

〉
, DissD

(
z; [0, t]

)
= 1,

∫ t

0
∂sE
(
s, z(s)

)
ds =−

∫ t

0

〈
ℓ̇(s), z∗

〉
ds =−

〈
ℓ(t), z∗

〉
.

5.4. Formulations which resolve jumps

A major disadvantage of the global energetic formulation using (S) and (E) is that the
stability condition (S) is aglobal stability condition. Thus, jumps fromy− to y+ can oc-
cur despite the fact that any continuous pathỹ : [0,1] → Y from y0 to y1 would have
to pass a potential barrier higher thanE(t, y0), i.e., there is always ans ∈ (0,1) with
E(t, ỹ(s)) + D(y0, ỹ(s)) > E(t, y0). However, consideringcontinuous pathswe need to
specify a topology with respect to which we ask for continuity. This topology may be dif-
ferent fromT , which was used for the existence theory, it should rather be modeled on
physical grounds, or it should be chosen for mathematical convenience. In particular, it is
desirable to use semidistancesd :Y ×Y→[0,∞] such that the choiced =D is possible.

It was first proposed in [Mie03a] to study a version of the incremental problem, where
global minimization is replaced by a local one, namely inside a ball in thed-distance of
small radiusδ > 0,

(IP)δ yk ∈ Arg min
{
E(tk, y)+D(zk−1, z)

∣∣ y ∈ Y, d(yk−1, y)� δ
}
. (5.10)

Of course, it will be essential that the additional parameterδ tends to 0 slower than the
finenessf (Π) of the partition, e.g.,δ = f (Π)1/2. Then, the solutions of (IP)δ will display
standard rate-independent behavior in many regions but will have in between phases where
the solution performs a fast jump.

Following [Vis01] we define a rate-independent version ofΦ-minimal pathsas follows.
The set of arc-length parametrized paths is defined via

A(y0)=
{
(t, y) ∈C0([0,T ],R×Y

) ∣∣ t (0)= 0, y(0)= y0, t
′(τ )� 0 a.e.,

t (τ )+Dissd
(
y; [0, τ ]

)
= τ for all τ

}
,



524 A. Mielke

where Dissd is the dissipation associated with the new metricd . Thus, the curves inA(z0)

are parametrized by the arc-length variableτ instead of the usual process timet . In par-
ticular, we findt ′(τ ) ∈ [0,1] a.e. andd(y(τ1), y(τ2))� |τ1− τ2|. OnA(y0) we define the
mappingΦ :A(y0)→ L∞([0,T ]) via

Φ[t, y](τ )= E
(
t (τ ), y(τ )

)
+DissD

(
y; [0, τ ]

)
−
∫ τ

0

∂

∂t
E
(
t (τ ), y(τ )

)
t ′(τ )dτ,

then the path(t, y) ∈A(y0) is calledΦ-minimal, if (t, y)�Φ (t̂ , ŷ) for all (t̂ , ŷ) ∈A(y0),
where the relation�Φ is defined as follows. For two paths(t, y), (t̂ , ŷ) ∈A(y0) define the
time of “equality” via τ̃0

y,ŷ
= inf{τ ∈ [0,T ] | (t (τ ), y(τ )) �= (t̂(τ ), ŷ(τ ))}, then

(t, y)
Φ

�
(
t̂ , ŷ
)

⇐⇒ ∀τ2 > τ̃0
y,ŷ
,∃τ1 ∈ (τ̃0, τ2), Φ[t, y](τ1)�Φ

[
t̂ , ŷ
]
(τ1).

(5.11)

This formulation can be weakened and localized as follows. Define

M(t, y)= lim inf
ε→0

1

ε
inf
{
E(t, y)+D(y, ŷ)

∣∣ d(y, ŷ)� ε
}
.

Then(t, y) ∈A(y0) is calledlocallyΦ-minimal if

d

dτ
Φ[t, y](τ )�M

(
t (τ ), y(τ )

)
for a.a.t ∈ [0,T ]. (5.12)

The two above formulations are still derivative free in the sense that the underlying spaceY

does not need to have a differentiable structure, such that derivatives ofy : [0,T ]→ Y need
not be defined. Only the energetic, real-valued quantitiesE , DissD and Dissd need to be
absolutely continuous.

If the state spaceY has a differentiable structure, then we may assume that the dissipa-
tion distanceD and the semidistanced are generated by local metricsΨ : TY → [0,∞]
andη : TY → [0,∞], respectively. Moreover, we consider now solutions which are ab-
solutely continuous. Then, the condition(t, y) ∈A(y0) implies t ′(τ )+ η(y(τ), y ′(τ ))= 1
for a.a.τ ∈ [0,T ]. If additionallyE is differentiable iny, then

d

dτ
Φ[t, y](τ )=

〈
DE(t, y), y′

〉
+Ψ

(
y, y′

)
,

M(t, y)= inf
{〈

DE(t, y), v
〉
+Ψ (y, v)

∣∣ η(y, v)� 1
}
.

Thus, condition (5.12) can be reformulated via the combined functionalΨη : TY→[0,∞],

Ψη(y, v)=
{
Ψ (y, v) for η(y, v)� 1,

∞ else.
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We obtain the following differentiable version of (5.12):

0∈ ∂vΨη
(
y(τ), y′(τ )

)

+DyE
(
t (τ ), y(τ )

)
∈ T∗y(τ)Y,

0� t ′(τ )= 1− η
(
y(τ), y′(τ )

)
,

(5.13)

for a.a.τ ∈ [0,T ].
In [EfM04] this local formulation is investigated for the case thatY is a finite-

dimensional Banach spaceY and that both dissipation metrics are translation invariant
and nondegenerate, i.e., there exists ac > 0 such thatΨ (v), η(v) � c‖v‖ for all v ∈ Y . It
is shown that the piecewise linear interpolants of the solutions of the localized incremental
problem (IP)δ converge, after arc-length parametrization, to a solution of the first equation
in (5.13). In general, the limit function will not have arc-length parametrization, but it can
be reparametrized to provide a full solution of (5.13). Using a Young measure argument
it can be shown that the limit is always in arc-length parametrization if the two metrics
Ψ andη satisfy a certain compatibility condition (which holds for instance forη= Ψ ).

Moreover, it is shown in [EfM04], that (5.13) appears as a limit problem if the following
viscously regularized problem is considered:

0∈ ∂Ψε
(
ẏ(t)

)
+DE

(
t, y(t)

)
∈ Y ∗ for a.a.t ∈ [0, T ], (5.14)

whereΨε(v) = Ψ (v) + ε
2η(v)

2. Existence of solutionszε ∈ H1([0, T ], Y ) follows under
mild assumptions onE , since nowΨε grows quadratically, see [ColV90]. Reparametrizing
these solutions as above, one can show that the limits forε→ 0 exist and satisfy (5.13).

A similar arc-length reparametrization was used in [And95] for the surface friction
problem studied in Section 6.3. There, the differential inclusion 0∈ R(y(t), ẏ(t)) +
Ay(t)−ℓ(t) is solved for by using a delay in the form 0∈R(y(t−ε), ẏ(t))+Ay(t)−ℓ(t)
which produces a unique solutionyε. It is then shown that the reparametrized solutions
contain a subsequence which converges to a generalized solutions which, in the original
time t (not reparametrized) may have jumps.

5.5. Time-dependent state spacesY(t)

In some situations it is necessary to introduce time-dependent state spaces which arise
from time-dependent boundary conditions. In the most general situation we have a big
state spaceY on which the energy functionalE : [0, T ] × Y → R∞ and the dissipation
distanceD :Y × Y→ R∞ are defined. Then, the functionalE(t, ·) may be+∞ outside a
setY(t)⊂ Y , which may be defined via time-dependent Dirichlet conditions. The problem
is that in such situations it is not possible to satisfy condition (A2) concerning the time
derivative∂tE .

In continuum mechanics we often havey = (ϕ, z) ∈ F × Z = Y and the time-
dependence comes into play only through a setF(t) ⊂ F . Then, one may introduce a
transformationϕ(t) = Φt (ϕ̃(t)) such thatΦt mapsF̃ homeomorphically intoF(t) (e.g.,
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by subtracting the time-dependent boundary conditions). Then, one defines the transformed
energy

Ẽ(t, ϕ̃, z)= E
(
t,Φt (ϕ̃), z

)
for ϕ̃ ∈ F̃ , t ∈ [0, T ] andz ∈Z,

and the problem is reduced to the time-independent case. We refer to [FM05] for a careful
treatment of time-dependent Dirichlet boundary data in the case of small strains as well as
in the case of finite-strain elasticity.

However, in some situations this decoupling does not work and we now present a way
how this situation can be modeled via the energetic formulation. The stability condition is
easily transfered to the time-dependent case, as it is a static condition involving only one
time instant. However, for the energy balance we need a replacement of the power of the
external forces, previously written as∂tE(t, y).

For this purpose, we assume thatY is a Banach space and there exist a fixed subset
Ỹ ⊂ Y and invertible transformations

Φt :Y→ Y with Φt

(
Ỹ
)
= Y(t) for all t ∈ [0, T ].

We define the functionals̃E : [0, T ] ×Y→R∞ andD̃s,t : Ỹ × Ỹ→[0,∞] via

Ẽ(t, ỹ)= E
(
t,Φt (ỹ)

)
and D̃s,t (ỹ, ŷ)=D

(
Φs(ỹ),Φt (ŷ)

)
.

Hence, we introduce a time-dependent dissipation on the time-independent state spaceỸ .
Note that the solutions to be constructed have to lie inỸ , but the functional̃E is defined on
all of Y .

For all s, t ∈ [0, T ], we also define the transfer operators

Φ̃s,t :Y→ Y, ỹ �→Φ−1
t

(
Φs(ỹ)

)
,

which satisfy the evolution propertỹΦr,s ◦ Φ̃s,t = Φ̃r,t and, by the definitions, we find

D̃s,t

(
ỹ0, Φ̃r,t (ỹ1)

)
=D

(
Φs(ỹ0),Φr(ỹ1)

)
= D̃s,r(ỹ0, ỹ1) and

(5.15)
D̃s,t

(
ỹ, Φ̃s,t (ỹ)

)
= 0.

If D is generated from a dissipation metricΨ : TY→[0,∞], thenD̃s,t associates with the
time-dependent dissipation metric̃Ψ given by

Ψ̃ (t, ỹ, ṽ)= Ψ
(
Φt (ỹ),DΦt (ỹ)v − ∂tΦt (ỹ)

)
.

The main assumption on the model, replacing the former condition (A2), is now that for
each(t, ỹ) ∈ [0, T ] × Ỹ with Ẽ(t, ỹ) <∞ the functions �→ Ẽ(s, Φ̃t,s(ỹ)) is continuously
differentiable and

∃c(1)E , c
(0)
E > 0,∀s ∈ [0, T ],

∣∣∣∣
∂

∂s
Ẽ
(
s, Φ̃t,s(ỹ)

)∣∣∣∣� c
(1)
E

(
Ẽ(t, ỹ)+ c

(0)
E

)
. (5.16)
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We now define the power of external forces via

p̃(t, ỹ)= d

dt
Ẽ
(
t,Φ−1

t (w)
)∣∣∣∣
w=Φt (ỹ)

= d

ds
Ẽ
(
s, Φ̃t,s(ỹ)

)∣∣∣∣
s=t

.

EXAMPLE 5.14. Consider a smooth situation withY = R
N , E(t, y) = 1

2〈Ay,y〉 −
〈ℓ(t), y〉, Ψ (y, v) = Ψ̂ (v) andY(t) = b(t)+ V , whereV is an arbitrary, fixed subspace.
Hence, the variational inequality reads

0∈ ∂Ψ̂
(
ẏ(t)

)
+Ay(t)− ℓ(t)+ ∂IY(t)

(
y(t)

)
⊂R

N .

With y = Φt (ỹ) = b(t) + Q(t)ỹ, whereQ(t) ∈ Lin(V ,V ), we obtain Ẽ(t, ỹ) = E(t,

Φt (ỹ)) = 1
2〈Ãỹ, ỹ〉 − 〈ℓ̃(t), ỹ〉 + ẽ(t) with Ã(t) = QTAQ and ℓ̃ = ℓ − Ab. Using

˙̃A = Q̇TAQ+QTAQ̇ and ˙̃ℓ = ℓ̇−Aḃ we find

∂t Ẽ(t, ỹ)=
〈
AQ(ỹ + b)− ℓ, Q̇y

〉
−
〈
ℓ̇−Aḃ,Qỹ + b

〉
−
〈
ℓ, ḃ
〉
,

DẼ(t, ỹ)
[
Q−1(Q̇ỹ + ḃ

)]
=
〈
AQ(ỹ + b)− ℓ, Q̇y + ḃ

〉

and hence,

p̃(t, ỹ)= ∂t Ẽ(t, ỹ)−DẼ(t, ỹ)
[
Q−1(Q̇ỹ + ḃ

)]

=−
〈
ℓ̇,Qỹ + b

〉
=
〈
Aḃ− ˙̃ℓ ,Qỹ + b

〉
.

Thus, we see the two contributions of the power of the changing boundary conditions viaḃ

and the power of the external forces viaddt ℓ̃. Moreover, the rateQ̇ of the (unnecessary)
transformationQ(t) does not contribute to the power. Witha(t, ỹ) = DΦt (ỹ) ∂tΦt (ỹ) =
Q−1(Q̇ỹ + ḃ) the transformed system inV takes the form

0∈
(
Ψ̂
(
Q(t)

[ ˙̃y(t)− a
(
t, ỹ(t)

)])
+ Ã(t)ỹ(t)− ℓ̃(t)

)
∩ V ∗ ⊂ V ∗.

For fixed times, we define the setS(t) ⊂ Y(t) of stable states viaS(t) = {y ∈ Y(t) |
E(t, y)� E(t, ŷ)+D(y, ŷ) for all ŷ ∈ Y(t)} as well as the transformed set

S̃(t)=
{
ỹ ∈ Ỹ

∣∣ Ẽ(t, ỹ)� Ẽ(t, ŷ)+ D̃t,t (ỹ, ŷ) for all ŷ ∈ Ỹ
}
=Φ−1

t

(
S(t)

)
.

The dissipation of a curvẽy : [0, T ]→ Ỹ on the interval[r, s] ⊂ [0, T ] is defined via

DissD̃
(
ỹ, [r, s]

)

= sup

{
N∑

j=1

D̃τj−1,τj

(
ỹ(τj−1), ỹ(τj )

) ∣∣∣N ∈N, r � τ0 < τ1 < · · ·< τN � s

}
,
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such thaty : t �→Φt (ỹ(t)) ∈ Y(t) satisfies DissD(y; [r, s])= DissD̃(ỹ, [r, s]). We also de-
fine the power of the external forces in the original coordinates via

p(t, y)= p̃
(
t,Φ−1

t (y)
)

for y ∈ Y(t).

A simple application of the chain rule shows that, in the case thatY(t) is constant and
E(t, y) is differentiable int , we havep(t, y)= ∂tE(t, y) as expected.

The following two energetic formulations (S) and (E) and (S̃) and (̃E) are equivalent via
the transformationy(t)=Φt (ỹ(t)).

DEFINITION 5.15. A processy : [0, T ] → Y is called anenergetic solutionof the rate-
independent problem for(Y(t))t∈[0,T ], E andD, if (S) and (E) hold for allt ∈ [0, T ],

(S) y(t) ∈ S(t)⊂ Y(t);

(E) E
(
t, y(t)

)
+DissD

(
y, [0, t]

)
= E

(
0, y(0)

)
+
∫ t

0
p
(
s, y(s)

)
ds.

A processỹ : [0, T ] → Ỹ is called anenergetic solutionof the rate-independent problem
for Ỹ , Ẽ and(D̃s,t )0�s�t�T , if (̃S) and(̃E) hold for all t ∈ [0, T ],

(̃S) ỹ(t) ∈ S̃(t)⊂ Ỹ;

(̃E) Ẽ
(
t, ỹ(t)

)
+DissD̃

(
ỹ, [0, t]

)
= Ẽ

(
0, ỹ(0)

)
+
∫ t

0
p̃
(
s, ỹ(s)

)
ds.

The important point is that both energetic formulations are strongly related to their asso-
ciated time-incremental minimization problem (IP) and (ĨP), respectively. For a discretiza-
tion 0= t0 < t1 < · · ·< tN = T andy0 ∈ Y(0) we let ỹ0=Φ−1

0 (y0) and consider the two
incremental problems

(IP) yk ∈ Argmin
{
E(tk, y)+D(yk−1, y)

∣∣ y ∈ Y(tk)
}
. (5.17)

(ĨP) ỹk ∈ Argmin
{
Ẽ(tk, ỹ)+ D̃tk−1,tk (ỹk−1, ỹ)

∣∣ ỹ ∈ Ỹ
}
. (5.18)

Of course, these two incremental problems are equivalent viayk = Φtk (ỹk). The follow-
ing result shows that the basic a priori estimates for (ĨP) hold as in the case of a time-
independent dissipation distance, cf. Theorem 3.2.

THEOREM 5.16. If the above assumptions hold and̃y0 ∈ S̃(0), then every solution
(ỹk)k=1,...,N of (ĨP) satisfies the following properties.

(i) For k = 0, . . . ,N the stateỹk is stable at timetk , i.e., ỹk ∈ S̃(tk).
(ii) For k = 1, . . . ,N we have

∫ tk

tk−1

p̃
(
s, Φ̃tk,s(ỹk)

)
ds � ẽk − ẽk−1+ δ̃k �

∫ tk

tk−1

p̃
(
s, Φ̃tk−1,s(ỹk−1)

)
ds,
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whereẽj = Ẽ(tj , ỹj ) and δ̃k = D̃tk−1,tk (ỹk−1, ỹk).

(iii) WithE0= Ẽ(0, ỹ0)+ c
(0)
E we have

N∑

k=1

D̃tk−1,tk (ỹk−1, ỹk)�E0ec
(1)
E T

and

Ẽ(tk, ỹk)�E0 ec
(1)
E tk − c

(0)
E for k = 1, . . . ,N.

PROOF. For (i) use that̃yk minimizes and the triangle inequality. Forỹ ∈ Ỹ we have

Ẽ(tk, ỹk) � Ẽ(tk, ŷ)+ D̃tk−1,tk (ỹk−1, ỹ)− D̃tk−1,tk (ỹk−1, ỹk)

� Ẽ(tk, ỹ)+ D̃tk,tk (ỹk, ỹ).

To obtain the upper estimate of (ii) we useŷ∗ = Φ̃tk−1,tk (ỹk−1) ∈ Ỹ as a test function in (̃IP)
at thekth step and employ (5.15):

Ẽ(tk, ỹk)+ D̃tk−1,tk (ỹk−1, ỹk)− Ẽ(tk−1, ỹk−1)

� Ẽ
(
tk, ŷ

∗)+ D̃tk−1,tk

(
ỹk−1, ŷ

∗)− Ẽ(tk−1, ỹk−1)

= Ẽ
(
tk, Φ̃tk−1,tk (ỹk−1)

)
− Ẽ(tk−1, ỹk−1)+ D̃tk−1,tk

(
ỹk−1, Φ̃tk−1,tk (ỹk−1)

)

=
∫ tk

tk−1

d

ds
Ẽ
(
s, Φ̃tk−1,s(yk−1)

)
ds + 0=

∫ tk

tk−1

p̃
(
s, Φ̃tk−1,s(yk−1)

)
ds.

Similarly, we obtain the lower estimate in (ii) by usingŷ∗ = Φ̃tk,tk−1(ỹk) as a comparison
function in the stability condition for̃yk−1:

Ẽ(tk, ỹk)− Ẽ(tk−1, ỹk−1)+ D̃tk−1,tk (ỹk−1, ỹk)

� Ẽ(tk, ỹk)− Ẽ(tk−1, ŷ∗)− D̃tk−1,tk−1(ỹk−1, ŷ∗)+ D̃tk−1,tk (ỹk−1, ỹk)

= Ẽ(tk, ỹk)− Ẽ
(
tk−1, Φ̃tk,tk−1(ỹk)

)
−D

(
Φtk−1(ỹk−1),Φtk (ỹk)

)

+D
(
Φtk−1(ỹk−1), Φ̃tk (ỹk)

)

=
∫ tk

tk−1

d

ds
Ẽ
(
s, Φ̃tk,s(ỹk)

)
ds + 0=

∫ tk

tk−1

p̃
(
s, Φ̃tk,s(ỹk)

)
ds.

Estimate (iii) follows in the same way as shown in Section 3.3 by induction overk and
using (5.16) and the upper estimate in (ii). �

Following the lines of Section 5.1 it should be possible to develop a suitable existence
theory.
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5.6. Relaxation of rate-independent systems

Rate-independent systems can also be used to study systems which develop microstructure.
In mathematics, we say that a system develops microstructure if energy minimization for
a functionalI :Y→R∞ leads to infimizing sequences(y(j)), whose weak limity∞ does
not minimizeI. More precisely, we have

I
(
y(j)

)
→ α = inf

{
I(y) | y ∈ Y

}
, y(j)

Y→ y∞, and I
(
y∞
)
> α. (5.19)

This means that the sublevels ofI are not closed and the construction of minimizers via
infimizing sequences does not work. In fact, the existence of minimizers may fail. In such
a situation the functionalI is usually relaxed to a new functionalI : Y → R∞, which is
lower semicontinuous and, hence, has a global minimizery which is connected to the limit
y∞ from above and may also retain some information on the infimizing sequence(y(j)).

Since rate-independent problems are strongly connected to energy minimization via the
energetic formulation (S) and (E), a related philosophy may be applied to the associated
incremental problems. This was first observed in [OrtR99,OrtRS00] where the occurrence
of certain microstructures in plasticity was explained, see also [MiSL02,MiL03]. Indepen-
dently this idea was used for the derivation of evolution equations for shape-memory alloys
in [MieT99,MieTL02,The02,MieRou03]. The abstract framework presented here was de-
veloped in [Mie03b,Mie04a].

We return to the energetic formulation (S) and (E) via the functionalsE : [0, T ] × Y→
R∞ andD :Y × Y → R∞, where nowE andD need no longer be lower semicontinu-
ous. The motivation for the suggested relaxation relies on the incremental problem (IP),
see (3.4), which is in general no longer solvable due to formation of microstructure,
see (5.19). In this situation we suggest the following approximate incremental problem.

(AIP)ε
Givenε > 0 andy0 ∈ Y , find yεk ∈ Y with
E(tk, y

ε
k )+D(yεk−1, y

ε
k )� ε+ E(tk, y)+D(yεk−1, y) for all y ∈ Y .

(5.20)

Obviously, this problem has solutions for allε > 0. The difficult, remaining question is
how the solutionsyεk behave forε→ 0. As we have seen in the above example, we cannot
expect pointwise convergence but certain macroscopic quantities should have limits for
ε→ 0.

To define an abstract notion of relaxation we introduce a generalized convergence “
Y→”

on an enlarged spaceY, whose elements are denoted byy. This space is connected toY via
a continuous embeddingJ :Y �→ Y. Moreover, generalized functionalsE : [0, T ]×Y→R

andD : Y×Y→[0,∞] replace the elastic functionalE and the dissipation distanceD. The
relaxation must be such that the associatedrelaxed incremental problem(RIP) for an initial
datumy0 ∈ Y and the time discretization 0= t0 < t1 < · · ·< tN = T is solvable.

(RIP)
For giveny0 ∈ Y find, for k = 1, . . . ,N ,
yk ∈ Argmin{E(tk,y)+D(yk−1,y) | y ∈ Y}. (5.21)

We do not ask for the conditionsD(J (0, z0),J (0, z1))=D(z0, z1) andE(t,J (ϕ, z))=
E(t,ϕ, z). Hence, in general the relaxation will not be an extension.
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DEFINITION 5.17. A four-tuple(Y,J ,E,D) as defined above is called alower (or upper)
incremental relaxationof (Y,E,D) if the following four conditions hold.

(R1) Solvability: For eachy0 ∈ Y the relaxed incremental problem (RIP) has a so-
lution.

(R2) Approximation: J (Y) is dense inY.
(R3) Incremental consistency: If (yk)k=1,...,N solves (IP), thenJ (yk)k=1,...,N

solves (RIP); and if(yk)k=1,...,N satisfiesyk = J (yk) and solves (RIP), then
(yk)k=1,...,N solves (IP).

(R4)low Lower incremental relaxation: For each solution(yk)k=1,...,N of (RIP) there

exist solutions(yk)k=1,...,N of (AIP)ε with J (yεk )
Y→yk for ε→ 0.

(R4)upp Upper incremental relaxation: If J (yεk )
Y→yk and(yεk )k=1,...,N solves (AIP)ε,

then(yk)k=1,...,N solves (RIP).

Our definition implies that the relaxed problem has to be of the same energetic kind as
the original one; we just give up the clear distinction betweenϕ ∈ F andz ∈ Z . Condi-
tion (R1) forces us to consider only useful relaxations, namely those which have solutions.
If the original problem is already solvable, then we can chooseY = F × Z , E = E and
D = D, since no relaxation is necessary. Condition (R2) says that the new state spaceY
should not be unnecessarily big in the sense that everyy ∈ Y can be approximated by a

sequence(ϕε, zε)ε>0 of classical elements inF ×Z , i.e.,J (ϕε, zε)
Y→y for ε→ 0. Con-

dition (R3) is very important as it says that the relaxation must maintain classical solutions,
if they exist for (IP) or if they are found by solving (RIP). Conditions (R4)low and (R4)upp
link the rate-independent evolution of(F ×Z,E,D) to that of(Y,E,D) via the approxi-
mate incremental problem (AIP)ε.

Moreover, the relaxed incremental problem (RIP) can be interpreted as the incremental
problem associated to the following relaxed energetic formulation of a rate-independent
time-continuous problem: A functiony : [0, T ] �→ Y is a solution of therelaxed energetic
problemassociated with(Y,E,D), if (S) and (E) hold for all t ∈ [0, T ]:

(S) ∀ỹ ∈ Y, E
(
t,y(t)

)
� E(t, ỹ)+D

(
y(t), ỹ

)
;

(E) E
(
t,y(t)

)
+Diss

(
y; [0, t]

)
= E

(
0,y(0)

)
+
∫ t

0
∂sE

(
s,y(s)

)
ds,

where the relaxed dissipationDiss is calculated via the relaxed dissipation distanceD.
A further desirable property for relaxations is the consistency for the time continuous

problem.
(R5) Time-continuous consistency: If (ϕ, z) : [0, T ] �→ Y solves (S) and (E), thenJ ◦

y : [0, T ] �→ Y solves(S) and(E); and if y : [0, T ] �→ Y satisfiesy(t) = J (y(t))

and solves(S) and(E), theny : [0, T ] �→ Y solves (S) and (E).
The major question is how suitable relaxations can be constructed. This problem is still

unsolved. Following the ideas in [MieTL02] the abstract setting in [Mie03b,Mie04a] sug-
gest to do a separate relaxation forE andD independently and to use forY the set of

associated Young measures generated by the convergence “
Y→” in Y . It is then easy to
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show that conditions (R1)–(R3) hold. However, proving the validity of (R4)low or (R4)upp
is very difficult.

Another way to define relaxations for rate independent problems of the type (S) and (E)
is proposed in [The02]. This definition avoids totally the usage of incremental problems
but needs instead a sequence of approximation operatorsSn : Y �→ Y such that:

(R.i) For ally ∈ Y , we haveSn(J (y))
Y→y for n→∞.

(R.ii) For all t ∈ [0, T ] and ally ∈ Y, we haveE(t,Sn(y))→ E(t,y) for n→∞.
(R.iii) For all y0,y1 ∈ Y, we haveD(Sn(y0),Sn(y1))→D(y0,y1) for n→∞.

An application of this theory to phase transformations in elastic solids (see also Sec-
tion 7.3) is given in [The02], where it is also shown that for the problem under consid-
eration the relaxation axioms (R1)–(R3), (R5) and, most important, (R4)low are satisfied.
See also [ConT05] for a successful relaxation in a special situation in an elastoplastic prob-
lem at finite strains.

Formally, the same ideas were used in [MiSL02,MieTL02,HacH03,MiL03,KruO04,
RouK04], however, the proofs of the important condition (R4) is missing.

6. Nonassociated dissipation laws

The above energetic formulations have the major advantage that the dissipational forces
are derived from the dissipation potentialΨ . In the more nonlinear setting the energetic
formulation could be reduced to the stability condition (S) and the energy balance (E). In
several applications the dissipational forces are more general and we replace the subdiffer-
ential∂vΨ (y, ẏ) by a more general setR(y, ẏ) of dissipation forces. However, we will stay
in the framework of rate-independent systems, which means thatR(y, ·) is homogeneous
of degree 0.

Typical applications in mechanics occur in plastic behavior of materials, in particular,
for soils (cf. [vVd99,CeDTV02]), and in Coulomb friction for elastic bodies, where the
dissipation is proportional to the product of the modulus of the sliding velocity and the
normal pressure. Several new phenomena occur in such problems and so far the theory is
much less developed than for associated flow rules. New types of instabilities and bifurca-
tions occur [MarMG94,MarK99,MarP00,MarR02] as well as ill-posedness [VP96]. Some
positive results in nonassociated plasticity are obtained in [Mró63,BrKR98], but they are
restricted to the finite-dimensional case of point mechanics.

6.1. General setup

We consider a reflexive Banach manifoldY and assume that, for eacht ∈ [0, T ] and each
(y, ẏ) ∈ TY , a closed setR(t, y, ẏ)⊂ T∗yY for the dissipational forces is given. Rate inde-
pendence is encoded into the problem by the assumption thatR(t, y, ·) is homogeneous of
degree 0, i.e.,

∀γ > 0,∀(t, y, v) ∈ [0, T ] × TY : R(t, y, γ v)=R(t, y, v).
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In the framework of multivalued mappingsR(t, y, ·) : TyY→ P(T∗yY) we always find an
inverse operatorV(t, y, ·) : T∗yY→P(TyY) such that

σ ∈R(t, y, v) ⇐⇒ v ∈ V(t, y, σ ).

Rate independence now means that eachV(t, y, σ ) is a cone, i.e.,γ > 0 andv ∈ V(t, y, σ )

imply γ v ∈ V(t, y, σ ).
Moreover, the statey ∈ Y and the process timet ∈ [0, T ] determine the set of reac-

tion forcesΣ(t, y)⊂ T∗yY , which may also be multivalued. In the above energetic setting
we obviously haveR(t, y, v) = ∂vΨ (y, v), V(t, y, σ ) = ∂L(Ψ (y, ·))(σ ) andΣ(t, y) =
−DE(t, y). The problem to be solved is now the following differential inclusion:

For giveny0 ∈ Y find y ∈W1,1([0, T ],Y) with y(0)= y0 and
0∈R(t, y(t), ẏ(t))−Σ(t, y(t))⊂ T∗y(t)Y for a.a.t ∈ [0, T ]. (6.1)

Very often the forces are assumed to have the formΣ(t, y)=Σ0(y)+ℓ(t), then (6.1) takes
the more familiar form

ℓ(t) ∈R(t, y, ẏ)−Σ0(y)⊂ T∗y(t)Y . (6.2)

Using the inverseV we can also write (6.1) as

ẏ(t) ∈ V
(
t, y(t),Σ

(
t, y(t)

))
⊂ Ty(t)Y, (6.3)

where the composition of the multivalued mapsV andΣ is defined viaV(t, y,Σ(t, y)) :=
{v ∈ TyY | ∃σ ∈Σ(t, y): v ∈ V(t, y, σ )}.

A general theory for equations of the type (6.1) is not to be expected, since only ad-
ditional structures will enable us to develop a suitable existence and uniqueness the-
ory, see [AuC84]. One such structure arises from thermodynamics. The forces inR are
calleddissipative(also called pre-monotone in [Alb98,Che03]), if for allr ∈ R(t, y, v)

we have〈r, v〉 � 0. By 0-homogeneity ofR we may assume that there exists a function
Ψlow : [0, T ] × TY→[0,∞] which is 1-homogeneous and satisfies

∀(t, y, v) ∈ [0, T ] × TY,∀r ∈R(t, y, v), 〈r, v〉� Ψlow(v). (6.4)

If additionallyΣ is obtained as a (sub)differential of an energy functionalE , i.e.,Σ(t, y)=
DE(t, y), then any solution of (6.1) satisfies the energy inequality

E
(
t, y(t)

)
+
∫ t

0
Ψlow

(
s, y(s), ẏ(s)

)
ds � E(0, y0)+

∫ t

0
∂sE
(
s, y(s)

)
ds.

6.2. Existence theory

So far, the main approach to an existence theory for such problems is via the theory of
monotone operators in Hilbert spaces or accretive operators on general Banach spaces. In
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Theorem 2.3 we already gave one such result. IfY is a Hilbert space,R(y, v) = ∂Ψ (v)

with Ψ :Y → [0,∞] being 1-homogeneous and weakly continuous, andΣ0 :Y → Y ∗ is
Lipschitz continuous and strongly monotone, then (6.2) has a solution for suitable initial
data.

Note that the theory of monotone operators applied to (6.3) does not give anything new.
In fact, if M :Y → P(Y ) is a maximal monotone operator such that all setsM(y) are
closed convex cones, then maximality implies that the setK = {y ∈ Y | 0∈M(y)} is
convex and closed and equalsD(M). Moreover, for eachy ∈ D(M) monotonicity im-
pliesM(y)⊂ NK(y)= {v ∈ Y | 〈v|y − ŷ〉� 0 for all ŷ ∈K}. Hence, maximality implies
M = ∂IK . See [Alb98], Chapter 7, for rate-independent material models, which can be
transformed into this setting.

Here we want to discuss a more general result which is based on [Gui00,Che03]. If
y = (ϕ, z) ∈ F × Z = Y with an elastic, dissipationless partϕ, then usuallyR takes the
form R(ϕ, z, ϕ̇, ż) = {0} × Rz(z, ż) ⊂ F ∗ × Z∗ andΣ(t,ϕ, z) =

(Σϕ(t,ϕ,z)

Σz(t,ϕ,z)

)
. Using the

inverseVz of Rz, (6.1) may be written in the explicit form

0=Σϕ(t, ϕ, z) ∈ F ∗, 0∈ ż+ Vz
(
z,Σz(t, ϕ, z)

)
⊂ Z∗,

see [Che03], equation (CC). Assuming further thatΣϕ(t, ϕ, z)= 0 can be solved uniquely
for ϕ = φ(t, z), we may insert this into the second equation and we are left with a general
differential inclusion

0∈ ż(t)+B
(
t, z(t)

)
⊂ Z∗, z(0)= z0. (6.5)

This is a generalized form of (DI) (cf. (2.3)) which reads 0∈ ẏ + ∂I−C∗(Ay − ℓ(t)).
Moreover, the equation also includes equations of the type 0∈ ∂Ψ (ẏ) + Σ0(y) − ℓ(t),
which were treated in Theorem 2.3. For this, just use the Legendre transform to obtain
0∈ ẏ + ∂I−C∗(Σ0(y)− ℓ(t)). A closely related result was provided in [KuM97].

The following result is the abstract version of [Che03], Theorem 2.6.

THEOREM 6.1. Let Z be a Hilbert space andC∗ a closed convex subset ofZ∗. More-
over, assume thatΦ :Z∗→ Z∗ is a C1,Lip diffeomorphism(i.e., Φ, Φ−1, DΦ andDΦ−1

exist and are globally Lipschitz continuous). Moreover, let A :Z → Z∗ be bounded,
symmetric and positive definite(as in Section2). Finally assumeℓ ∈ C1,Lip([0, T ],Z∗).
If B in (6.5) has the formB(t, z) = B(Az − ℓ(t)) with the multivalued mapB(σ ) =
DΦ(σ)∗ ∂I−C∗(Φ(σ)), then(6.5)has for eachz0 with 0∈Φ(Az0− ℓ(0))+ C∗ a unique
solutionz ∈CLip([0, T ],Z).

Note that the equation has the form 0∈ ż+DΦ(σ)∗ ∂I−C∗(Φ(σ)), whereσ =Az−ℓ(t).
UsingΨ = LIC∗ this can be rewritten by the Legendre transform as

−Φ(σ) ∈ ∂Ψ
(
DΦ(σ)−∗ż

)
⇐⇒ 0∈R(σ, ż)+ σ

with

R(σ, v)=Φ−1(∂Ψ
(
DΦ(σ)−∗v

))
and σ =Az− ℓ(t).
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We see here, thatR(σ, v) is obtained by applyingΦ−1 to the convex set∂Ψ (DΦ(σ)−∗v),
which means thatR(σ, v) is not convex in general.

The Skorokhod problemforms another class of rate-independent systems with non-
associated flow rules, see [KreV01,KreV03]. It is classically formulated in a Hilbert space
using its scalar product, however, to stay consistent with the previous formulations we use
our general notation whereY is a Hilbert space with dualY ∗ andA :Y → Y ∗ is a positive
definite isomorphism. As in (2.29) we start with a polyhedral convex set

C∗ =
{
σ ∈ Y ∗

∣∣ ∀j = 1, . . . ,K: 〈σ,nj 〉� βj
}
⊂ Y ∗,

with βj � 0 and normal vectorsnj ∈ Y\{0}.
In contrast to the classical subdifferential equation (SF) or the classical differential in-

clusion (DI), ẏ ∈ NC∗(ℓ(t) − Ay) which is treated in Theorem 2.8, we do not use the
friction law ∂(LIC∗) but generalize it as follows. We define the multivalued operator
J :Y ∗→P({1, . . . ,K}) of active indices via

J (σ )=
{
j ∈ {1, . . . ,K}

∣∣ 〈σ,nj 〉 = βj
}

for σ ∈ C∗ and

J (σ )= ∅ for σ /∈ C∗.

Moreover, the reflection coneV :Y ∗→P(Y ) is given via vectorsm1, . . . ,mK ∈ Y\{0} as

V(σ )=
{ ∑

j∈J (σ )

µjmj

∣∣∣ µj � 0

}
.

Note thatmj = nj for all j impliesV(σ )= ∂IC∗(σ ). The inverseR of V reads

R(v)=
{
σ ∈ C∗

∣∣∣ ∃µj � 0: v =
∑

j∈J (σ )

µjmj

}
.

The Skorokhod problem can now be written in the following two equivalent and dual
forms:

0∈R
(
ẏ(t)

)
+Ay(t)− ℓ(t)⊂ Y ∗ or ẏ(t) ∈ V

(
ℓ(t)−Ay(t)

)
⊂ Y. (6.6)

We give an example of such a system in the next subsection.
Without loss of generality it is possible to assume further on thatY is finite-dimensional

and equal to span{m1, . . . ,mK , n1, . . . , nk}, since theA-orthogonal complement can be
decoupled like at the end of Section 2.4. The crucial property which has to be satisfied by
the vectors{m1, . . . ,mK , n1, . . . , nk} is

〈Amj , nj 〉> 0 for j = 1, . . . ,K, (6.7)

andℓ-paracontractivity. The set{Qj | j = 1, . . . ,K} containing the projections

Qj :Y → Y, y �→ 〈Ay,nj 〉
〈Amj , nj 〉

mj ,
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is calledℓ-paracontracting, if there exist a norm‖ · ‖ onY and a constantγ > 0 such that

∀y ∈ Y,∀j = 1, . . . ,K: ‖Qjy‖ + γ ‖Qjy − y‖� ‖y‖. (6.8)

The following results are established in [KreV01], Theorems 3.1 and 5.8. Further results
can be found in [KreV03], where the case of time-dependentβj is considered.

THEOREM 6.2. Let Y and m1, . . . ,mK , n1, . . . , nk be given as above and such that
(6.7)and (6.8)hold. Then, for eachℓ ∈W1,1([0, T ], Y ∗) and eachσ0 ∈ C∗, problem(6.6)
has a solutiony with y(0)=A−1(ℓ(0)− σ0) andy ∈W1,1([0, T ], Y ).

Under the additional transversality condition

∀J ′ ⊂ {1, . . . ,K}, dim span
{
nj
∣∣ j ∈ J ′

}
= dim span

{
mj

∣∣ j ∈ J ′
}

the solution is unique and(σ0, ℓ) �→ y is Lipschitz continuous fromC∗×W1,1([0, T ], Y ∗)
into W1,1([0, T ], Y ) as well as fromC∗ ×C0([0, T ], Y ∗) into C0([0, T ], Y ).

EXAMPLE 6.3. This simple example from queuing theory is taken from [KreV01], Sec-
tion 8, and it has the form of a Skorokhod problem.

With word andwpriv we denote the number of ordinary and privileged customers waiting
at a service point whose set of possible states is

W =
{
w = (word,wpriv) ∈ [0,1]2

∣∣word−wpriv � ctot
}
,

wherectot > 0 is the total capacity of the waiting room. The customers which arrived in the
time interval[0, t] is the inputℓ̃(t)= (ℓ̃ord(t), ℓ̃priv(t)) and the number of customers which
left the service point during[0, t] is ỹ(t), served or refused because of missing capacity.
Thus, we havẽy +w = ℓ̃. There are the two counters: O for ordinary customers and P for
privileged customers. The following service rules apply.

(i) All customers are served at their respective counters, which work with their maxi-
mal capacitiescord andcpriv, respectively, as long as there are customers.

(ii) If there is unused capacity at counter O, then it can be used by privileged customers.
(iii) If the waiting room is full, then for each refused privileged customer, there must be

at leastρ refused ordinary customers, whereρ > 0 is fixed.
Definec= (cord, cpriv) and the final variablesy(t)= ỹ(t)− tc andℓ(t)= ℓ̃(t)− tc, such

thatw(t)= ℓ(t)− y(t). The evolution ofy can be formulated as

ẏ(t) ∈ B
(
∂IW

[
ℓ(t)− y(t)

])
for a.a.t ∈ [0, T ];y(0)= y0,

whereB maps the cones{αnj | α � 0} into the cones{βmj | β � 0}, wheren1= (−1,0),
n2= (0,−1) andn3= (1,1) are the normal vectors at the edges ofW andm1= (−1,0),
m2= (1,−1) andm3= (ρ,1) are the reflection vectors.

The above theorem can be applied to show that this problem has a unique solution for
eachℓ ∈CLip([0, T ],R2) and eachy0 ∈ ℓ(0)−W .
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6.3. Dry friction on surfaces

The most important problem with nonassociated flow law is that of dry friction of elas-
tic bodies on surfaces. There are two mostly disjoint areas. The first case is the finite-
dimensional one which involves a structure composed of rigid bodies which are connected
with elastic interactions and may slide along given surfaces. The second case concerns an
elastic body which touches a surface along a part of its boundary and which is assumed to
have only small deformations such that linearized elasticity theory and linearized contact
laws can be used. However, in both cases the difficulty arises that the tangential frictional
force is proportional to the normal pressure. See [MarK99,AndK01,MarR02] for surveys
in this area.

In the first case the state of the structure is given by an elementy of a smooth,
finite-dimensional manifold̃Y . The contact surfaces are modeled via smooth constraints
cj : Ỹ→R, j = 1, . . . , p, such that the state space is given by

Y =
{
y ∈ Ỹ

∣∣ cj (y)� 0 for j = 1, . . . , p
}
.

We assume that the derivatives Dcj (y) do not vanish on the boundary piecesΓj = Y ∩
{cj (y)= 0}. Hence, the (outward) unit normal vectorsnj (y) ∈ T∗yY exist onΓj . Several of
the setsΓj may intersect in a lower-dimensional manifold, which just means that several
bodies of the structure are in contact.

The elastic interactions between the bodies are given through a smooth, time-dependent
energy functionalE : [0, T ]×Y→R. For simplicity, we assume that there are no frictional
forces other than the one arising ify(t) touches the boundary∂Y = Γ =⋃p

j=1Γj . For
(y, v) ∈ TyΓ we denote byR(y, v) the set of possible reaction forces of the boundary at
the given velocityv. Fory in the interior int(Y)= Y \Γ of Y , we simply setR(y, v)= {0}.
Then, the rate-independent friction problem takes the form

0∈R
(
y(t), ẏ(t)

)
+DE

(
t, y(t)

)
⊂ T∗y(t)Ỹ, (6.9)

and the friction law is implemented through specifyingR.
For each contact pointy ∈ Γj we specify a static friction coneRj (y)⊂ T∗yỸ which is

closed, convex and containsnj (y). If a single bodyyj ∈ R
d is in contact, this is usually

done by decomposing the reaction forcesrj ∈ T∗
yj

R
d into a tangential partrjt and a normal

partrjn = αnj (y) and by setting

Rj (y)=
{
rj = r

j
t + r

j
n
∣∣ ∣∣rjt

∣∣� µj (y)r
j
n
}
⊂ T∗

yj
R
d ,

whereµj (y) � 0 is the coefficient of (isotropic) friction for thej th body. To obtain now
Rj (y)⊂ T∗yỸ we simply fill in 0 for all reaction forces of the other bodies.

For situations in whichy ∈ Γ has several contacts, we make the assumptions that the dif-
ferent contacts do not influence each other. To describe this mathematically, we extend the
vectorsnj :Γj → T∗Y and the conesRj (y)⊂ T∗yY to all of Y by 0 and{0}, respectively.
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The tangential directionsT (y) and the outward normal conesN (y) are

T (y)=
{
v ∈ TyỸ

∣∣ 〈nj (y), v
〉
= 0 for j = 1, . . . , p

}
,

N ∗(y)=
{

p∑

j=1

αjnj (y)

∣∣∣ αj � 0

}
.

Additionally, we prescribe at eachy ∈ Γ a projectionP(y) which maps TyỸ ontoT (y).
The adjoint projectorP(y)∗ has the kernel span(N (y)) and it decomposes reaction forces
r ∈ T∗yỸ into its tangential partrt = P(y)∗r and its normal partrn= r − rt ∈N (y). With
this, we define the total static friction cone as the sum

R∗(y)=
p∑

j=1

Rj (y)=
{

p∑

j=1

rj

∣∣∣ rj ∈Rj (y)

}

of the conesRj (y), which gives again a closed, convex cone withN ∗(y) ⊂R∗(y), and
the velocity-dependent friction cone via

R(y, v)=
{{

r ∈R∗(y)
∣∣ v ∈ P(y)NR∗(y)(r)

}
if v ∈ T (y),

{0} if v /∈ T (y).

In particular, we haveR(y,0)=R∗(y) for the sticking particle. However, sliding can only
occur in that direction where the critical tangential force (relative to the normal force) is
reached.

The easiest example is̃Y = R
3, c1(y) = y3 andR1((y1, y2,0)) = {r | (r2

1 − r2
2)

1/2 �

µr3} and gives the time-dependent friction cone

R
(
(y1, y2,0), v

)

=





{0} for v3 �= 0,

R1(y1, y2,0) for v = 0,{
α
(
−µv1,−µv2, |v|

)
| α � 0

}
for v = (v1, v2,0) with |v|> 0.

(6.10)

Thus, it can be easily seen that there exists noΨ :R3→[0,∞] such thatR(0, v)= ∂Ψ (v).
There is a substantial body of work for this type of finite-dimensional friction prob-

lems, however, in most cases the inertia terms are used to regularize the problem, i.e., an
equation like 0∈M(t, y)ÿ +R(t, y, ẏ) + DE(t, y) is considered. We refer to [MarK99,
MarR02] for surveys and to [AndK97,MarPS02,PM03,MarR02,MarMP05] for some rele-
vant mathematical work. In [GaMM98] it was shown that in quasistatic problems even in
simple linear systems we have to expect jumps in the solution.

There is a way to reformulate the problem such that it almost looks like a rate-
independent system with a dissipation potential. Using the decomposition T∗

yỸ =
span(N (y)) ⊕ T ∗(y) with T ∗(y) = P(y)∗T∗yỸ we define, fory ∈ Y and rn ∈ N ∗(y),
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the set of possible tangential forces via

C∗(y, rn) =
{
rt ∈ T ∗(y)

∣∣ rn+ rt ∈R∗y
}

= P(y)∗
(
R∗(y)∩

{
r
∣∣ (1− P(y)

)∗
r = rn

})
.

Using this set we use the Legendre transform onT (y) to define the dissipation functional
Ψ (y, rn, ·) : TyỸ→[0,∞] via

Ψ (y, rn, v)= [LIC∗(y,rn)]
(
P(y)v

)
= sup

{〈
rt,P (y)v

〉 ∣∣ rt ∈ C∗(y, rn)
}
.

For rn /∈N (y) we haveC∗(y, rn)= ∅ and henceΨ (y, rn, ·)≡∞. Some elementary calcu-
lations show that ifv = P(y)v, thenr ∈R(y, v) is equivalent tort ∈ ∂vΨ (y, rn, y). Thus,
the friction laws are reduced to an associated flow law (a principle of maximal dissipation)
in the tangential direction, if the normal forces are considered to be given.

Note thatΨ is defined for all velocities, but only the tangential partvt = P(y)v con-
tributes. Thus,∂Ψ always includes the whole space span(N (y)), which is useful in the
following equivalent rewriting of (6.9)

0∈ ∂Ψ
(
y(t), σn(t), ẏ(t)

)
− σ(t)⊂ T∗yỸ,

whereσ(t)=−DE
(
t, y(t)

)
andσn=

(
1− P(y)

)∗
σ.

Thus, the structure is somewhat similar to the case of general dissipation metrics. However,
the main difficulty coming into play here is that the functionΨ which is built using the
normal vectorsn and the projectionsP is not continuous. Whenever a new contact arises
or a contact disappears, then there are jump discontinuities.

EXAMPLE 6.4. In [Mon93], Section 5.3, the following friction problem is solved. Let
Ỹ = R

3 andc1(y) = y3 which givesY = {y ∈R
3 | y3 � 0}. As an energy functional we

chooseE(t, y) = α
2 |y − ℓ(t)|2, where| · | denotes the Euclidean norm. The friction law

onΓ = ∂Y = {y3 = 0} is defined via (6.10) and the friction coefficient functionµ :Γ →
(0,µmax] with |µ(y)−µ(ỹ)|� β|y − ỹ| for y, ỹ ∈ Γ .

It is proved that the corresponding friction problem has for each loadingℓ ∈W1,1([0, T ];
R

3) and each equilibrated (i.e., stable) statey0 a solution y with y(0) = y0 and
y ∈W1,1([0, T ];R3), if additionally the smallness conditionβ‖ℓ3(·)‖∞ < 1 holds. Here
a statey0 is called equilibrated withℓ(0), if for ℓ3(0) � 0 we havey0 = ℓ(0) and for
ℓ3(0) > 0 we havey0

3 = 0 and|y0− (ℓ1(0), ℓ2(0),0)|� ℓ3(0)µ(y0).

Counterexamples to uniqueness and existence of solutions are given in [Kla90,Bal99],
and [GaMM98,And95] provides examples in which the solutions are in general not con-
tinuous. However, general systems of the type described above need much further study.

The second class of friction problems involves a linearly elastic body, which may touch
a surface with parts of its boundary. Throughout we assume small displacements since the
general case seems out of reach at the present stage of research. The first major steps in this
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field were done in [DuL76], where the static problem was solved and simplified evolution
variational inequalities were considered. The time-dependent problem was first studied
including inertia terms and sometimes viscoelastic damping, which keep the solution from
making undesirable jumps, see [MarO87,Kut97,Eck02,EckJ03]. Here we restrict ourselves
to the rate-independent case, which is usually called the quasistatic case in contrast to the
dynamic case.

The system consists of the elastic bulk energy1
2〈Au,u〉 − 〈ℓ(t), u〉, whereA :Y → Y ∗

is the usual symmetric elastic operator withY = H1
ΓD
(Ω)= {u ∈H1(Ω;Rd) | u|ΓD = 0},

whereΩ ⊂ R
d is a domain with Lipschitz boundary andΓD ⊂ ∂Ω , and 〈Au,u〉 =∫

Ω
Cijkl ∂iuj ∂kul dx � c‖u‖2

H1 for somec > 0. At a contact partΓc ⊂ ∂Ω , which has
positive distance fromΓD, the body may touch a given obstacle which is prescribed by
the functiong :Γc → R. Let ν be the normal vector on∂Ω , then there is no contact, if
the normal componentun= u·ν satisfiesun < g. Contact means that the penetration depth
un− g is nonnegative. Note that the tangential displacementut = u− unν is not involved
in the contact condition, since we are in a situation of small displacements.

The normal stress vectorσ ∈ R
d and its normal and tangential components at a point

x ∈ Γc are defined via

σ [u] =
(∑

ijk

Cijkl ∂iuj νk

)

l=1,...,d
,

σ [u]n= σ [u] · ν and σ [u]t = σ [u] − σ [u]nν.

In the case of normal compliance, one assumes that the penetration depth can become pos-
itive due to some elastic behavior of the obstacle. This induces a normal stress according
to a compliance law

−σ [u]n=H(x,un− g), whereH(x, δ)= 0 for δ � 0.

Usually one choosesH(x, δ) = λ(x)max{0, δ}m for suitable parametersλ,m > 0. Hard
Coulomb friction is modeled viaH(δ) = +∞ for δ > 0. Associated with this elasticity
law is the functional

H(u)=
∫

Γc

h
(
x,u(x)− g(x)

)
da(x), whereh(x,u)=

∫ u

0
H(x, δ)dδ.

The total stored energy now defines the energy functional

EH(t, u)=
1

2
〈Au,u〉 −

〈
ℓ(t), u

〉
+H(u).

As in the rigid-body case, the friction law is now specified best by a local dissipation
functionψ in the form

ψ(x,σn, v)=
{∞ for σn > 0,

−σnµ(x)|vt| for σn � 0.
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The friction law now asks the stress vectorσ and the velocityv to satisfyσt ∈ ∂Ψ (x,σn, v).
Thus, the whole problem can be written as a variational inequality using the stress-

dependent dissipation functional

Ψ (σn;v)=
∫

Γc

ψ
(
x,σn(x), v(x)

)
da(x)

in the following way,

〈
DEH(t, u), v − u̇

〉
+Ψ

(
σ [u]n;v

)
−Ψ

(
σ [u]n; u̇

)
� 0

for all v ∈ Y =H1
ΓD
(Ω). (6.11)

This model withH(δ) = λmax{0, δ}m andm ∈ [1, d
d−2) was treated in a series of pa-

pers [And91,And95,And99]. Under the assumption of small friction (‖µ‖L∞ ≪ 1) exis-
tence of solutions is shown. The approach follows exactly the one explained in Section 3.6
for general state-dependent dissipation metrics. The smallness of the friction coefficient
corresponds to the smallness ofψ∗ in (3.16), which controls the deviation from the convex
part obtained from the energy. Roughly spoken, the result is the one which one expects,
namely that for each loadingℓ= (fvol, fsurf) ∈W1,1([0, T ];L2(Ω;Rd)×H−1/2(∂Ω;Rd))

with ℓ(0) = 0 there exists a functionu ∈ W1,1([0, T ];Y) with u(0) = 0 such that
(6.11) holds a.e. on[0, T ].

The case of a real hard unilateral constraint withh(δ) = ∞ for δ > 0 is handled
in [And00], again using the smallness of the friction coefficientµ. Studying the solutions
of the compliance problem (6.11) for the compliance parameterλ tending to∞, it is shown
that the Coulomb friction problem has also a solution. Defining

Kg =
{
u ∈ Y | un|Γc � g

}
and E0(t, u)=

1

2
〈Au,u〉 −

〈
ℓ(t), u

〉
,

the variational inequality now reads withY =H1
ΓD
(Ω),

∀v ∈ Y,
〈
DE0(t, u), v − u̇

〉
−
〈
σn[u], vn− u̇n

〉

−Ψ
(
σ [u]n;v

)
−Ψ

(
σ [u]n; u̇

)
� 0, (6.12)

∀w ∈Kg,
〈
σn[u],wn− un

〉
� 0.

In fact, both inequalities can be put into one equation by introducing the potential
E∞(t, y)= E0(t, u)+ IKg (u),

0∈ ∂Ψ
(
σ [u]n; u̇

)
+ ∂E∞(t, u).

After doing some slight modifications and specifying the assumptions fully, it is shown in
[And00] that (6.12) has for eachℓ= (fvol, fsurf) and for each suitable initial data a solution
u ∈W1,1([0, T ], Y ) with u(t) ∈Kg for all t ∈ [0, T ].
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The case of large friction coefficientµ and normal compliance is handled in [And95].
For this the solution concept needs to be modified, since solutions will no longer be con-
tinuous and the variational inequality (6.11) has to be replaced by a more energetic formu-
lation.

7. Applications to continuum mechanics

To unify the presentation of the applications in continuum models we refrain from the
full generality and restrict ourselves to standard situations like, for instance, simple (dead)
loadings and time-independent Dirichlet boundary conditions. For time-dependent bound-
ary conditions we refer to [FM05], where they are treated with similar ideas as explained
in Section 5.5.

Throughout we will consider a bodyΩ ⊂R
d with d ∈ {1,2,3}, which is open, bounded

and has a Lipschitz boundary such that integration by parts and Sobolev embeddings are
available. The deformation isϕ :Ω→ R

d and we will useu :Ω→ R
d ;x �→ ϕ(x)− x to

denote the displacement in the case of linearized elasticity. For the general situation we
usey :Ω→ R

d to denoteϕ or u. In addition, there will be an internal variablez :Ω→
Z ⊂ R

m. The two constitutive functions are the stored-energy density (stress potential)
W :Ω ×Rd×d ×Z→R∞ and the dissipation potentialψ :Ω × TZ→[0,∞]. The latter
generates the dissipation distanceD :Ω ×Z×Z→[0,∞] such that the functionals have
the form

E(t, y, z)=
∫

Ω

W
(
x,Dy(x), z(x)

)
+ κ

r

∣∣Dz(x)
∣∣r dx −

〈
ℓ(t), y

〉
,

(7.1)

D(z0, z1)=
∫

Ω

D
(
x, z0(x), z1(x)

)
dx,

wheret �→ ℓ(t) denotes the loading which is considered as input data. We add the reg-
ularizing term κ

r
|Dz|r with suitabler > 1 which is also called “nonlocal” in mechanics

terminology. Forκ > 0 it provides helpful compactness properties.
Throughout the following subsections we will assume that the deformations or displace-

ments are taken from a spaceF =W1,p
ΓDir

(Ω;Rd) (denoted H1ΓDir
(Ω;Rd) for p = 2), where

ΓDir ⊂ ∂Ω is such that in the case of linearized elasticity Korn’s inequality holds inF , i.e.,
there exists a constantc > 0 such that

∀u ∈ F,
∥∥ε(u)

∥∥
Lp � c‖u‖W1,p , whereε(u)= 1

2

(
Du+ (Du)T

)
.

Here,ε(u) ∈ R
d×d
sym is called the linearized strain tensor. In the case of finite elasticity, we

only impose Poincaré’s inequality

∀ϕ ∈ F, ‖Dϕ‖Lp � c‖ϕ‖W1,p .

The different applications below differ in the form of the variablez and in the nonlin-
earities or nonconvexities in the functionsW andD. For instance, in elastoplasticityz will
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contain a plastic tensor inRd×d as well as hardening variables (Sections 7.1 and 7.2), in
shape-memory materialsz ∈ {z ∈ [0,1]m |∑m

1 z
(j) = 1} contains the portions of the phases

(Section 7.3), in ferromagnetic materialsz ∈ S
d−1 is the magnetization (Section 7.4), and

in damage problemsz ∈ [0,1] denotes the proportion of intact material [MieRou05]. There
are also applications, wherez is not defined on all ofΩ but only on hypersurfaces like in
delamination (Section 7.5) and in crack propagation (Section 7.6).

7.1. Linearized elastoplasticity

The theory of linearized elastoplasticity has been the major driving force for the theory of
rate-independent systems since the mid-1970s. So we give the main structure of the theory,
but refer to the huge list of references for further details, see, e.g., [HanR99] for a recent
monograph.

A bounded bodyΩ ⊂ R
d is subject to small deformations which are described by the

displacementu :Ω→R
d . As internal variables we havez= (εpl, q), whereεpl ∈R

d×d
0 =

{A ∈R
d×d | trA= 0,A=AT} is the plastic strain andq ∈R

n denotes hardening variables.
The stored-energy functional has the form

E(t, u, εpl, q)=
∫

Ω

1

2
A
(
ε(u)− εpl

)
:
(
ε(u)− εpl

)
+Q(εpl, q)dx −

〈
ℓ(t), u

〉
,

whereA is the (fourth-order) elastic tensor andQ :Rd×d
0 × R

n→ [0,∞) is a quadratic
form which describes hardening effects.

The dissipation functionalΨ takes the formΨ (ε̇pl, q̇) =
∫
Ω
ψ(ε̇pl(x), q̇(x))dx, where

ψ :Rd×d
0 ×R

n→[0,∞) is convex, 1-homogeneous and coercive.
Under the additional assumption that there is enough hardening, i.e., the quadratic

form Q is coercive, it is quite standard to apply the existence results of Section 2.3. For
this we choose

Y =H1
ΓDir

(
Ω;Rd

)
× L2(Ω;Rd×d

0

)
× L2(Ω;Rn

)
.

However, in most plasticity models the hardening is weaker. In particular, we have
Q(εpl, q)=Q(0, q), such that the energy is not coercive in the variablesε(u) andεpl, but
only in their differenceε(u)−εpl. In this situation, the dissipation can be used to controlεpl
as well, but more careful bookkeeping is necessary, see [Joh76,Suq81,HanR95,AlbeC00].
To explain the general approach we restrict ourselves to the case of von Mises plasticity,
whereq is a scalar hardening variable and the dissipation potential takes the form

ψ(ε̇pl, q̇)= s2|ε̇pl| for q̇ � s1|ε̇pl| and ψ(ε̇pl, q̇)=∞ else.

The elastic domain isC∗ = ∂ψ(0)= {(σ, r) ∈R
d×d
0 ×R | r � 0, |σ | + s1r � s2}. The en-

ergy density is given as above withQ(εpl, q)= s3
2 q

2. Here all the constantssj are strictly
positive. The dissipation distanceD is given viaD((ε0

pl, q
0), (ε1

pl, q
1)) = Ψ ((ε1

pl, q
1) −

(ε0
pl, q

0)).
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The arising difficulty is that neither the dissipation functionalΨ nor the stored energy
density are coercive in the sense assumed in the abstract Section 3. However, the sum of
stored and dissipated energies is coercive, namely for each(ε0

pl, q
0) the mapping

K(ε0
pl,q

0) : (u, εpl, q) �→ E(t, u, εpl, q)+Ψ
(
(εpl, q)−

(
ε0

pl, q
0))

satisfies eitherK(ε0
pl,q

0)(u, εpl, q)=∞ or

K(ε0
pl,q

0)(u, εpl, q)

�
a

2

∥∥ε(u)− εpl
∥∥2

L2 −
∥∥ℓ(t)

∥∥
H−1‖u‖H1 + s3

2
‖q‖2

L2 + s2
∥∥εpl − ε0

pl

∥∥
L1

if s1|εpl(x)− ε0
pl(x)|� |q(x)− q0(x)| for a.e.x ∈Ω . Using this pointwise constraint and

Korn’s inequality on H1ΓDir
(Ω;Rd), it is then easy to find constantsc,C0 > 0 such that

K(ε0
pl,q

0)(u, εpl, q)� c
(
‖u‖2

H1 + ‖εpl‖2
L2 + ‖q‖2

L2

)
−C0.

HereC0 depends only on(ε0
pl, q

0) andℓ(t).
Thus, we choose the underlying spaceY = Y = H1(Ω;Rd)× L2(Ω;Rd×d

0 )× L2(Ω),
which makesE andΨ weakly lower semicontinuous due to convexity. Fixing an initial
datum(u0, ε0

pl, q
0) ∈ Y , the abstract condition (A2) can be replaced by

∃c(0)E , c
(1)
E > 0: E(t, εpl, q) <∞ and Ψ

(
(εpl, q)−

(
ε0

pl, q
0))<∞

"⇒
∣∣∂tE(t, u, εpl, q)

∣∣� c
(1)
E

(
c
(0)
E + E(t, u, εpl, q)

)
.

Moreover, since∂tE(t, u, εpl, q) = −〈ℓ̇(t), u〉 is linear inu, it is weakly continuous. Fi-
nally, we can use the quadratic nature ofE to show that the stable sets are convex and
strongly closed, and hence weakly closed. Thus, existence can be deduced from Theo-
rem 5.2 using assumption (A7).

The case without any hardening, i.e.,s3= 0, is also called perfect plasticity. In this case
no a priori bounds inL2-spaces are possible, but the dissipation providesL1-bounds. Since
this space is not weakly closed, one is led to considerεpl as a bounded measure andu in the
set ofbounded deformations, whereε(u) is a bounded measure, see [TeS80,Suq81,EbR04,
DalDM04].

For the further rich literature in linearized elastoplasticity we refer to [Alb98,HanR99]
and the references therein.

7.2. Finite-strain elastoplasticity

While the theory of linearized elastoplasticity is well developed in terms of existence and
uniqueness results and also provides reliable and efficient finite-element discretizations,
there is a big lack of theory for the case of finite-strain elastoplasticity.
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The reason is that the linearized theory is based on the additive decomposition

ε = 1

2

(
Du+DuT)= εelast+ εplast,

which is well suited for methods in linear functional analysis, whereas the finite-strain
theory is based on themultiplicative decomposition

F =Dy = FelastP with P = Fplast. (7.2)

The main feature here is that the nonlinearities arise from the multiplicative group of in-
vertible matrices. (In finite-strain elasticity this is also called geometrically nonlinear elas-
ticity.) The main open question is to understand the interaction of functional analytical
tools, mainly based on linear function spaces, and these algebraic nonlinearities.

At the present stage there are only very little results in this direction. In [Nef03] a lo-
cal existence result for a viscously regularized director model is obtained. For the rate-
independent setting there is a series of negative result, in the sense that it is shown that
the incremental problem (IP) studied in Section 3 does not have solutions in general,
see [OrtR99,OrtRS00,CaHM02,HacH03,Mie03a]. This mathematical difficulty is also ob-
served in experiments where the dislocations accumulate on interfaces which have mi-
crostructure. Here we want to address some results in the positive direction, namely where
it is possible to establish existence of solutions for (IP) for an arbitrary number of steps, see
[Mie02,Mie03a]. However, the limit for the time step tending to 0 is not yet understood.

To be more specific, lety :Ω→ R
d be the deformation of the bodyΩ ⊂ R

d . The en-
ergy E stored in a deformed body depends only on the elastic strainFelast= DyP−1 of
the deformation tensor and on suitable hardening variablesp ∈ R

n. But it is not allowed
to depend on the plastic strainP = Fplast, which is contained in SL(Rd)= {P | detP = 1}
or another Lie groupG contained in GL+(Rd)= {G ∈ Lin | detG> 0}. The energy func-
tional takes the form

E
(
t, y, (P,p)

)
=
∫

Ω

W
(
x,Dy(x)P (x)−1,p(x)

)
dx −

〈
ℓ(t), y

〉

with external loading〈ℓ(t), y〉 =
∫
Ω
fext(t, x) · y(x)dx +

∫
Γ
gext(t, x) · y(x)da.

To model the plastic effects one prescribes either a plastic flow law or, equivalently,
a dissipation potentialψ :Ω × T(G×R

m)→[0,∞], which generates the global dissipa-
tion distanceD(x, ·, ·) on G× R

m. Thus, the second ingredient of the material model is
the dissipation distance between two internal stateszj = (Pj ,pj ) :Ω→ SL(d)×R

m

D(z1, z2)=
∫

Ω

D
(
x,
(
P1(x),p1(x)

)
,
(
P2(x),p2(x)

))
dx.

The main assumption in plasticity theory is that the actual plastic tensorP does not
appear in the constitutive laws. Changes ofP can only influence the forces through the
hardening variable. Thus, the dissipation potentialψ and the dissipation distanceD have
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to satisfyplastic invariance, namely

ψ
(
x, (P,p),

(
Ṗ , ṗ

))
=ψ

(
x, (1,p),

(
Ṗ P−1, ṗ

))
,

D
(
x, (P1,p1), (P2,p2)

)
=D

(
x, (1,p1),

(
P2P

−1
1 ,p2

))
.

This symmetry leads naturally to a logarithmic behavior ofD which contradicts any con-
vexity properties.

Allowing for finite strains we are forced to abolish convexity of the stored-energy den-
sityW . Instead it has to be polyconvex or quasiconvex and frame indifferent, see [Bal77].
These notions work well together with the philosophy thatF = Dy is an element
of GL+(Rd), i.e., we setW(F)=∞ for detF � 0.

The associated incremental problem (IP) has the form

(yk,Pk,pk)

∈ Arg min
{
E(tk, y,P,p)+D

(
(Pk−1,pk−1), (P,p)

) ∣∣ y ∈F , (P,p) ∈Z
}
,

where the spacesF andZ still need to be specified. Typical choices areF = yDir +
W

1,qy
ΓDir

(Ω;Rd) andZ is a subset of LqP (Ω;Rd×d)×Lqp (Ω;Rm). Under suitable assump-
tions onW andD it is then possible to prove coercivity, but there is no hope to proof weak
lower semicontinuity in the variableP .

The crucial observation in [CaHM02,Mie03a,Mie04b] is that weak lower semicontinuity
is by far not needed to prove existence of minimizers for (IP). The point is thatz= (P,p)

appears only pointwise under the integral. Thus, the minimization can be done pointwise
in x ∈Ω . This leads to thecondensed energy densityW cond as defined in Section 3.4,

W cond(Pold,pold;x,F )
=min

{
W
(
x,FP−1,p

)
+D

(
x, (Pold,pold), (P,p)

) ∣∣ (P,p) ∈G×R
m
}
.

Plastic invariance is inherited in the form

W cond(Pold,pold;x,F )=W cond(1,pold;x,FP−1
old

)
.

In [Mie04b] it is shown that under the usual technical assumptions onW andD the solv-
ability of (IP) can be shown, if additionally the following conditions hold:

(a) W cond((1,p∗);x, ·
)
:Rd×d →R∞ is polyconvex,

(b) W cond((1,p∗);F
)
� c|F |qF −C and

(7.3)
D
(
(1,p∗), (P,p)

)
� c|P |qP −C,

(c)
1

qF
+ 1

qP
�

1

qy
<

1

d
.
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The major problem with these assumptions is that in practice onlyW andψ are given
andW cond andD are defined implicitly. In particular, condition (7.3)(a) is difficult to
check. By now, only one nontrivial model is known, which is only two-dimensional,
see [Mie04b], Section 4. On the one-dimensional setting withG = GL+(R1) = (0,∞)

the solvability of (IP) is rather straightforward, since polyconvexity equals convexity. Even
the convergence of the solutions of (IP) to solutions of (S) and (E) can be shown, see
[Mie04b], Sections 5 and 6.

In microscopical models for finite-strain elastoplasticity it is often desirable to introduce
regularizing (also called nonlocal) terms, which generate a small length scale which stops
formation of microstructure. One typical term of this kind is(curlP)P T, which is also
called the dislocation-density tensor. In [MieM05] it is shown that the functional

(y,P ) �→
∫

Ω

W
(
DyP−1)+D(P )+ κ

r

∣∣(curlP)P T
∣∣r dx

is weakly lower semicontinuous on W1,qy (Ω;Rd)× LqP (Ω;SL(Rd)), if both,W andD,
are polyconvex. Based on this result, existence for (IP) is established.

7.3. Phase transformations in shape-memory alloys

Over the last decade the shape-memory effect became important in many mechanical and
medical applications. Thus, the need of good models for simulation and optimization of
such materials arises. The energetic formulation (S) and (E) was in fact developed for
models of phase transformations induced by stress or strain, rather than by temperature
changes, cf. [MieT99,MieTL02]. For such isothermal cases the energetic formulation is a
tool which can model the static behavior quite well, but the dynamical effects are modeled
only crudely. The dissipation potential is fitted phenomenologically to obtain the desired
hysteresis loops.

We assume that in each microscopic pointx ∈Ω the shape-memory material is free to
choose one ofm crystallographic phases, denoted by{e1, . . . , em} ∈R

m, and that the elastic
energy densityW is then given byW(Dϕ, ej ). If the model is made on the mesoscopic
level, then the internal variables are phase portionsz(j) ∈ [0,1] for thej th phase. We set

Z =
{
z ∈ [0,1]p ⊂R

m

∣∣∣∣
m∑

1

z(j) = 1

}
and Z = L1(Ω;Z)⊂ L1(Ω;Rm

)
.

The material properties are given via amixture function(also called cross-quasiconvexifi-
cation)W :Rd×d ×Z→ [0,∞], see [MieTL02,GoMH02]. The dissipation can be shown
to have the formD(z0, z1) = ψ(z1 − z0) with ψ(v) = max{σm · v | m= 1, . . . ,M} �
Cψ |v|, whereσm ∈ R

p are thermodynamically conjugated threshold values. The deriva-
tion of this model is, in fact, a special case of the relaxation described in Section 5.6.

In the case of no regularization term, i.e.,κ = 0 in (7.1), we are unable to prove existence
results for this model in its full generality. The mixture functionW is constructed as a re-
laxation, which means that the associated energy functional is weakly lower semicontinu-
ous on W1,p(Ω,Rd)× L1(Ω,Z). ClearlyD is convex and weakly lower semicontinuous.



548 A. Mielke

Thus, our abstract conditions (A1)–(A5) can be satisfied easily. However, condition (A6)
(weak continuity ofD) does not hold. The weak continuity of∂tE in condition (A7) also
holds, but the weak closedness of the stable setsS(t) seems to be wrong in general. Hence,
in general we are able to prove existence of solutions for the incremental problem (IP), but
the convergence of the piecewise constant interpolants to solutions of the energetic formu-
lation (S) and (E) is still open. However, the case with only two phases(m= 2) has been
treated in [MieTL02] under the additional assumption that the elastic behavior is linear
and both phases have the same elastic tensor. The missing closedness of the stable sets is
shown via an explicit representation of the set in terms of a pseudo-differential operator of
order 0 and a finite number of quadratic inequalities which have to hold pointwise. Then,
a careful analysis using H-measures (cf. [Tar90]) shows that the nonconvex setsS(t) are
weakly closed.

The situation is much better if a regularizing termκ
r
|Dz|r , with r � 1 andκ > 0, is

added to the stored energy. In this case the underlying space can be chosen asF ×Z , with
F =W1,p

ΓDir
(Ω,Rd) andZ =W1,r (Ω,Rm)∩L1(Ω,Z) equipped with the weak topologies

in both cases. Conditions (A1)–(A5) remain valid but now (A6) also holds since W1,r (Ω) is
compactly embedded into L1(Ω) andD is strongly continuous on L1(Ω,Z). Such regu-
larizations are used in [Rou02,ArGR03,MieRou03,FM05].

In [Mai05] a microscopic model without phase mixtures is considered, i.e., we assume
z ∈ Zp := {e1, . . . , em} ⊂ R

m, whereej is the j th unit vector. The subscript “p” stands
for “pure” phases, and the functionsz ∈ Zp = {z ∈ BV(Ω,Rm) | z(x) ∈Zp a.e. inΩ} are
like characteristic functions which indicate exactly one phase at each material point. The
dissipation is assumed as above, but now the elastic energy contains an additional term
measuring the surface area of the interfaces between the different regions

E(t, ϕ, z)=
∫

Ω

W(Dϕ, z)dx + κ

∫

Ω

|Dz| −
〈
ℓext(t), ϕ

〉
,

where κ is a positive constant and the total variation ofz over Ω is
∫
Ω
|Dz|, which

equals
√

2 times the area of all interfaces. Thus, the underlying spaceY = F × Zp is
defined withF as above andZp is equipped with the weak∗ topology, i.e., the measure
Dz is tested with functions in C0(	Ω). Again we have a compact embedding of BV(Ω)

into L1(Ω), which shows thatZp is a weakly∗ closed andD is weakly∗ continuous onZp.
We refer to [Mai05] for details.

A totally different approach to shape-memory materials is given in [AurP02]. This model
is isotropic and uses the linearized strain tensorε(u)= 1

2(∇u+ (∇u)T). The internal vari-
able is the mesoscopically averaged transformation strain, namely

z ∈ Z =R
d×d
0 =

{
A ∈R

d×d | trA= 0
}
.

For a given fixed temperature, the stored-energy densityW takes the form

W(ε, z)= 1

2
A(ε− z) : (ε− z)+H(z)

with H(r)= c1|z| + c2|z|2+ I{|z|�c3}(z).
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The dissipation potential is given simply byψ(ż)= c4|ż|. Thus, the functionals

E(t, u, z)=
∫

Ω

W
(
ε(u), z

)
dx −

〈
ℓ(t), u

〉

and

D(z0, z1)=
∫

Ω

c4
∣∣z1(x)− z0(x)

∣∣dx

are convex and weakly lower semicontinuous on the Hilbert spaceY = H1
ΓDir

(Ω;Rd) ×
L2(Ω;Z). (Throughout the constantscj are positive.) Moreover,E(t, ·) is uniformly con-
vex, which implies that the incremental problem (IP) has unique solutions and that these
solutions satisfy an a priori Lipschitz bound in time, see Section 3.5. However, our theory
does not provide existence of solutions. For the existence proof in the convex case we lack
the necessary smoothness (see Theorem 4.3) whereas for the nonsmooth case we lack the
suitable compactness (see (A6) or (A7) in Theorem 5.2).

However, a slight modification and a regularization make the problem accessible for our
general theory, see [AurMS05]. We replace the special functionH by a smooth versionHρ

which satisfies

H ∈C3(Z,R),H uniformly convex and

∃c,C > 0,∀z ∈Z: c|z|2 �H(z)� C|z|2.

Moreover, we require that forz fixed Hρ(z)→ H(z) if ρ ց 0. As an example we may
choose

Hρ(z)= c1
(√

ρ2+ |z|2− ρ
)
+
(
c2+

1

ρ
h

(
1

ρ

(
|z|2− c2

3

)))
|z|2,

where

h(s)= es

1+ es
.

Moreover, we add a spatial regularization and obtain the energy functional

Eρ(t, u, z)=
∫

Ω

1

2
A
(
ε(u)− z

)
:
(
ε(u)− z

)
+Hρ(z)+

ρc5

2
|Dz|2 dx.

Now the suitable function space isY =H1
ΓDir

(Ω;Rd)×H1(Ω;Z) which, on the one hand,
makesD weakly continuous (cf. (A6)) and, on the other hand, makesEρ uniformly convex
and C3. Thus, now both abstract existence results are applicable. In particular, one obtains
a unique solution for the associated energetic formulation (S) and (E) and the solutions of
the incremental problem (IP) converge strongly like

√
stepsize.
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Note that the smoothness ofHρ is not enough to guarantee smoothness ifc5= 0. Then,
the suitable space for uniform convexity is again H1× L2 as above. However, a functional

H : L2(Ω,Z)→R, z �→
∫

Ω

h∗
(
z(x)

)
dx

is C3 if and only if h∗ :Z→R is a quadratic functional.

7.4. Models in ferromagnetism

Hysteretic effects in ferromagnetism were one of the driving forces in the development of
hysteresis operators like the Preisach operator as a superposition of many relay operators,
see [Vis94], I.4 and IV. These models are mainly used for mean field models, which replace
the continuum by a system with a finite number of degrees of freedom. Here we want to
propose a continuum model with infinitely many degrees of freedom. Thus, we use simpler
hysteresis operators which will also generate complicated hysteretic behavior because of
spatial variations of the internal variable.

In ferromagnetism we are interested in the interplay between elastic effects and magnetic
effects, sometimes also called magnetostriction since magnetic fields may deform a body.
The models described here and studied in [EfM05] lie in between the parabolic and hyper-
bolic models considered in [Vis94,Vis05] and the purely static models in [DeS93,DeSJ02].
Thus, our models describe the statics as good as the latter works but our dynamics are not
as good as in the former ones.

For simplicity, we assume small strains and use the linearized strain tensorε(u). The
internal variable is the magnetizationz ∈ Z = S

d−1 = {z ∈R
d | |z| = 1}. More standard

notations for the magnetization are the symbolsm andM , but we stay withz to remain
consistent with the other parts of this chapter. The functional of the stored energy takes the
form

E(t, u, z) =
∫

Ω

W
(
ε(u), z

)
+ κ2

2
|Dz|2 dx +

∫

Rd

µ0

2
|∇φz|2 dx

−
〈
ℓmech(t), u

〉
−
〈
µ0Hext(t), z

〉
,

whereℓmech(t) denotes the mechanical loading,Hext(t) is the external magnetic field sat-
isfying divHext= 0. The stored energy densityW contains information on the interaction
between the elastic behavior and the magnetic directions andκ > 0 is the exchange length
which gives the thickness of the domain walls.

The potentialφz describes the field induced by the magnetization inside the body, i.e., the
magnetic flux isB = µ0(H +EΩz) with H =Hext−∇φz. HereEΩ denotes the operator
which extends a function onΩ by 0 to all ofRd . Thus, divB = 0 yields the definition ofφz
as a solution of

div(−∇φz +EΩz)= 0 on R
d .
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Of course,φz is defined only up to a constant, butĜ : L2(Ω,Rd)→ L2(Rd ,Rd), z �→ ∇φz,
is a bounded linear operator. Moreover,G : z �→ (Ĝz)|Ω is an orthogonal projection
on L2(Ω,Rd) satisfying

∫
Rd |∇φz|2 dx =

∫
Ω
z · (Gz)dx, see [DeS93].

In addition to the stored energy we define a dissipation distance via a metric on
Z = S

d−1. The simplest distance which respects the geometry is

D(z0, z1)=
δ

π

arccos(z0 · z1) giving D(z0, z1)=
∫

Ω

D
(
z0(x), z1(x)

)
dx.

Using these functionals with a suitableW and the space

Y =H1(Ω,Rd
)
×
{
z ∈H1(Ω,Rd

) ∣∣ ∣∣z(x)
∣∣= 1 a.e.

}
,

it is shown in [EfM05] that forκ > 0 the energetic formulation (S) and (E) has a solution.
Again the crucial compactness condition (A6) is satisfied.

In [Vis05] the bulk energyW and the exchange energy are neglected (i.e.,κ = 0). More-
over, the models are considered to be mesoscopic andz is considered to be a mesoscopic
average satisfyingz ∈Z = {z ∈Rd | |z|� 1}. Thus, the energy reduces to

E0(t, z)=
∫

Rd

µ0

2
|∇φz|2 dx +

∫

Ω

IZ
(
z(x)

)
dx − 〈µ0Hext, z〉.

The dissipation is taken to be in the formψ(z, ż)= ψ̂(ż), sinceZ is a closed convex subset
of R

d . With these assumptions the problem is convex and using the formula DE0(t, z)[z̃] =
µ0(Gz−Hext)=−µ0H |Ω we find the subdifferential formulation which is equivalent to
(S) and (E), namely

0∈ ∂ψ̂
(
ż(t, x)

)
+ ∂IZ(z)−µ0(Hext−∇φz) for a.a.(t, x) ∈ [0, T ] ×Ω.

In [Vis05] a “scalar relay” is used which corresponds to the choiceψ̂(ż)= δ0ż · θ + (δ0+
δ1)|ż · θ | with δ0, δ1 > 0 and a given vectorθ ∈ S

d−1. Existence and uniqueness results for
parabolic versions (not rate-independent) of this problem are then established.

7.5. A delamination problem

In this section we provide a simple model for rate-independent delamination and refer
to [KoMR05] for a better model and the detailed analysis. Thus, we remove all unnecessary
distractions and focus the attention on the interplay of the different continuity properties in
the suitable topologies.

The bodyΩ ⊂ R
d consists of several pieces which are glued together at certain inter-

faces. The model is based on the assumption that sufficiently strong forces can destroy the
glue. To be precise, we assume that int(cl(Ω)) differs fromΩ by a finite set of sufficiently
smooth hypersurfacesΓj , j = 1, . . . , n, along which parts of the body are glued together.
This means that withΓ :=⋃n

j=1Γj we have int(cl(Ω)) =Ω ∪ Γ andΩ ∩ Γ = ∅. The
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two sides of the body are glued together along these surfaces with a glue that is softer
than the material itself. Upon loading, some parts of the glue may break and thus lose their
effectiveness. The remaining fraction of the glue which is still effective is denoted by the
internal state functionz :Γ →[0,1].

We letZ = {z :Γ →[0,1] | z measurable} ⊂ L1(Γ ). The dissipation distancẽD(z0, z1)

is proportional to the amount of glue that is broken from statez0 to statez1,

D̃(z0, z1)=
∫

Γ

ψdelam
(
z1(y)− z0(y)

)
da(y)

with ψdelam(v)=−κv for v � 0 and+∞ else.

Here we explicitly forbid the healing of the glue by settingψdelam(v) equal to∞ for v > 0.
The energy is given by the elastic energy in the body, the elastic energy in the glue and

the potential of the external loadings

E(t, ϕ, z)=
∫

Ω

W(Dϕ)dx +
∫

Γ

z(y)Q
(
y, �ϕ�Γ (y)

)
da(y)−

〈
ℓext(t), ϕ

〉
,

where fory ∈ Γ the vector�ϕ�Γ (y) denotes the jump of the deformationϕ across the
interfaceΓ andQ(y, ·) is the potential defining the elastic properties of the glue.

For simplicity we assume further thatW is coercive and provides linearized elasticity
and thatQ is quadratic as well. Then there is a unique minimizerϕ = Φ(t, z) ∈ F :=
{φ ∈H1(Ω,Rd) | φ|ΓDir = ϕDir} of E(t, ·, z). We letY = H1

ΓDir
(Ω,Rd)× Z be equipped

with the weak topology of H1ΓDir
(Ω,Rd)× L1(Γ ).

Note thatE is not convex since the integral overΓ is trilinear. NeverthelessE is
weakly lower semicontinuous since the compactness of the embedding H1/2(Γ )⊂ L2(Γ )

implies Q(�ϕk�Γ ) → Q(�ϕ∗�Γ ) strongly in L1(Γ ) if ϕ ⇀ ϕ∗ in H1(Ω). Moreover,
zk ⇀ z∗ in L1(Γ ) and ‖zk‖∞ � 1 implies zk

∗
⇀ z∗ in L∞(Γ ). Thus, we conclude∫

Γ
zkQ(�ϕk�Γ )da→

∫
Γ
z∗Q(�ϕ∗�Γ )da, as it is desired for lower semicontinuity.

Thus, it is not difficult to satisfy assumptions (A1)–(A5). Since (A6) (weak continu-
ity of D) does not hold, we have to show that the stable setsS(t) are weakly closed.
Note that each element(ϕ, z) in S(t) satisfiesϕ = Φ(t, z) since the elastic problem for
fixed z is strictly convex. Moreover, it can be shown that the mappingΦ(t, ·) is com-
pact, in the sense thatzk ⇀ z∗ in Z implies Φ(t, zk)→ Φ(t, z) in H1(Ω). We refer
to [KoMR05], Lemma 2.1, for the proof of this delicate continuity result. Finally, an ap-
plication of Proposition 5.11 and the usage of the special form ofψdelam establish the
weak closedness ofS(t). Thus, assumption (A7) holds and existence of solutions fol-
lows according to Theorem 5.2, namely, for each stable initial statez0 and each loading
ℓext ∈ CLip([0, T ],H−1(Ω)), the energetic formulation (S) and (E) of the delamination
problem has a solution(ϕ, z) with ϕ ∈ L∞([0, T ],H1(Ω,Rd)) andz ∈ BVD̃([0, T ],Z).
Recall that this condition onz is equivalent to the monotonicityz(s)� z(t) onΓ for s < t

and that then Diss̃D(z; [s, t])= D̃(z(s), z(t)).
In [KoMR05] also numerical simulations are given which display the different contribu-

tions in the energy balance (E).
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7.6. Crack growth in brittle materials

In a series of papers starting with [FM93,FM98,Bul98,Bul00,BoFM00] and culminating
with [DalT02,Cha03,FL03,DalFT05] the following fracture model is developed and ana-
lyzed. We follow the notation of the latter paper and will show that the approach taken
there is exactly that of the energetic formulation (S) and (E), if the notions are reinter-
preted correctly. This problem is technically very difficult and needs certain adjustments
to the abstract theory which we will not discuss here. Nevertheless the main strategy of the
proof is exactly as it was described in Sections 3 and 5, namely by using the incremental
problem in the form of a minimization problem and then passing to the limit as the stepsize
of the discretization goes to 0. We will present here only a simplified version which omits
certain finer details. But this enables us to compare these result with our abstract theory
without too much effort. For full details we refer to [DalFT05].

The model deals with nonlinear elasticity such that the energy densityW is given as a
quasiconvex function of the displacement gradientA = Du with suitable growth restric-
tions, namely

∃p > 1,∃c,C > 0,∀A ∈R
m×d , c|A|p −C �W(A)�C|A|p +C.

The time-dependent exterior forces are assumed to have a potentialF which is nonlinear
and coercive. This is needed because pieces which are broken off by cracks all around
could “fall to infinity”. The assumption is

∃c > 0,∃f ∈ L1(Ω),∀u ∈R
m, −F(t, x,u)� c|u|q − f (x)

for a suitableq related top andd .
The internal variables are the cracks themselves. A crack is considered to be a subset

Γ ⊂ 	Ω which satisfiesHd−1(Γ ) <∞, whereHd−1 denotes the surface measure or the
(d − 1)-dimensional Hausdorff measure. (More precisely, a crackΓ is the equivalence
class of allΓ̃ which satisfyHd−1(Γ \Γ̃ ) +Hd−1(Γ̃ \Γ ) = 0. All inclusions⊂ are also
meant to be up to setsN with Hd−1(N)= 0.) The state spaceY is then given as

Y =
{
(u,Γ )

∣∣ Γ ⊂ 	Ω,Hd−1(Γ ) <∞,Γ rectifiable,

u ∈GSBV
(
Ω,Rm

)
, u|ΓDir = uDir, J (u)⊂ Γ

}
,

where GSBV(Ω,Rm) is the set of generalized special functions of bounded variations
andJ (u) denotes the jump set of such functions. This space is equipped with the following
weak convergence:

(uk,Γk)
Y→ (u,Γ )

⇐⇒
{
uk→ u a.e. inΩ, Duk ⇀Du in Lp

(
Ω,Rm×d),

sup
{
Hd−1

(
J (uk)

)
| k ∈N

}
<∞, Γk

σp→ Γ.

See [DalFT05], Definition 4.1, for the exact definition ofσp convergence of sets.
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The functional for the stored energy (in our convention) is given as

E(t, u,Γ )=
∫

Ω

W
(
Du(x)

)
− F

(
t, x, u(x)

)
dx,

which does not depend directly onΓ , sinceΓ has Lebesgue measure 0. The dissipation is
associated with the crack propagation. For simplicity we take

D(Γ0,Γ1)=
{
κHd−1(Γ1\Γ0) for Γ0⊂ Γ1,

∞ else,

but more generalx-dependent and anisotropic surface measures can be used.
In [DalFT05] the notation are somewhat different. They use total energyE(t)(u,Γ )=

E(t, u,Γ )+D(∅,Γ ) to write the energetic formulation in the following way:
(a) global stability: for everyt ∈ [0, T ] the pairu(t),Γ (t) is a minimum energy config-

uration, i.e.,E(t)(u(t),Γ (t))� E(t)(ũ, Γ̃ ) for all (ũ, Γ̃ ) ∈ Y with Γ (t)⊂ Γ̃ ;
(b) irreversibility: Γ (s) is contained inΓ (t) for 0� s � t � T ;
(c) energy balance: the increment in stored energy plus the energy spent in crack in-

crease equals the work of the external forces, i.e.,

E(t)
(
u(t),Γ (t)

)
= E(s)

(
u(s),Γ (s)

)
−
∫ t

s

∫

Ω

∂τF
(
τ, x,u(τ, x)

)
dx dτ.

Using the above definition ofD it is easy to see that (a)–(c) are equivalent to our ener-
getic formulation (S) and (E). Thus, the existence results there are also existence results
for (S) and (E).

Like in the delamination case, it is possible to show that the functionalsE andD are
lower semicontinuous with compact sublevels, sinceE is a volume integral andD is a
surface integral. However, the analysis is much deeper, since here the crackΓ is not pre-
scribed a priori. Thus, already the lower semicontinuity property is nontrivial. The most
difficult part is the proof of the closedness of the stable set which relies on the so-called
“jump transfer in GSBV” ([DalFT05], Theorem 5.3), which supplies assumption (5.9) of
our abstract Proposition 5.11.

It should be noted that the analysis in [DalFT05] provides several new tools. In fact, they
form a significant part of the basis for the abstract existence result in Theorem 5.2 (see
also [FM05]). In particular, thet-dependent choice of subsequences for theu-component
(see Step 2), the approximation of Lebesgue integrals by suitable Riemann sums in the
proof of Proposition 5.7 and, most importantly, the following concrete version of Proposi-
tion 5.6

(uk,Γk)
Y→ (u,Γ )

E(t, uk,Γk)→ E(t, u,Γ )

}

"⇒ DuE(t, uk,Γk)⇀DuE(t, u,Γ ) in
(
W1,p(Ω,Rm

))∗
.
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[BrKS04] M. Brokate, P. Kreǰcí and H. Schnabel,On uniqueness in evolution quasivariational inequalities,
J. Convex Anal.11 (2004), 111–130.

[BrS96] M. Brokate and J. Sprekels,Hysteresis and Phase Transitions, Springer-Verlag, New York (1996).
[Bul98] M. Buliga,Energy minimizing brittle crack propagation, J. Elasticity52 (1998), 201–238.
[Bul00] M. Buliga, Brittle crack propagation based on an optimal energy balance, Rev. Roumaine Math.

Pures Appl.45 (2000), 201–209.
[CaHM02] C. Carstensen, K. Hackl and A. Mielke,Non-convex potentials and microstructures in finite-strain

plasticity, Proc. Roy. Soc. London Ser. A458(2002), 299–317.
[CeDTV02] M. Cecconi, A. DeSimone, C. Tamagnini and G.M. Viggiani,A constitutive model for granular

materials with grain crushing and its application to a pyroclastic soil, Int. J. Numer. Anal. Methods
Geomech.26 (2002), 1531–1590.

[Cha03] A. Chambolle,A density result in two-dimensional linearized elasticity and applications, Arch.
Ration. Mech. Anal.167(2003), 211–233.
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[Kre96] P. Kreǰcí, Hysteresis, Convexity and Dissipation in Hyperbolic Equations, GAKUTO Internat. Ser.

Math. Sci. Appl., Vol. 8, Gakkotosho, Tokyo (1996).
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Abstract
A nonlinear wave equation arises in a simplified liquid crystal model through the variational

principle. The wave speed of the wave equation is a given function of the wave amplitude. In
the earlier study to this equation, Hunter and Saxton have derived a simple asymptotic equation
for weakly nonlinear unidirectional waves of the equation. Previous work has established the
existence of weak solutions to the initial value problem for the asymptotic equation for data in
the space of bounded variations. We improve the previous work to the natural space of square
integrable functions, and we establish the uniqueness of weak solutions for both the dissipative
and conservative types.

We also have results on the full nonlinear wave equation. It has been known from joint work
of the second author with Glassey and Hunter for the equation that smooth initial data may
develop singularities in finite time, a sequence of weak solutions may develop concentrations,
while oscillations may persist. For monotone wave speed functions in the equation, we find
an invariant region in the phase space in which we discover: (a) smooth data evolve smoothly
forever; (b) the smooth solutions obtained through data mollification and step (a) for not-as-
smooth initial data yield weak solutions to the Cauchy problem of the nonlinear variational
wave equation with initial data inH1(R)× L2(R). Furthermore, for initial data outside the
invariant region, we can also prove the global existence of weak solution with initial Riemann
invariant inL∞(R)∩L2(R). The main tool for the weak solution is the Young measure theory
and related techniques.

More specifically, we will present the following results.
1. On the asymptotic equation, we have existence and uniqueness of multiple weak solu-

tions in the weak normL2 of the derivativeux .
2. For the nonlinear wave equation, with monotone wave speed, we found some invariant

regions and some global smooth solutions.
3. For the nonlinear wave equation, with monotone wave speed, we prove the global exis-

tence of weak solution with initial Riemann invariant inL∞(R)∩L2(R).
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1. Introduction

In this chapter we study the Cauchy problem for the nonlinear wave equation

{
ut t − c(u)

[
c(u)ux

]
x
= 0, t > 0, x ∈R,

(u, ∂tu)|t=0= (u0, u1)(x).
(0.0.1)

1.1. Origin of the variational wave equation

The equation in (0.0.1) is the Euler–Lagrange equation of the least action principle

δ

δu

∫ ∫ {
(∂tu)

2− c2(u)(∂xu)
2}dx dt = 0. (1.1.1)

The equation in (0.0.1) may be regarded as a generalization of equations for harmonic wave
maps and arises in a number of different physical contexts, including nematic liquid crys-
tals [54], long waves on a dipole chain in the continuum limit [30,31,77] and in classical
field theories and general relativity [30]. Let us take, for example, nematic liquid crystals.
We know that the mean orientation of the long molecules in a nematic liquid crystal is
described by a director field of unit vectors,n ∈ S

2, the unit sphere. Associated with the
director fieldn, there is the well-known Oseen–Franck potential energy densityW given
by

W(n,∇n)= α
∣∣n× (∇ × n)

∣∣2+ β(∇ · n)2+ γ (n · ∇ × n)2. (1.1.2)

The positive constantsα, β andγ are elastic constants of the liquid crystal. For the special
caseα = β = γ , the potential energy density reduces to

W(n,∇n)= α|∇n|2,

which is the potential energy density used in harmonic maps into the sphereS
2. There

are many studies on the constrained elliptic system of equations forn derived through
variational principles from the potential (1.1.2), and on the parabolic flow associated with
it, see [5,15,22,33,41,64] and references therein. In the regime in which inertia effects
dominate viscosity, however, the propagation of the orientation waves in the director field
may then be modeled by the least action principle [54],

δ

δu

∫ {
∂tn · ∂tn−W(n,∇n)

}
dx dt = 0, n · n= 1. (1.1.3)

In the special caseα = β = γ , this variational principle (1.1.3) yields the equation for
harmonic wave maps from(1+ 3)-dimensional Minkowski space into the two sphere, see,
for example, [9,57,58]. For planar deformations depending on a single space variablex,
the director field has the special form

n= cosu(x, t)ex + sinu(x, t)ey,
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where the dependent variableu ∈ R
1 measures the angle of the director field to the

x-direction, andex andey are the coordinate vectors in thex andy directions, respec-
tively. In this case, the variational principle (1.1.3) reduces to (1.1.1) with the wave speedc

given specifically by

c2(u)= α cos2u+ β sin2u. (1.1.4)

The general problem of global existence and uniqueness of solutions to the Cauchy prob-
lem of the nonlinear variational wave equation (0.0.1) is open. It has been demonstrated
in [29] that (0.0.1) is rich in structural phenomena associated with weak solutions. Writing
the highest derivatives of (0.0.1) in conservative form

∂2
t u− ∂x

(
c2 ∂xu

)
=−cc′(∂xu)2,

we see that the strong precompactness inL2 of the derivatives{∂xu} of a sequence of
approximate solutions is essential in establishing the existence of a global weak solution.
However, the equation has the phenomenon of persistence of oscillation [20] and annihi-
lation in which a sequence of exact solutions with bounded energy can oscillate forever
so that the sequence{∂xu} is not precompact inL2, but the weak limit of the sequence is
still a weak solution. Secondly, the equation has short-time smooth solutions that blow up
in finite time. Thirdly, from the study of its asymptotic equation (see further), it is clear
that a positive amount of energy of a solution can concentrate in a set of measure zero, and
there are multiple choices for the continuation of the solution beyond blow-up time. To
put the equation and its particulars into context of nonlinear wave equations under current
research, we compare this equation with the equation

∂2
t u− ∂x

[
p(∂xu)

]
= 0, (1.1.5)

where p(·) is a given function, considered by Lax [44]. The derivative∂xu remains
bounded for (1.1.5), but we find that it is merely inL2 for (0.0.1). We note interestingly that
solutions of (1.1.5) – with a “stronger”∂xu-dependent nonlinearity – are more regular than
solutions of (0.0.1) – with an apparently “weaker”u-dependent nonlinearity. (This kind of
behavior is well known for nonlinear parabolic partial differential equations.) In each case
it appears that singularities develop to the maximum extent permitted by the existence of
global weak solutions. For further research into (1.1.5) and its generalizations, we refer the
reader to [43] and [50]. Another related equation is

∂2
t u− c2(u)�u= 0 (1.1.6)

considered by Lindblad [47], who established the global existence of smooth solutions
of (1.1.6) with smooth, small, and spherically symmetric initial data inR3, where the
large-time decay of solutions in high space dimensions is crucial. The multidimensional
generalization of (0.0.1),

∂2
t u− c(u)∇ ·

(
c(u)∇u

)
= 0, (1.1.7)
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contains a lower-order term proportional tocc′|∇u|2, which (1.1.6) lacks. This lower-order
term is responsible for the blow-up in the derivatives ofu. Finally, we note that (0.0.1) also
looks related to the perturbed wave equation

∂2
t u−�u+ f (u,∇u,∇∇u)= 0, (1.1.8)

wheref (u,∇u,∇∇u) satisfies an appropriate convexity condition (for example,f = up

or f = a(∂tu)
2+ b|∇u|2) or some nullity condition. Blow-up for (1.1.8) with a convexity

condition has been studied extensively, see [2,28,32,38,40,46,55,60,61] and [62] for more
reference. Global existence and uniqueness of solutions to (1.1.8) with a nullity condi-
tion depend on the nullity structure and large time decay of solutions of the linear wave
equation in higher dimensions (see [42] and references therein). Therefore (0.0.1) with the
dependence ofc(u) on u and the possibility of sign changes inc′(u) is familiar yet truly
different.

1.2. Asymptotic equations

Despite its simplicity, (0.0.1) is not easy. A study of its geometric optical solutions is
helpful and interesting. Look for solutions of the form

ψ(t, x)= u0+ εu(εt, x − c0t)+O
(
ε2),

whereu0 is a constant state andc0= c(u0) > 0 is its speed, Hunter and Saxton [35] found
thatu(·, ·) satisfies

(ut + uux)x =
1

2
u2
x (1.2.9)

up to a scaling factor, assuming thatc′(u0) �= 0.
If u0 is such thatc′(u0)= 0, c′′(u0) �= 0, then the equation is

(
ut + u2ux

)
x
= uu2

x .

In general, ifu0 is such thatc(k)(u0)= 0, k = 1,2, . . . , n−1, butc(n)(u0) �= 0, the equation
is

(
ut + unux

)
x
= 1

2
nun−1u2

x .

Another form of the first asymptotic equation is

∂tv+ ∂x(uv)=
1

2
v2, ux = v. (1.2.10)

We shall not study the second and higher asymptotic equations in this short talk.
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1.3. Young measure

We shall prove the compactness of the approximate solution sequence by applying Young
measure theory [63] and the ideas used by Lions [49] in the proof of the global existence
of weak solutions to multidimensional compressible Navier–Stokes equation, and by Joly,
Métivier and Rauch [39] in the rigorous justification of weakly nonlinear geometric optics
for a semilinear wave equation (see also [69]). For the convenience of the reader, we quote
the following lemma from [39] (see also [20,23]) that we use in this chapter.

LEMMA 1.3.1. Let U be an open subset ofRn, whose boundary has zero Lebesgue
measure. Given a bounded family{uε(y)} ⊂ Ls(U), s > 1, of R

N -valued functions,
then there exist a subsequence{εj } and a measurable family of probability measures
on R

N , {µy(·), y ∈ U}, such that for all continuous functionsF(y,λ) with F(y,λ) =
O(|λ|q) as |λ| →∞, andq < s, there holds

lim
εj→0

∫

U

ϕ(y)F
(
y,uεj (y)

)
dy =

∫

U

∫

RN

ϕ(y)F (y,λ)dµy(λ)dy (1.3.11)

for all ϕ(y) ∈ Lr(U) with compact support in the closure ofU , where1/r + q/s = 1.
Moreover,

∫ ∫
|λ|s dµy(λ)dy � lim

εj→0

∥∥uεj (y)
∥∥s
Ls
. (1.3.12)

1.4. Relation to Camassa–Holm equation

Physically by approximating directly the Hamiltonian for Euler equations in the shallow
water regime, Camassa and Holm [7] derived the following equation

∂tu− ∂2
x∂tu+ 3u∂xu= 2∂xu∂

2
xu+ u∂3

xu, t > 0, x ∈R. (1.4.13)

Mathematically, (1.4.13) is obtained and proved to be formally integrable by Fuchssteiner
and Fokas [25] as a bi-Hamiltonian generalization of Korteweg–de Vries (KDV) equation.
Equation (1.4.13) has several important features that distinguish it from the well-known
KDV equation. First, Camassa and Holm discovered that (1.4.13) possesses peaked so-
lutions with a corner at their crest, which is in sharp contrast to the solitary waves for
KDV. Second, physical water waves often break down, which can not be predicted by the
solutions to the KDV equation.

Formally (1.4.13) is equivalent to

{
∂tu+ u∂xu+ ∂xP = 0, t > 0, x ∈R,

P (t, x)=
∫∞
−∞ e−|x−y|

(
u2+ 1

2(uy)
2
)
(t, y)dy.

(1.4.14)
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In [11,52], the authors proved the finite time break down of smooth solution to (1.4.14).
In particular, McKean gives a necessary and sufficient criterion on the initial data for
the finite-time formulation of singularities in a smooth solution to (1.4.14). Furthermore,
McKean describes the blow-up process by showing the formation of cusps instead of
shocks for compressible fluids. Motivated by the Young measure approach in Section 2
of this chapter (see [72]), Xin and the first author of this chapter (see [67]) proved the
global existence of weak solution to (1.4.14) with initial data inH 1(R).

Setv = ∂xu, by taking∂x to the first equation of (1.4.14), we get

∂tv+ u∂xv =−
1

2
v2− P + u2. (1.4.15)

Compared this equation with (1.2.10), we find that (1.2.10) can be considered as the first-
order approximation to (1.4.14).

1.5. Open problems

Up to now, we already proved the global existence and uniqueness of both dissipative
and energy conservative solution to (1.2.10) through Young measure approach and explicit
construction of the approximate solutions (see Section 2 of this chapter or [72]). Notice the
relations between (1.2.10) and (1.4.14), we can step-by-step follow the method of [67] to
prove the global existence of dissipative solution by vanishing viscosity.

OPEN PROBLEM1. The global existence of energy conservative weak solution to (1.2.10)
via the vanishing dispersion limit to (1.2.10).

As for the original variational wave equation (0.0.1), up to my recent result [75,76], we
only proved the global existence of weak solution to (0.0.1) with monotone wave speed.

OPEN PROBLEM2. The uniqueness of weak solution is open.

And finally we have the third problem.

OPEN PROBLEM 3. The global existence and uniqueness of weak solution to (0.0.1) is
completely open.

Finally, let us outline the main contents of this chapter. In Section 2 we present some
global existence and uniqueness results to the asymptotic equation. In Section 3 we prove
some results on invariant region with monotone wave speed and in Section 4 we present one
general global existence result to this equation. For some recent progress on this subject
see [76].
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2. The first asymptotic equation

2.1. Introduction

In this section we establish the global existence and uniqueness of admissible weak solu-
tions to the initial–boundary value problem





∂tv+ u∂xv =−1
2v

2, x > 0, t > 0,

∂xu= v(t, x),

u(t, x)|x=0= 0,

v|t=0= v0(x),

(2.1.1)

wherev0(x) ∈ L2(R+). We use the notationR+ := (0,∞). We recall that Hunter and
Zheng [37] established the global existence of both dissipative and conservative weak so-
lutions to (2.1.1) with initial datav0(x) ∈ BV(R+). We established in [70] the global exis-
tence of dissipative weak solutions to (2.1.1) with nonnegativeLp initial data for anyp > 2
by applying the theory of Young measures. In [71] we established the global existence and
uniqueness of dissipative weak solutions to (2.1.1) with nonnegativeL2(R+) initial data.

Among the many solutions that (2.1.1) may have for general data, the interesting ones
are the dissipative and conservative weak solutions. The difference between the dissipative
and conservative weak solutions is in the continuation of the solution beyond its blow-up
time. The conservative solution is the one which preserves the energy, while the dissipative
solution loses all the energy at the blow-up time. The conservative solution preserves the
complete integrability of the system [36], while the dissipative solution is the limit of
vanishing artificial viscosity [37].

In this section we first establish the existence of a global dissipative weak solution
to (2.1.1) for any givenv0 ∈ L2. The spaceL2 is the natural space from the perspective
of the energy estimate. This generalizes maximally earlier existence results in the spaces
BV, Lp (p > 2) or L2 of nonnegative functions. Our main result of this section is the
uniqueness of both the dissipative and conservative weak solutions. The key condition for
uniqueness of the dissipative weak solutions is an entropy condition similar to Oleĭnik’s
entropy condition for conservation laws. The key condition for uniqueness of conserva-
tive weak solutions is the conservation of energy between characteristics of the solutions.
In comparison with the entropy rate criterion of Dafermos [16] for conservation laws, we
comment that the energy of a dissipative weak solution decays at the fastest possible rate,
while that of a conservative weak solution decays the slowest (i.e., no decay at all). We
mention in passing that there are many weak solutions that are in between these two ex-
treme solutions. Finally, the existence of a global conservative weak solution is established
together with its uniqueness.

We now begin to present precisely our results. Let us first give the definition of ad-
missible dissipative weak solutions, which is in consistency with earlier work [37]. Let
Q∞ := [0,∞)× [0,∞).

DEFINITION 2.1.1 (Admissible dissipative weak solutions). We call(v(t, x), u(t, x)) an
admissible dissipative weak solution of (2.1.1) if
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(d1) the functions have the regularity

(v,u)(t, x) ∈ L∞loc

(
R
+,L2(

R
+))⊗C(Q∞);

(d2) the functions satisfy in the sense of distributions the equations

∂tv+ ∂x(uv)=
1

2
v2, ∂xu= v;

(d3) the energy
∫

R+ v
2(t, x)dx is nonincreasing int ∈ [0,∞);

(d4) the functionu(t, x) is equal to zero atx = 0 as a continuous function and the
functionv(t, x) takes on the initial valuev0(x) in the senseC([0,∞),L1(R+));

(d5) the entropy condition holds

v(t, x)�
2

t
a.e.(t, x) ∈Q∞. (2.1.2)

We remark that the entropy condition (2.1.2) is of Oleĭnik type ∂xu� C/t , a one-sided
inequality. Also, for both the existence and uniqueness purposes, we can replace condi-
tion (d3) by either the right continuity ofv(t, ·) at t = 0+ in L2, or the energy inequality
limt→0+

∫
R+ v

2(t, x)dx �
∫

R+ v
2
0(x)dx; the decreasing of energy fort > 0 is then a con-

sequence. Without condition (d3), however, the solution is not unique and an example is
the zero initial datum which would have, besides the zero solution, the nontrivial solution

v(t, x)= 2

t
1{0<x<t2/4},

where1{0<x<t2/4} denotes the characteristic function of the set{0< x < t2/4}.
We give the definition of admissible conservative weak solutions, strengthened from the

earlier papers [36,37].

DEFINITION 2.1.2 (Admissible conservative weak solutions). We call(v(t, x), u(t, x),

Φt (x)) an admissible conservative weak solution of (2.1.1) if
(c1) the functions have the regularity

(
v(t, x), u(t, x),Φt (x)

)
∈ L∞loc

(
R
+,L2(

R
+))⊗C(Q∞)⊗C(Q∞),

∂tΦt (x) ∈ C(Q∞);

(c2) the functions(v,u) satisfy the equations

∂tv+ ∂x(uv)=
1

2
v2, ∂xu= v, ∂t

(
v2)+ ∂x

(
uv2)= 0

in the sense of distributions, whileΦt (x) satisfies

d

dt
Φt (x)= u

(
t,Φt (x)

)
, Φ0(x)= x, x � 0; (2.1.3)
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(c3) the local energy conservation holds

∫ Φt (x2)

Φt (x1)

v2(t, y)dy =
∫ x2

x1

v2
0(x)dx a.e.t ∈R

+, ∀x1 < x2;

(c4) the functionu(t, x) is equal to zero atx = 0 as a continuous function and the
functionv(t, x) takes on the initial valuev0(x) in C([0,∞),L1(R+)).

Now we state the main results of this section.

THEOREM2.1.3 (Dissipative solutions).Letv0(x) ∈ L2(R+) have compact support. Then
(2.1.1) has a unique global admissible dissipative weak solution(v,u) in the sense of
Definition 2.2.6.In addition, the solution satisfiesv ∈ Lploc(Q∞), u ∈W

1,p
loc (Q∞) for all

p < 3, v(t, x) ∈ C([0,∞),Lq(R+)) for all q < 2 andv(t, x) ∈ C+([0,∞),L2(R+)) (the
right continuity). Moreover,

Φt (x)=
∫ x

0

(
1+ 1

2
v0(y)t

)2

1{1+(1/2)v0(y)t�0} dy

is the unique solution of the equation

d

dt
Φt (x)= u

(
t,Φt (x)

)
, Φ0(x)= x, (2.1.4)

and for almost allx ∈R
+ there hold the formula

v
(
t,Φt (x)

)
= 2v0(x)

2+ v0(x)t
1{2+v0(x)t�0}

and the energy inequality

∫ Φt (x2)

Φt (x1)

v2(t, y)dy �

∫ x2

x1

v2
0(y)dy ∀t � 0, 0� x1 � x2. (2.1.5)

We comment that the solution(v(t, x), u(t, x)) also satisfies

∂tf (v)+ u∂xf (v)+
1

2
v2f ′(v)� 0

in the sense of distributions for all functionsf of the formf (ξ)=
∫ ξ

0

∫ ζ
0 ψ(σ)dσ dζ , where

ψ(σ) ∈ C∞c (R) andψ � 0. This will follow from the proof of the existence part of The-
orem 2.1.3. We remark further that in [70] and [71], we have proved that any dissipative
solutionv(t, x) belongs toC([0,∞),Lq(R+)) for q � 2 if the initial data arev0(x) � 0
and v0(x) ∈ Lq(R+). But here we do not havev(t, x) ∈ C([0,∞),L2(R+)) for a dis-
sipative solution due to the sign change of the initial data and dissipation. An explicit
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example of piecewise smooth dissipative solution can be easily constructed to show that
v(t, x) /∈ C([0,∞),L2(R+)) for v0(x) ∈ L2(R+).

For those interested in generalizations of the uniqueness of flow maps of the type studied
by DiPerna and Lions [19], we mention with great interest that we establish in Propositions
A and B in Section 2.5, two uniqueness results for flow maps ofu, where only the condi-
tions∂xu= v, (d1) and (d3)–(d5) (or their generalizations), but not (d2), are assumed.

THEOREM 2.1.4 (Conservative solutions).Let v0 ∈ L2(R+) have compact support. Then
(2.1.1)has a unique global admissible conservative weak solution(v(t, x), u(t, x),Φt (x))

in the sense of Definition2.1.2. In addition, the solution satisfiesv ∈ L
p

loc(Q∞), u ∈
W

1,p
loc (Q∞) for all p < 3, v(t, x) ∈ C([0,∞),Lq(R+)) for all q < 2, and v(t, x) ∈

C([0,∞),L2(R+)) for almost allt . Moreover, there hold the formulas

Φt (x)=
∫ x

0

(
1+ 1

2
v0(y)t

)2

dy,

u
(
t,Φt (x)

)
=
∫ x

0

(
1+ 1

2
v0(y)t

)
v0(y)dy,

v
(
t,Φt (x)

)
= 2v0(x)

2+ v0(x)t

for almost all(t, x) ∈Q∞.

We remark that Theorem 2.1.3 may have in general multiple flow maps for a givenu

with the regularity available in Theorem 2.1.4. The uniqueness of the flow is established in
Theorem 2.1.4 because it is required to preserve local energy. We find that this uniqueness
is interesting if we contrast it with the uniqueness of DiPerna and Lions [19,48] and [49].

The methods we use for both theorems are Young measures and mollifiers. The exis-
tence approach in Theorem 2.1.3 is a refined version of the Young measure method used
in [70]. The proof utilizes the Young measures and a technical splitting of the approximate
solutionvn into its positive and negative parts, so that the partial variances of the Young
measures corresponding to the positive and negative parts decouple weakly.

We have attempted other conceivable methods. It seems to us that, due to the swaying
of the characteristics of the approximate solutions, the Cauchy property of the sequence of
approximate solutions is not easy to obtain. The removal of the set of singular points, or
the shielding technique of the test functions as used in [20], is not easy for implementation
either, due to the conceivable denseness of the singular set.

Our main tool for the uniqueness is the mollification technique, used in [71] earlier, but
here we also need to estimate the size of the set of blow-up points. For conservative solu-
tions, we utilize additionally that the characteristics are integral parts of the solution. This
way, as a by-product, the existence proof of the conservative solutions is more direct than
that for the dissipative solutions, as the former involves mainly the characteristics method
and simple weak convergence techniques. This is fortunate, since the Young measure ap-
proach for conservative solutions fails in our attempt due to the generation of positive parts
from the negative parts of the solutions.
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2.2. Existence of dissipative solutions

2.2.1. Approximate solutions. We construct approximate solutions to (2.1.1). As in [37],
we solve Definition 2.1.1 with simple functions as initial data. Without loss of generality,
we assume that suppv0⊂ [0,1). We approximatev0(x) by step functions{vn0(x)} defined
by

vn0(x)= vni := n

∫ i/n

(i−1)/n
v0(y)dy, x ∈

[
i − 1

n
,
i

n

)
, i = 1,2, . . . , n. (2.2.6)

Without loss of generality, we assume that every point of[0,1] is a Lebesgue point
of v0(x), thus

lim
n→∞

∥∥vn0 − v0
∥∥
L2([0,1]) = 0 and lim

n→∞
vn0(x)= v0(x) ∀x ∈ [0,1]. (2.2.7)

We construct solutions of (2.1.1) with initial datav0(x) replaced byvn0(x). From [37] or
by directly applying the characteristic method, we obtain the admissible dissipative weak
solutions

vn(t, x)= 2vni
2+ vni t

, xni−1(t)� x < xni (t), (2.2.8)

wherexn0(t) := 0 and

xni (t) :=
1

n

i∑

j=1

(
1+ 1

2
vnj t

)2

1{2+vnj t�0}. (2.2.9)

The associatedun follows from integration ofvn.

2.2.2. Primitive estimates and precompactness

LEMMA 2.2.1 (Primitive estimates).For all p ∈ [2,3), T > 0 andR > 0, the approximate
solution sequence{vn, un} constructed above satisfies the estimates

(a) vn(t, x)�
2

t
, (2.2.10)

(b)
∥∥vn(t2, ·)

∥∥
L2(R+) �

∥∥vn(t1, ·)
∥∥
L2(R+) �

∥∥vn0
∥∥
L2([0,1]), 0< t1 < t2,

(c)
∥∥vn

∥∥p
Lp([0,T ]×R+) � CT ,p

∥∥vn0
∥∥2
L2([0,1]).

Moreover, {un(t, x)} are uniformly bounded inW1,p
loc (Q∞).

PROOF. The proof can be found on p. 329 of [37]. Inequality (c) can also be deduced from
Theorem 3 of [70]. �
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LEMMA 2.2.2 (Basic precompactness).There exist someu ∈ W1,p
loc (Q∞) for all p < 3

and a subsequence of{un} which we still denote by{un} such that

un(t, x)→ u(t, x) (2.2.11)

uniformly on any compact subset ofQ∞. Moreover,

vn(t, x)= ∂xu
n(t, x)⇀ ∂xu(t, x)=: v(t, x) (2.2.12)

weakly inLploc(Q∞) for all p < 3. Further, there hold

∥∥u(t, ·)
∥∥
L∞ �

∫ 1

0

∣∣v0(x)
∣∣dx + t

2

∫ 1

0
|v0|2 dx (2.2.13)

and

suppvn(t, ·)⊂
[
0,K(t)

)
(2.2.14)

for someK(t) <∞.

PROOF. The convergence in (2.2.11) and (2.2.12) follows from Lemma 2.2.1 directly. We
only prove (2.2.13) and (2.2.14). In fact, by the construction of{vn(t, x)}, we find

∥∥un(t, ·)
∥∥
L∞ �

∫ ∞

0

∣∣vn(t, x)
∣∣dx

= 1

n

n∑

i=1

2|vni |
|2+ vni t |

(
1+ 1

2
vni t

)2

1{2+vni t�0}

�

∫ 1

0

∣∣vn0(x)
∣∣dx + t

2

∫ 1

0

∣∣vn0(x)
∣∣2 dx

� C(t) ∀n, (2.2.15)

for some locally bounded functionC(t). Hence, by the convergence in (2.2.11) and
(2.2.12), we obtain (2.2.13). Moreover, by (2.2.15), we obtain (2.2.14) forK(t) =
C(t)t + 1. �

In the sequel, we shall use the notationQT := [0, T ] × [0,K(T )]. In particular,Q∞ =
[0,∞)× [0,∞) is consistent with our earlier notation.

We need the strong precompactness of{vn(t, x)} which we establish in late.

2.2.3. Strong precompactness.We prove the precompactness of the solution sequence
{vn(t, x)} in Lp([0, T ] × R

+) for all T <∞,p < 3, by applying the Young measure
theory [20,23,63,68], the ideas used by Lions in the proof of the global existence of weak
solutions to multidimensional Navier–Stokes equations [49], and the ideas used by Joly,
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Métivier and Rauch [39] in the rigorous justification of the weakly nonlinear geometric
optics for semilinear wave equations.

LEMMA 2.2.3 (Time-distinguished Young measures).There exist a subsequence of the
solution sequence{vn(t, x)}, for convenience we still denote it by{vn(t, x)}, and a fam-
ily of Young measuresµ(t, x,dλ) such that for all continuous functionsf (t, x,λ) =
o(|λ|q), ∂λf (t, x,λ) = o(|λ|q−1) as λ→∞ for q < 2, and for all ψ(x) ∈ Lrc([0,∞))

with 1/r + q/2= 1, there holds

lim
n→∞

∫

R+
f
(
t, x, vn(t, x)

)
ψ(x)dx =

∫

R+
f (t, x, v)ψ(x)dx (2.2.16)

uniformly in every compact subset of[0,∞), where

f (t, x, v) :=
∫

λ∈R

f (t, x,λ)µ(t, x,dλ) ∈ C
(
[0,∞),Lq

′/q(
R
+)) (2.2.17)

for all q ′ ∈ (q,2). Moreover, for all T > 0, there hold

lim
n→∞

∫ T

0

∫

R+
g
(
t, x, vn

)
ϕ dx dt =

∫ T

0

∫

R+
g(t, x, v)ϕ dx dt and

(2.2.18)
λ ∈ Lploc

(
R
+ ×R

+ ×R, dt ⊗ dx ⊗µ(t, x,dλ)
)

for all p < 3,

where the continuous functiong(t, x, λ) = o(|λ|p) as λ → ∞ for somep < 3, and
ϕ(t, x) ∈ Lm(QT ) with 1/p+ 1/m= 1.

The proof is the same as that of Lemma 3 in [70], so we omit it here.

REMARK 2.2.4. From Proposition 3.1.3 of [39] and the above lemma, we find that

λ ∈ L∞
(
R
+,L2(

R
+ ×R,dx ⊗µ(t, x,dλ)

))
. (2.2.19)

Also, comparing the notation in (2.2.12) with that of (2.2.17), we havev̄ ≡ v.

LEMMA 2.2.5. For almost all(t, x) ∈R
+ ×R

+, there holdsµ(t, x,dλ)= δv̄(t,x)(λ).

PROOF.
Step1. We derive an evolution equation for the variance of the Young measures.

Step1.1. From the construction of{vn}, we have

∂tv
n + un ∂xv

n =−1

2

(
vn
)2 (2.2.20)
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in the weak sense. We wish to multiply (2.2.20) withvn and sendn→∞, but the equation
holds only in the weak sense and a cubic term like(vn)3 is not bounded inL1. We use
mollifiers to regularize the equation. So, by Lemma II.1 of [19], we have

∂tv
n,ε + un ∂xv

n,ε =−1

2

(
vn,ε

)2+ rεn, (2.2.21)

where vn,ε(t, x) :=
∫

R
vn(t, y)jε(x − y)dy, rεn(t, x) := −(un ∂xvn) ∗ jε + un ∂xv

n,ε +
1
2((v

n,ε)2− (vn)2 ∗ jε), with jε(x) the standard Friedrichs’ mollifier,rεn→ 0 in L1
loc(R

+,
L1(R+)) ∩ Lp/2loc (R

+ × R
+) for all p < 3. We remark that across the boundaryx = 0 we

extend the functionsvn andun with zero and (2.2.20) holds weakly. We then use a cut-off
function to chop offvn. So we let, as in [48],

T +R (ξ) =





0, ξ < 0,

ξ, 0� ξ �R,

R, ξ �R,

S+R (ξ)=





0, ξ < 0,
1
2ξ

2, 0� ξ �R,

Rξ − 1
2R

2, ξ �R.

(2.2.22)

That is,T +R (ξ) is a cut-off function ofξ andS+R (ξ) is an antiderivative ofT +R (ξ). Now we
multiply T +R (v

n,ε) to both sides of (2.2.21) to yield

∂tS
+
R

(
vn,ε

)
+ ∂x

(
unS+R

(
vn,ε

))

= vnS+R
(
vn,ε

)
− 1

2
T +R
(
vn,ε

)(
vn,ε

)2+ T +R
(
vn,ε

)
rεn . (2.2.23)

Trivially, T +R (v
n,ε)rεn→ 0 inL1

loc(R
+,L1(R+)) asε→ 0 for each fixedR since|T +R |�R.

Thus by takingε→ 0 in (2.2.23), we find

∂tS
+
R

(
vn
)
+ ∂x

(
unS+R

(
vn
))
= vnS+R

(
vn
)
− 1

2
T +R
(
vn
)(
vn
)2
. (2.2.24)

Hence, by Lemmas 2.2.2 and 2.2.3, we obtain

∂tS
+
R (v)+ ∂x

(
uS+R (v)

)
= vS+R (v)−

1

2
T +R (v)v

2 =: F+. (2.2.25)

Step1.2. On the other hand, by directly applying Lemmas 2.2.2 and 2.2.3 on the equation

∂tv
n + ∂x

(
unvn

)
= 1

2

(
vn
)2

in the limit n→∞, we find

∂t v̄+ ∂x(uv̄)=
1

2
v2,
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which is

∂t v̄+ u∂x v̄ =
(

1

2
v2− v̄2

)
. (2.2.26)

Thus, by a similar argument as that from (2.2.20)–(2.2.24), we find

∂tS
+
R (v̄)+ ∂x

(
uS+R (v̄)

)
= T +R (v̄)

(
1

2
v2− v̄2

)
+ v̄S+R (v̄)=:G+. (2.2.27)

Step1.3. Subtracting (2.2.27) from (2.2.25), we obtain

∂t
(
S+R (v)− S+R (v̄)

)
+ ∂x

(
u
(
S+R (v)− S+R (v̄)

))
= F+ −G+. (2.2.28)

But

F+ =
∫

R

(
λS+R (λ)−

1

2
T +R (λ)λ

2
)
µ(t, x,dλ)

=
∫

R

(
1

2
Rλ(λ−R)1λ�R

)
µ(t, x,dλ), (2.2.29)

G+ = 1

2
T +R (v̄)

(
v2− v̄2)+ 1

2
Rv̄(v̄ −R)1v̄�R.

And by the construction of{vn}, we find that both̄v(t, x) andvn(t, x) are less than or equal
to 2/t . Thus we have suppµ(t, x, ·)⊂ (−∞, 2

t
] and

F+ = 0,
1

2
Rv̄(v̄ −R)1v̄�R = 0 for t >

2

R
. (2.2.30)

Summing up (2.2.28)–(2.2.30), we find

∂t
(
S+R (v)− S+R (v̄)

)
+ ∂x

(
u
(
S+R (v)− S+R (v̄)

))
� 0, t >

2

R
. (2.2.31)

Step1.4. Similar to the proof of (2.2.28), we can also prove that

∂t
(
S−R (v)− S−R (v̄)

)
+ ∂x

(
u
(
S−R (v)− S−R (v̄)

))
= F− −G−, (2.2.32)

where

T −R (ξ) =





0, ξ > 0,

ξ, −R � ξ � 0,

−R, ξ �−R,

S−R (ξ)=





0, ξ > 0,
1
2ξ

2, −R � ξ � 0,

−Rξ − 1
2R

2, ξ �−R,

(2.2.33)
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and

F− := vS−R (v)−
1

2
T −R (v)v

2

=
∫

R

(
−1

2
Rλ(λ+R)1λ�−R

)
µ(t, x,dλ),

(2.2.34)
G− := v̄S−R (v̄)+ T −R (v̄)

(
1

2
v2− v̄2

)

= 1

2
T −R (v̄)

(
v2− v̄2)− 1

2
Rv̄(v̄ +R)1v̄�−R.

Therefore,

F− −G− =−1

2
RJR −

1

2
T −R (v̄)

(
v2− v̄2), (2.2.35)

where

JR :=
∫

R

λ(λ+R)1λ�−Rµ(t, x,dλ)− v̄(v̄+R)1v̄�−R.

To handle( v2− v̄2), we use the splitting

v2= (v+)2+ (v−)2, v̄2=
(
(v̄)+

)2+
(
(v̄)−

)2
, (2.2.36)

and the identity

1

2

(
(v−)2−

(
(v̄)−

)2)= S−R (v)− S−R (v̄)+
1

2
JR +

1

2
RHR, (2.2.37)

where we have introduced the notation

w± =±max{0,±w}, w = v,λ, or v̄;

(v±)2=
∫

R

(λ±)2µ(t, x,dλ);

HR :=
∫
(λ+R)1λ�−Rµ(t, x,dλ)− (v̄+R)1v̄�−R.

We then have from (2.2.35)–(2.2.37)

F− −G−

=−1

2
RJR −

1

2
T −R (v̄)(JR +RHR)

− T −R (v̄)
(
S−R (v)− S−R (v̄)

)
− 1

2
T −R (v̄)

(
(v+)2−

(
(v̄)+

)2)
. (2.2.38)
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And sinceR + T −R (v̄)� 0, −T −R (v̄)� 0 andλ(λ+R)1λ�−R is a convex function, while
(λ+R)1λ�−R is a concave function, we obtain

−1

2

(
R + T −R (v̄)

)
JR � 0, −1

2
T −R (v̄)HR � 0. (2.2.39)

Thus, by summing up (2.2.32), (2.2.38) and (2.2.39), we find

∂t
(
S−R (v)− S−R (v̄)

)
+ ∂x

(
u
(
S−R (v)− S−R (v̄)

))

�R

{[
S−R (v)− S−R (v̄)

]
+ 1

2

[
(v+)2−

(
(v̄)+

)2]
}
. (2.2.40)

Step2. We show that the family of Young measures are Dirac masses.

Step2.1. Let us first claim the right continuity

lim
t→0+

∫
v̄2(t, x)dx =

∫

R

v2
0(x)dx. (2.2.41)

In fact, by (2.2.26) satisfied bȳv(t, x), we can derive sufficient continuity so that

v̄(t, x)⇀ v0(x) in L2(R) ast→ 0. (2.2.42)

Hence, by Theorem 1 on p. 4 of [23], we have

∫
v2

0(x)dx � lim
t→0

∫
v̄2(t, x)dx. (2.2.43)

But by Lemma 2.2.1, we trivially have

∫

R

v̄2(t, x)dx �

∫

R

v2
0(x)dx ∀t > 0. (2.2.44)

By summing up (2.2.43) and (2.2.44), we obtain (2.2.41).

Step2.2. We then claim that

∫

R

(
(v+)2− (v̄+)2

)
(t, x)dx = 0 ∀t ∈R

+. (2.2.45)

In fact, by Lemma 2.2.3 and (2.2.31), we have fort > 2/R

∫

R

(
S+R (v)− S+R (v̄)

)
(t, x)dx �

∫

R

(
S+R (v)− S+R (v̄)

)( 2

R
,x

)
dx. (2.2.46)
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By (2.2.19) and Lebesgue dominated convergence theorem, we have

lim
R→∞

∫

R

(
S+R (v)− S+R (v̄)

)
(t, x)dx = 1

2

∫

R

(
(v+)2− (v̄+)2

)
(t, x)dx. (2.2.47)

Further, by the definition ofS+R (ξ) and similar to (2.2.37), we find

1

2

(
(v+)2−

(
(v̄)+

)2)= S+R (v)− S+R (v̄)+
1

2
IR,

where

IR :=
∫
(λ−R)21λ�R µ(t, x,dλ)− (v̄ −R)21v̄�R � 0

due to convexity, which implies

∫

R

(
S+R (v)− S+R (v̄)

)( 2

R
,x

)
dx �

1

2

∫

R

(
v2− v̄2)

(
2

R
,x

)
dx. (2.2.48)

By Lemma 2.2.1 and (2.2.41), we find

lim
R→∞

∫

R

(
v2− v̄2)

(
2

R
,x

)
dx �

∫

R

v2
0(x)dx − lim

R→∞

∫

R

v̄2
(

2

R
,x

)
dx = 0.

(2.2.49)

By summing up (2.2.46)–(2.2.49), we obtain (2.2.45).

Step2.3. Integrating (2.2.40) with respect tox and using (2.2.45), we have

∂t

∫

R

(
S−R (v)− S−R (v̄)

)
dx �R

∫

R

(
S−R (v)− S−R (v̄)

)
dx. (2.2.50)

Thus, by Lemma 2.2.3 and Gronwall’s inequality, we immediately obtain

∫

R

(
S−R (v)− S−R (v̄)

)
(t, x)dx = 0 ∀t ∈R

+. (2.2.51)

Then again by (2.2.19) and Lebesgue dominated convergence theorem, we have

∫

R

(
(v−)2− (v̄−)2

)
dx = lim

R→∞

∫

R

(
S−R (v)− S−R (v̄)

)
(t, x)dx = 0. (2.2.52)

Thus, by summing up (2.2.45) and (2.2.52), we in fact obtain

∫

R

(
v2− v̄2)dx =

∫ ∫

R2

∣∣λ− v̄(t, x)
∣∣2µ(t, x,dλ)dx = 0. (2.2.53)
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This shows thatµ(t, x,dλ)= δv̄(t,x)(λ) for almost all(t, x) ∈R
+×R. This completes the

proof of Lemma 2.2.5. �

We remark that the difficulty in establishing the strong precompactness of{vn} lies in the
possible swaying of characteristics at a positive timet . The Young measure tool handles
this difficulty successfully. Other methods, including removal of a small singularity set, the
Cauchy sequence property, or Sobolev embedding, are not successful in our attempts.

2.2.4. The existence proof.We now prove the existence and some regularity parts of
Theorem 2.1.3.

By Lemmas 2.2.1 and 2.2.5, we have thatvn(t, y)→ v(t, y) in L
p

loc(R
+ × R

+) for all
p < 3, andv(t, y) � 2/t . Thus by Lemma 2.2.2, we can take the limitn→∞ in the
equation

∂tv
n + ∂x

(
unvn

)
= 1

2

(
vn
)2
.

This proves thatv(t, x) of (2.2.12) is indeed a global weak solution of (2.1.1). (The explicit
formula ofv will be established in the proof of uniqueness.) Moreover, by Lemma 2.2.1,
we find thatv(t, x) ∈ Lploc(R

+×R
+) for all p < 3. The continuityv ∈ C([0,∞),Lq(R+))

for all q < 2 is standard. The right continuityv(t, x) ∈ C+([0,∞),L2(R+)) follows from
the claim (2.2.41) applied at any timet0 � 0. The estimate on energy in a strip (2.1.5) is
shown in the next subsection.

2.2.5. The flow map. Let {Φn
t (x)} be the flow ofun(t, x); i.e.,Φn

t (x) satisfies

{
dΦn

t (x)

dt = un
(
t,Φn

t (x)
)
=
∫ Φn

t (x)

0 vn(t, y)dy,

Φn
t (x)

∣∣
t=0= x.

(2.2.54)

We study the flow ofu(t, x), namely in the following lemma.

LEMMA 2.2.6 (Existence of flow).There exists a subsequence of{un} which we still de-
note by{un} such that the corresponding flow sequence{Φn

t (x)} is uniformly convergent on
every compact subset ofQ∞ to someΦt (x) ∈ C(Q∞) with ∂tΦt (x) ∈ C(Q∞). Moreover,
it satisfies

{
dΦt (x)

dt = u
(
t,Φt (x)

)
=
∫ Φt (x)

0 v(t, y)dy,

Φt (x)|t=0= x
(2.2.55)

in the classical sense, where(v,u) are from(2.2.11)and (2.2.12).Further, there holds

Φt (x)=
∫ x

0

(
1+ 1

2
v0(z)t

)2

1{2+v0(z)t�0} dz. (2.2.56)
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PROOF.

Step1. We first establish

Φn
t (x)=

∫ x

0

(
1+ 1

2
vn0(z)t

)2

1{2+vn0(z)t�0} dz. (2.2.57)

For anyx1 ∈ [0,1], sayx1 ∈ [m−1
n
, m
n
) for somem, we have from (2.2.54) that

Φn
t (x1) = x1+

∫ t

0

∫ Φn
s (x1)

0
vn(s, y)dy ds

= x1+
∫ t

0

(
m−1∑

k=1

∫ xk(s)

xk−1(s)

2vnk
2+ vnk s

dy +
∫ Φn

s (x1)

xm−1(s)

2vnm
2+ vnms

dy

)
ds.

(2.2.58)

Using this formula we obtain the distance between two particular pathsΦn
t (x1) and

xm−1(t) by subtraction

Φn
t (x1)− xm−1(t)

= x1−
m− 1

n
+
∫ t

0

∫ Φn
s (x1)

xm−1(s)

2vnm
2+ vnms

dy ds

= x1−
m− 1

n
+
∫ t

0

2vnm
2+ vnms

(
Φn
s (x1)− xm−1(s)

)
ds (2.2.59)

since the solution is independent ofy in a strip. Thus, if we letY n(t) :=Φn
t (x1)−xm−1(t),

we then find





dY n(t)
dt = 2vnm

2+vnmt Y
n(t),

Y n(t)
∣∣
t=0= x1− m−1

n
.

Integrating the ordinary differential equation before the possible blow-up time, we obtain

Φn
t (x1)− xm−1(t)=

(
x1−

m− 1

n

)(
1+ 1

2
vnmt

)2

1{2+vnmt�0}. (2.2.60)

Similarly (or directly from (2.2.9)), we find

xk(t)− xk−1(t)=
1

n

(
1+ 1

2
vnk t

)2

1{2+vnk t�0}. (2.2.61)
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Summing up (2.2.58), (2.2.60) and (2.2.61), we obtain

Φn
t (x1) = x1+

∫ t

0

[
m−1∑

k=1

1

2n
vnk
(
2+ vnk t

)
1{2+vnk t�0}

+ 1

2
vnm
(
2+ vnmt

)
1{2+vnmt�0}

(
x1−

m− 1

n

)]
ds

=
m−1∑

k=1

[
1

n
+ 1

4n
vnk
(
4t + vnk t

2)
]
1{2+vnk t�0}

+
[
1+ 1

4
vnm
(
4t + vnmt

2)
]
1{2+vnmt�0}

(
x1−

m− 1

n

)

=
∫ x1

0

(
1+ vn0(z)t +

1

4

(
vn0(z)t

)2
)

1{2+vn0(z)t�0} dz

which yields (2.2.57).

Step2. By (2.2.15), we have

∥∥∥∥
dΦn

t (·)
dt

∥∥∥∥
L∞
=
∥∥un

(
t,Φn

t (·)
)∥∥

L∞ � C(T ) (2.2.62)

for all t � T . By (2.2.7), (2.2.57) and Dunford–Pettis’ theorem, we see that{Φn
t (x)} is

equicontinuous with respect tox for all (t, x) ∈ QT . By Ascoli–Arzelà theorem and a
diagonal process for the timeT , we obtain the strong precompactness of{Φn

t (x)}. That
is, there exists a subsequence of{Φn

t (x)} such that{Φn
t (x)} uniformly converges to some

Φt (x) ∈ C(Q∞) in QT for all T > 0.
By (2.2.54) we have

Φn
t (x)= x +

∫ t

0
un
(
s,Φn

s (x)
)
ds.

By the above precompactness, we find that there holds

Φt (x)= x +
∫ t

0
u
(
s,Φs(x)

)
ds.

Sinceu(t, x) ∈ C(Q∞), we obtain that∂tΦt (x) ∈ C(Q∞) andΦt (x) satisfies (2.2.55) in
the classical sense.

Furthermore by (2.2.7) and Dunford–Pettis’ theorem, we easily deduce (2.2.56) from
(2.2.57). This completes the proof of Lemma 2.2.6. �
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Fig. 1. An illustration of flow paths.

We remark that the flow map is unique, see Proposition A in Section 2.5. The set of
singularity points ofv has 2D Lebesgue measure zero, see Lemma 2.3.1. The flow map is
invertible almost everywhere, see Lemma 2.3.3. See Figure 1 for an illustration of a flow
map.

LEMMA 2.2.7 (Stripwise energy inequality).There holds

∫ Φt (x2)

Φt (x1)

v2(t, y)dy �

∫ x2

x1

v2
0(y)dy ∀t ∈R

+, 0� x1 < x2 � 1, (2.2.63)

for any weak solutionv satisfying Definition2.1.1 (including the limit (v,u) obtained
though(2.2.11)and (2.2.12)),whereΦ is the associated flow.

SKETCH OF THE PROOF. The idea is to mollify the first equation in (2.1.1) as in (2.2.21),
use cut-off multipliers as in (2.2.22) and (2.2.33), then integrate the equation between
two characteristics. The entropy condition (2.1.2) and the right continuity ofv(t, ·) in L2

at t = 0 are essential. The proof of Lemma 4 of [71] from its (3.9) to (3.27) contains
completely the proof of (2.2.63); the new difficulty here thatv may be negative does not
cause any difficulty in its step (3.24). �

Summing up, we complete the proof of the existence and some regularity parts of The-
orem 2.1.3. We establish the explicit formula and uniqueness of the solution in the next
subsection.

2.3. Uniqueness of dissipative solutions

In this subsection, we establish the uniqueness and the explicit formula parts of Theo-
rem 2.1.3 by utilizing the idea of the proof of the uniqueness of entropy solutions of (2.1.1)
with nonnegativeL2(R+) initial data in [71]. The approach is through the method of char-
acteristics and regularization. The new difficulty for generalL2(R+) initial data here is that



584 P. Zhang and Y. Zheng

characteristics may merge at finite times. We need to establish detailed structural proper-
ties of the solutions, as well as uniqueness, continuity, and differentiability properties, of
the characteristics.

PROOF OF THE UNIQUENESS. We divide the proof into several steps.

Step1. In this step we establish more details of the basic structure of the flow.
Let (v(t, x), u(t, x)) be a dissipative solution of (2.1.1) by Definition 2.1.1, andΦt (x) be

a flow ofu(t, x); that is,Φt (x) satisfies
{

dΦt (x)
dt = u

(
t,Φt (x)

)
=
∫ Φt (x)

0 v(t, y)dy,

Φt (x)|t=0= x.
(2.3.64)

CLAIM 1. Let 0� x1 < x2 � 1 and t0 > 0. Then there holds

Φt (x1)=Φt (x2) for all t � t0 if Φt0(x1)=Φt0(x2). (2.3.65)

PROOF. The claim follows from the fact that∂xu has an upper bound fort � t0 and we
are solving the ordinary differential equation (2.3.64) in the positive direction. In fact,
suppose (2.3.65) fails, then we would have case (i)Φt (x1) > Φt (x2) (or case (ii)Φt (x1) <

Φt (x2)), due to the continuity ofΦt (x) in t , for t2 > t > t1 � t0 for somet2 > t1 � t0 with
Φt1(x1)=Φt1(x2). Without loss of generality we sett1= t0. From (2.3.64) and the entropy
condition (2.1.2), we would then have, for case (i) fort2 > t > t0,

0< Φt (x1)−Φt (x2)

= Φt0(x1)−Φt0(x2)+
∫ t

t0

∫ Φs (x1)

Φs (x2)

v(s, y)dy ds

�

∫ t

t0

2

s

(
Φs(x1)−Φs(x2)

)
ds. (2.3.66)

Then, by Gronwall’s inequality, we find thatΦt (x1)=Φt (x2) for t2 � t � t0, a contradic-
tion. The proof for case (ii) is the same. This proves (2.3.65). �

We obtain immediately from (2.3.65) the monotonicity

Φt (x1)�Φt (x2) ∀t > 0, for any 0� x1 < x2 � 1. (2.3.67)

And there holds the strip-wise energy estimate (2.2.63) of Lemma 2.2.7.

CLAIM 2. For 0� x1 < x2 � 1, there holds

Φt (x2)−Φt (x1)

= x2− x1+ t

∫ x2

x1

v0(y)dy + 1

2

∫ t

0

∫ s

0

∫ Φτ (x2)

Φτ (x1)

v2(τ, y)dy dτ ds. (2.3.68)
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PROOF. The proof is the same as (3.6) of [71]. For completeness, we reproduce its proof.
Let vε(t, x) =

∫
R
jε(y)v(t, x − y)dy, wherev can be extended by zero intox < 0. By

Lemma 2.3 of [48], we find thatvε satisfies





∂tv
ε + ∂x

(
uvε

)
= 1

2

(
vε
)2+Rε(t, x),

u(t, x)=
∫ x

0 v(t, y)dy,

vε(t, x)
∣∣
t=0= vε0(x),

(2.3.69)

whereRε(t, x)= ∂x(uv
ε)−∂x(uv)∗ jε− 1

2((v
ε)2−v2∗ jε), andRε→ 0 inL1+α/2

loc (R+×
R
+) for all α ∈ [0,1). Integrating (2.3.69) over[0, x], we obtain

∂t

∫ x

0
vε(t, y)dy + u(t, x)vε(t, x)

= 1

2

∫ x

0

(
vε(t, y)

)2
dy +

∫ x

0
Rε(t, y)dy. (2.3.70)

Let uε(t, x) :=
∫ x

0 vε(t, y)dy. Then by (2.3.70), we find

duε(t,Φt (x))

dt
= 1

2

∫ Φt

0

(
vε(t, y)

)2 dy +
∫ Φt (x)

0
Rε(t, y)dy,

that is,

uε
(
t,Φt (x)

)
= uε0(x)+

1

2

∫ t

0

∫ Φs

0

(
vε(s, y)

)2 dy ds +
∫ t

0

∫ Φs (x)

0
Rε(s, y)dy ds,

whereuε0(x)=
∫ x

0 vε0(y)dy. Lettingu0(x)=
∫ x

0 v0(y)dy and tendingε→ 0, we find

u
(
t,Φt (x)

)
= u0(x)+

1

2

∫ t

0

∫ Φs (x)

0
v2(s, y)ds dy. (2.3.71)

Now, for x1 < x2, integrating the first equation of (2.3.64) and by (2.3.71), we obtain

Φt (x2)−Φt (x1)

= x2− x1+
∫ t

0

[
u
(
s,Φs(x2)

)
− u

(
s,Φs(x1)

)]
ds

= x2− x1+ t
[
u0(x2)− u0(x1)

]
+ 1

2

∫ t

0

∫ s

0

∫ Φτ (x2)

Φτ (x1)

v2(τ, y)dτ dy ds,

(2.3.72)

which yields (2.3.68). �
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CLAIM 3. For any t > 0, the derivative∂xΦt (x) exists and there holds

max
{
0,1+ tv0(x)

}
� ∂xΦt (x)�

(
1+ 1

2
v0(x)t

)2

(2.3.73)

for almost allx ∈ [0,1] and in the sense of distributions.

PROOF. The first inequality in (2.3.73) follows from (2.3.67) and (2.3.68) directly. By
(2.3.68), (2.3.67) and (2.2.63), we obtain

0 � Φt (x2)−Φt (x1)

� x2− x1+ t

∫ x2

x1

v0(y)dy + t2

4

∫ x2

x1

v2
0(y)dy

=
∫ x2

x1

(
1+ 1

2
tv0(y)

)2

dy. (2.3.74)

Thus, the flowΦt (x) is a nondecreasing continuous function with respect tox, Φt (x) can
be differentiated with respect tox for almost all x ∈ [0,1] for any t > 0, and there
holds (2.3.73). �

Step2. We improve the above inequalities (2.3.73) fromalmost everywhereto on almost
all characteristicsand establish the continuity of∂xΦt (x) ∈ C(R+) in t for almost all fixed
x ∈R

+.

CLAIM 4. There exists a null setB⊂ [0,1] such that for anyx ∈ B
c there holds

∂xΦt (x) ∈ C
(
[0,∞)

)
. (2.3.75)

PROOF. Take anyT > 0. We let

ET :=
{
(t, x) ∈ [0, T ] × [0,1]

∣∣ ∂xΦt (x) does not exist
}
.

Then, by Claim 3 and Fubini’s theorem, we find that the measure ofET is zero. Thus, if we
denoteB the set of points on[0,1] such thatH 1(S(x)) > 0 for every pointx ∈ B, where
S(x) := {(t, x) | t ∈ [0, T ], ∂xΦt (x) does not exist} andH 1(S(x)) is the one-dimensional
Hausdorff measure ofS(x), then trivially

∫

B

H 1(S(x)
)
dx =m

(
ET
)
= 0.

Thus,m(B)= 0. So for allT > 0 and allx ∈ [0,1] \B with m(B)= 0, there holds

H 1(S(x)
)
= 0. (2.3.76)
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Next, we prove that∂xΦt (x) exists for 0� t � T and (2.3.75) holds for allx ∈ [0,1] \B,
m(B)= 0. In fact, we have, from (2.2.63) and (2.3.68),

∣∣∣∣
Φt2(x2)−Φt2(x1)

x2− x1
− Φt1(x2)−Φt1(x1)

x2− x1

∣∣∣∣

�

∣∣∣∣(t2− t1)
1

x2− x1

∫ x2

x1

v0(y)dy

∣∣∣∣+
∣∣∣∣

t22 − t21

4(x2− x1)

∫ x2

x1

v2
0(y)dy

∣∣∣∣. (2.3.77)

Thus, at any pointx ∈ [0,1] \ B which is also a Lebesgue point ofv0(·) with finite value
v0(x) �= ±∞, by the Lebesgue point assumption (2.2.7) and Ascoli–Arzelà theorem, we
find that there exist a continuous functionfx(·) ∈ C([0, T ]) and a sequence ofxn such that

lim
xn→x

∣∣∣∣
Φt (xn)−Φt (x)

xn − x
− fx(t)

∣∣∣∣= 0 uniformly for t ∈ [0, T ].

Thus,∂xΦt (x)= fx(t) for (t, x) /∈ S(x). Moreover, by (2.3.76), for any(t, x) ∈ S(x), there
is a sequence of{tn} such thattn→ t, and(tn, x) /∈ S(x), then, we find by (2.3.77) that

∣∣∣∣
Φt (y)−Φt (x)

y − x
− fx(t)

∣∣∣∣

�

∣∣∣∣
Φt (y)−Φt (x)

y − x
− Φtn(y)−Φtn(x)

y − x

∣∣∣∣

+
∣∣∣∣
Φtn(y)−Φtn(x)

y − x
− fx(tn)

∣∣∣∣+
∣∣fx(tn)− fx(t)

∣∣. (2.3.78)

From (2.3.78), we find that

lim
y→x

Φt (y)−Φt (x)

y − x
= fx(t).

With the fact that the set of non-Lebesgue points ofv0 or v0=±∞ has measure zero, we
prove (2.3.75) for anyT > 0. By the diagonal process for the timeT →∞, we obtain that
for any x ∈ [0,1] \ B with m(B) = 0, Φt (x) can be differentiated with respect tox and
∂xΦt (x) ∈ C([0,∞)). �

Step3. We establish the short-time uniqueness. Let

t1γ (x) :=
{
− 1−γ

v0(x)
if v0(x) < 0,

∞ if v0(x)� 0,
for a fixedγ ∈ (0,1). (2.3.79)

Then on the setD := {(t, x) ∈R
+×[0,1] | t � t1γ (x)}, see Figure 2, and by Claim 3, there

holds

∂xΦt (x)� 1+ tv0(x)� γ onD. (2.3.80)
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Fig. 2. The domainD.

CLAIM 5. There holds

v
(
t,Φt (x)

)
= 2v0(x)

2+ v0(x)t
a.e. onD. (2.3.81)

PROOF. We modify the proof of Lemma 5 in [71] for this claim. The difference is that our
D may have an irregular shape while the corresponding domain in [71] is a rectangle, see
Figure 2.

Let vε(t, x) =
∫

R
jε(y)v(t, x − y)dy as in Claim 2. By DiPerna–Lions’ folklore

Lemma II.1 of [19], we find thatvε(t, x) satisfies





∂tv
ε + u∂xv

ε =−1
2

(
vε
)2+ rε(t, x),

u(t, x)=
∫ x

0 v(t, y)dy,

vε(t, x)
∣∣
t=0= vε0(x),

(2.3.82)

whererε(t, x) := u∂xv
ε − (u ∂xv) ∗ jε + 1

2((v
ε)2− v2 ∗ jε) andrε→ 0 in Lploc(Q∞) for

all p ∈ [1, 3
2). We compare solutions of (2.3.82) with solutionsW ε(t, x) of the problem





∂tW
ε + u∂xW

ε =−1
2

(
W ε
)2
,

u(t, x)=
∫ x

0 v(t, y)dy,

W ε(t, x)
∣∣
t=0= vε0(x).

(2.3.83)

Let Y ε(t, y) := vε(t, y)−W ε(t, y). Then by (2.3.82), (2.3.83) and the method of charac-
teristics, we find

Y ε
(
t,Φt (x)

)
=
∫ t

0

[
−1

2
Y ε
(
s,Φs(x)

)(
vε +W ε

)(
s,Φs(x)

)
+ rε

(
s,Φs(x)

)]
ds.

(2.3.84)
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We show that

Y ε
(
t,Φt (x)

)
→ Y

(
t,Φt (x)

)
:= v

(
t,Φt (x)

)
− 2v0(x)

2+ v0(x)t
(2.3.85)

asε→ 0, and pass the limit in (2.3.84). We easily obtain from (2.3.83) that

W ε
(
t,Φt (x)

)
= 2vε0(x)

2+ vε0(x)t

(
onDα, see below

)
. (2.3.86)

This solution may blow up onD, due to changes invε0 from mollification. But for any
smallα > 0, we can find a setDα ⊂D and anεα > 0 such that

2+ vε0(x)t � 1 onDα (2.3.87)

and (2.3.86) holds for allε ∈ (0, εα], where|D \Dα| < α. Note thatDα is similar toD
in structure; i.e., if a point(t, x0) ∈D, then the whole vertical segment{(t, x0) | 0 � t �

t1γ (x0)} is inD. LetDt denote the cross-section ofDα at timet . By (2.3.80) and (2.3.87),
we trivially have

lim
ε→0

sup
t∈R+

∥∥∥∥W
ε
(
t,Φt (x)

)
− 2v0(x)

2+ v0(x)t

∥∥∥∥
L2(Dt )

= 0. (2.3.88)

By (2.3.80) and the change of variables Theorem 2 on p. 99 of [24], we find for anyt � 0,

lim
ε→0

∥∥vε
(
t,Φt (x)

)
− v

(
t,Φt (x)

)∥∥2
L2(Dt )

= lim
ε→0

∥∥(vε(t, y)− v(t, y)
)2
∂y(Φt )

−1(y)
∥∥
L1(Φt (Dt ))

� lim
ε→0

∥∥(vε(t, y)− v(t, y)
)∥∥2

L2([0,K(T )])

= 0. (2.3.89)

Sincev ∈ L∞(R+,L2), we hence have

∥∥Y ε
(
t,Φt (x)

)
− Y

(
t,Φt (x)

)∥∥
L2(Dt )

= 0 for all t � 0, in L2([0, T ]
)

(2.3.90)

for all T > 0 asε→ 0. By a similar procedure, we have

lim
ε→0

∥∥∥∥
((
vε
)2−

(
W ε
)2)(

s,Φs(x)
)
−
(
v2−

(
2v0(x)

2+ v0(x)s

)2)∥∥∥∥
L1

loc(D
α)

= 0.

(2.3.91)
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While trivially

lim
ε→0

∥∥rε
(
s,Φs(x)

)∥∥
L1

loc(D
α)
= 0. (2.3.92)

Summing up (2.3.90)–(2.3.92) and using Fubini’s theorem, we find in the limitε→ 0 in
almost everywhere convergence that

Y
(
t,Φt (x)

)
=
∫ t

0
−1

2
Y
(
s,Φs(x)

)(
v
(
s,Φs(x)

)
+ 2v0(x)

2+ v0(x)s

)
ds, a.e.Dα.

(2.3.93)

We see easily from (2.3.91) that the integrand in (2.3.93) is integrable over[0, T ] in s

for almost allx. ThusY(t,Φt (x)) is continuous int for almost all(t, x) ∈Dα . The reg-
ularity for v is v(s,Φs(x)) ∈ L1([0, t]) for almost all (t, x) ∈ Dα sincev(s,Φs(x)) ∈
L1

loc(D
α) by (2.3.89). Taking absolute value on both sides and using Gronwall’s inequality

in (2.3.93), we find

Y
(
t,Φt (x)

)
= 0 a.e. Dα.

But α is arbitrary, so (2.3.81) holds. This completes the proof of Claim 5. �

CLAIM 6. There holds

∂xΦt (x)=
(

1+ 1

2
v0(x)t

)2

a.e. onD. (2.3.94)

PROOF. In fact, we need only prove that

∂xu
(
t,Φt (x)

)
= v

(
t,Φt (x)

)
∂xΦt (x), (2.3.95)

because we can differentiate (2.3.64) with respect tox, use (2.3.95) and (2.3.81), then
integrate the linear equation of∂xΦt (x) to obtain (2.3.94). The proof of (2.3.95) is easy.
Let uε(t, y) :=

∫
jε(y − z)u(t, z)dz, then∂xuε(t,Φt (x))= vε(t,Φt (x)) ∂xΦt (x). Similar

to the proof of the differentiation ofΦt (x) with respect tox, we can prove that∂yΦ
−1
t (y)

exists and 0� ∂yΦ
−1
t (y)� 1/γ for almost all(t, y) ∈D∗, where

D∗ :=
{
(t, y)

∣∣ 0� t � t1γ (x), y =Φt (x), x ∈ [0,1], t � T
}
. (2.3.96)

Thus, by the change of variables formula (Theorem 2 on p. 99 of [24]), we find

∫ 1

0

∫ t1γ (x)

0

∣∣vε
(
t,Φt (x)

)
− v

(
t,Φt (x)

)∣∣ ∂xΦt (x)dt dx

=
∫ ∫

D∗

∣∣vε(t, y)− v(t, y)
∣∣∣∣∂xΦt

(
Φ−1
t (y)

)∣∣∣∣∂yΦ−1
t (y)

∣∣dt dy

�

∫ K(T )

0

∫ T

0

∣∣vε(t, y)− v(t, y)
∣∣dt dy→ 0 (2.3.97)
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asε→ 0. This proves (2.3.95). �

CLAIM 7. There holds

v
(
t,Φt (x)

)
= 2v0(x)

2+ v0(x)t
, ∂xΦt (x)=

(
2+ v0(x)t

2

)2

(2.3.98)

for all t ∈ [0, t∗(x)), where

t∗(x) :=
{− 2

v0(x)
if v0(x) < 0,

∞ if v0(x)� 0.
(2.3.99)

PROOF. We have from Claim 6 that

∂xΦt (x)|t=t1γ (x) �

(
1+ γ

2

)2

for a.e.x ∈ [0,1]. (2.3.100)

Hence, by the continuity of∂xΦt (x) for almost allx with respect tot, and by a similar
proof of Claims 5 and 6, we find: For almost allx ∈ [0,1], there is at2γ (x), such that
t2γ (x) > t1γ (x), and (2.3.98) holds for allt � t2γ (x). Repeating the above argument, we find
that: For almost allx ∈ [0,1], there is a maximaltm(x) ∈ R

+, such that (2.3.98) holds
for t � tm(x). If tm(x) < t∗(x) on a set ofx of positive measure, then, by the arguments
following (2.3.100), we find: There is atm′(x) on a set ofx of positive measure such
that tm(x) < tm′(x) < t∗(x), and (2.3.98) holds fort � tm′(x). This contradicts with the
maximal assumption oftm(x). Hence, (2.3.98) holds for allt < t∗(x). �

Step4. We establish the whole uniqueness.
It is easy to see that in order to prove that the first equality of (2.3.98) holds almost

everywhere onR+ × [0,1], we need only prove the following lemma.

LEMMA 2.3.1 (Singularity set).The singularity set

B1 :=
{
(t, y)

∣∣ ∃x ∈ [0,1], y =Φt (x), t
∗(x)� t <∞

}
(2.3.101)

has2D measure zero.

To prove the lemma, we need another lemma, Lemma 2.3.2. For Lemma 2.3.2 we note
trivially that there must holdv0(x)�−2/T at a pointx ∈ [0,1] in order for the character-
istic y =Φt (x) issued fromx to have a portion belonging toBT , where

BT :=
{
(t, y)

∣∣ ∃x ∈ [0,1], y =Φt (x), T � t � max
{
ε, t∗(x)

}}
(2.3.102)

for anyT > ε > 0. Also, from (2.3.74), we see that characteristics from a small subset of
[0,1] form a small region in[0, T ] ×R

+. Now we present the lemma.
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Fig. 3. Domain of integration.

LEMMA 2.3.2. LetX be a measurable subset of[0,1] such thatv0(x)�−2/T for almost
all x ∈X. Then

|X| +
∫ ∫

Ω(X)

v(s, y)dy ds = 0, (2.3.103)

where

Ω(X) :=
{
(s, y)

∣∣ y =Φs(x), x ∈X,0� s < t∗(x)
}

(2.3.104)

which represents the collection of characteristics issued from the setX before the solution
blows up(see Figure3). Here |X| represents the measure of the setX.

PROOF. First supposeX is an interval(x1, x2). From Step 1 we know that the characteris-
ticsΦt (x) are monotone with respect tox. We make the change of variables

(s, y)→ (t, x)=
(
s,Φ−1

s (y)
)

(2.3.105)

whose Jacobian is(1 + 1
2v0(x)t)

2. From Step 3 we know that the solution is given
by (2.3.98) inΩ(X). So we have

∫ ∫

Ω(X)

v(s, y)dy ds =
∫ x2

x1

∫ t∗(x)

0

v0(x)

1+ (1/2)v0(x)t

(
1+ 1

2
v0(x)t

)2

dt dx

=
∫ x2

x1

[
v0(x)t

∗(x)+ 1

4
v2

0(x)
(
t∗(x)

)2
]

dx. (2.3.106)

Upon substituting the formula fort∗(x) into (2.3.106), we obtain (2.3.103).
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For a general measurable setX, we use a disjoint countable union of open intervalsG

to approximateX from the exterior arbitrarily. Lett∗T (x) :=min{t∗(x), T }. Let

ΩT (G) :=
{
(s, y) ∈Ω(G) | s � T

}
. (2.3.107)

We have from the previous paragraph

∫ ∫

ΩT (G)

v(s, y)dy ds

=
∫

G

[
v0(x)t

∗
T (x)+

1

4
v2

0(x)
(
t∗T (x)

)2
]

dx

=−|X| +
∫

G\X

[
v0(x)t

∗
T (x)+

1

4
v2

0(x)
(
t∗T (x)

)2
]

dx. (2.3.108)

Sending the approximationG→ X, we recover (2.3.103) from (2.3.108) since the last
integrand in (2.3.108) is integrable andΩT (G) approachesΩ(X) by the smallness notice
given just before the lemma. This completes the proof of Lemma 2.3.2. �

PROOF OF LEMMA 2.3.1. We need only prove that for anyT > ε > 0, the singularity
setBT in (2.3.102) has 2D measure zero. Given anyδ > 0 (assumeδ < 1/T ), we show
that the singularity setBT of (2.3.102) has measure less than O(δ). By Lusin’s theorem,
there exists a continuous functionψ(x) on [0,1] such that the set

S :=
{
x | v0(x) �=ψ(x), x ∈ [0,1]

}
(2.3.109)

has measure

|S|< δ. (2.3.110)

From (2.3.74), we see that characteristics fromS form a region in[0, T ] ×R
+ of measure

less thanCδ which goes to zero asδ→ 0. Next we can find a finite covering{Ii}Ni=1, Ii :=
(ai, bi), i = 1, . . . ,N , of [0,1] such that the fluctuation ofψ on eachIi is less thanδ;
that is, the difference between the maximumψ1 and the minimumψ0 on eachIi is less
thanδ. Let Si be the part ofS that is inIi . Note thatBT may not have any portion that is
issued from someIi \ Si . Now consider the characteristics ofBT issued from someIi \ Si .
We separate the characteristics ofBT issued fromIi \ Si into two portions: the tail and
the torso, see Figure 4. The torso consists of the characteristics between the time interval
t ∈ [− 2

ψ0 ,− 2
ψ1 ] which has a height

∣∣∣∣
2

ψ0
− 2

ψ1

∣∣∣∣=
2|ψ1−ψ0|
|ψ1ψ0| � T 2δ,

where we usedψ0 �−2/T andψ1 �−2/T + δ �−1/T . The width of the torso portion
sums up overi to a finite number independent ofδ. So the torso portion has measure less
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Fig. 4. The torso and tail of a part of a singular set.

than O(δ). The tail portion is for timet >−2/ψ1 which we show to be small next. First,
apparently, we needT >−2/ψ1 for the tail to be inBT . Otherwise, the tail is beyond the
timeT . Now for t ∈ [− 2

ψ1 , T ] and from integrating (2.3.64), we have

0< Φt (bi)−Φt (ai)

= |Ii | +
∫ t

0

∫ Φs (bi )

Φs (ai )

v(s, y)dy ds

= |Ii | +
∫ ∫

Ωt (Ii)

v(s, y)dy ds +
∫ ∫

Ωc

v(s, y)dy ds, (2.3.111)

whereΩt (Ii) is the same as in (2.3.107) att and

Ωc :=
{
(s, y)

∣∣ y =Φs(x), t
∗(x) < s < t, x ∈ Ii

}
.

Using Lemma 2.3.2 forX = Ii \ Si in (2.3.111) and notingΩt (X)=Ω(X) for thisX, we
have

Φt (bi)−Φt (ai)

= |Si | +
∫ ∫

Ωt (Si )

v(s, y)dy ds +
∫ ∫

Ωc

v(s, y)dy ds

� |Si | +
∫ ∫

ΩT (Si )

∣∣v(s, y)
∣∣dy ds +Cm

∫ t

0

(
Φs(bi)−Φs(ai)

)
ds, (2.3.112)
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whereCm = C/tm is from the entropy conditionv < C/t and tm depends on the (nega-
tive) minimum ofψ on [0,1]. By the barrierε in BT of (2.3.102), we can taketm = ε.
From (2.3.112) and Gronwall’s inequality, we obtain that

Φt (bi)−Φt (ai)� C

(
|Si | +

∫ ∫

ΩT (Si )

∣∣v(s, y)
∣∣dy ds

)
. (2.3.113)

Summing overi, we see that the tail has a size which goes to zero asδ goes to zero. Thus
the total measure ofBT is less than a quantity which goes to zero asδ→ 0. This completes
the proof of Lemma 2.3.1. �

So the proof of the uniqueness of dissipative weak solutions is complete. �

PROOF OF THE EXPLICIT FORMULA. From the proof of uniqueness, we see that a distrib-
utional solution has to be given by the formula (2.3.98) onBc

1, whereB1 has measure zero.
Furthermore, from (2.3.98) and Lemma 2.3.1, there holds

∂xΦt (x)=
(

1+ 1

2
v0(x)t

)2

1{2+v0(x)t>0} a.e. (2.3.114)

From this and the absolute continuity (2.3.74), we see that (2.2.56) holds for any dissipative
weak solution. We then have the following lemma.

LEMMA 2.3.3 (Flow inverse).The inverseΦ−1
t (y) exists fromBc

1 to [0,1] for eacht � 0.

PROOF. Fix a point(t, y) ∈ Bc
1. Suppose there are two numbersa < b in [0,1] such that

Φt (a)=Φt (b)= y. From (2.2.56), we have

∫ b

a

(
1+ 1

2
v0(z)t

)2

1{1+(1/2)v0(z)t�0} dz= 0

which implies that

1+ 1

2
v0(z)t � 0 a.e. z ∈ (a, b). (2.3.115)

Take any pointc ∈ (a, b) such that (2.3.115) holds. Then(t, y) belongs toB1 through the
realization of the characteristicy = Φt (c), a contradiction. This completes the proof of
Lemma 2.3.3. �

So the explicit formulav of Theorem 2.1.3 is established. �

2.4. Conservative solutions

We prove Theorem 2.1.4 in this subsection.
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2.4.1. Approximate solutions. We use (2.2.6) to approximate the initial data and con-
struct the approximate solutions as follows

vn(t, x)= 2vni
2+ tvni

,
1

n

i−1∑

j=1

(
1+ 1

2
vj t

)2

� x <
1

n

i∑

j=1

(
1+ 1

2
vj t

)2

,

wherei = 1,2, . . . , n. We calculateun from ∂xu
n = vn andun(t,0)= 0.

2.4.2. Primitive estimates. Corresponding to Lemma 2.2.1, we have the following lem-
mas.

LEMMA 2.4.1 (Primitive estimates).For all p ∈ [2,3), T > 0 andR > 0, the approximate
solution sequence{vn, un} constructed above satisfies the estimates

(b)
∥∥vn(t, ·)

∥∥
L2(R+) =

∥∥vn0
∥∥
L2([0,1]) a.e. t > 0,

(c)
∥∥vn

∥∥p
Lp([0,T ]×R+) � CT ,p

∥∥vn0
∥∥2
L2([0,1]). (2.4.116)

Moreover, {un(t, x)} are uniformly bounded inW1,p
loc (Q∞).

LEMMA 2.4.2 (Basic precompactness).It holds for conservative solutions without change.

2.4.3. Flow map. We approach strong precompactness through the flow map, since the
argument in Section 2.2.3 does not seem to extend to the conservative solutions. We let
{Φn

t (x)} be the special flow ofun(t, x)

Φn
t (x)=

∫ x

0

(
1+ 1

2
vn0(y)t

)2

dy. (2.4.117)

Then by the construction of the approximate solutions, we find that for anyx1 < x2 in
[0,1] there holds

∫ Φn
t (x2)

Φn
t (x1)

(
vn(t, y)

)2 dy =
∫ x2

x1

(
vn0(y)

)2 dy. (2.4.118)

Moreover, Lemma 2.2.6 holds for conservative solutions when (2.2.56) is changed into

Φt (x)=
∫ x

0

(
1+ 1

2
v0(y)t

)2

dy. (2.4.119)

Clearly uniqueness of the flow map fails for conservative weak solutions(v,u). An ex-
ample is when all characteristics come to one singularity point and emerge in two different
orders. If characteristics are required to preserve the energy between them, then the flow
map is unique.
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LEMMA 2.4.3 (Uniqueness of conservative flow maps).Let (v,u,Φ) be any conservative
weak solution by Definition2.1.2.ThenΦt (x) is uniquely determined by the initial data
given in(2.4.119).

PROOF. By takingx1 = 0 andx2 = x in (2.3.68) which holds for conservative solutions,
we have forx � 0 that

Φt (x)= x + t

∫ x

0
v0(y)dy + 1

2

∫ t

0

∫ s

0

∫ Φτ (x)

0
v2(τ, y)dy dτ ds. (2.4.120)

By the local energy conservation of (c3) of Definition 2.1.2, we obtain (2.4.119). �

For Lemma 2.3.1, we have the following one.

LEMMA 2.4.4. The set

B2 :=
{
(t, y)

∣∣ y =Φt (x), t = t∗(x) ∈R
+, x ∈ [0,1]

}
(2.4.121)

has2D Lebesgue measure zero for the flowΦt (x) constructed in Lemma2.2.6for the flow
map(2.4.117).

The proof of Lemma 2.4.4 seems obvious. For completeness we point out that it can be
proved similar to that of Lemma 2.3.1. In place of (2.2.56), we use (2.4.119) and we do not
need to handle the tail portion here.

2.4.4. Strong precompactness.By the construction of the approximate solution sequence
{(vn, un)}, we find that there holds

∂tv
n + ∂x

(
unvn

)
= 1

2

(
vn
)2

(2.4.122)

in the sense of distributions. Thus, by (c) of Lemma 2.4.1, and an argument similar to
(2.3.69)–(2.3.71) and (2.4.118), we find that

un
(
t,Φn

t (x)
)
= un0(x)+

1

2

∫ t

0

∫ Φn
s (x)

0

(
vn(s, y)

)2 dy ds

= un0(x)+
t

2

∫ x

0

(
vn0
)2
(y)dy. (2.4.123)

Hence, by Lemma 2.2.2 and the fact thatΦn
t (x)→ Φt (x) uniformly on every compact

subset ofR+ ×R
+ asn→∞, we find, by tendingn→∞ in (2.4.123), that

u
(
t,Φt (x)

)
= u0(x)+

t

2

∫ x

0
v2

0(y)dy. (2.4.124)
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Thus, for a.e.x ∈ [0,1],∀t > 0, there holds

∂xu
(
t,Φt (x)

)
= v0(x)+

t

2
v2

0(x). (2.4.125)

Let us recall from (2.3.96),D∗ := {(t, y) | 0 � t � t1µ(x), y = Φt (x), x ∈ [0,1]}, but here
we use

t1µ(x) :=
{
−2(1−µ)

v0(x)
if v0(x) < 0,

∞ if v0(x)� 0,
for a fixedµ ∈ (0,1). (2.4.126)

Thus, by (2.4.119), we find thatΦ−1
t (y) exists for(t, y) ∈ D∗. Moreover, for almost all

(t, y) ∈D∗, there holds

0� ∂yΦ
−1
t (y)�

1

µ
. (2.4.127)

Thus, by a similar proof of (2.3.95), we find that

∂xu
(
t,Φt (x)

)
= ∂yu

(
t,Φt (x)

)
∂xΦt (x)= v̄

(
t,Φt (x)

)
∂xΦt (x). (2.4.128)

On the other hand, by (2.4.119), for a.e.x ∈ [0,1], we have

∂xΦt (x)=
(

1+ 1

2
v0(x)t

)2

. (2.4.129)

Thus, by summing up (2.4.125)–(2.4.129), we find

v̄
(
t,Φt (x)

)
= 2v0(x)

2+ v0(x)t
a.e.x ∈ [0,1], t < t1µ(x). (2.4.130)

Then by takingt derivative to both sides of (2.4.130), we find that

d

dt
v̄
(
t,Φt (x)

)
=−1

2
v̄2(t,Φt (x)

)
. (2.4.131)

But, by (2.4.122), we find̄v(t, y) also satisfies

∂t v̄+ ∂x(uv̄)=
1

2
v2. (2.4.132)

Thus, again by Lemma 2.3 of [48], we find

∂t v̄
ε + ∂x

(
uv̄ε

)
= 1

2

(
v2
)ε +Rε, (2.4.133)
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wheref ε(t, ·)= f (t, ·) ∗ jε, Rε→ 0 inL1+α/2
loc (R+ ×R

+) for all α ∈ [0,1). Thus

dv̄ε(t,Φt (x))

dt
=
(

1

2

(
v2
)ε − v̄ε · v̄

)(
t,Φt (x)

)
+Rε

(
t,Φt (x)

)

which implies

v̄ε
(
t,Φt (x)

)

= vε0(x)+
∫ t

0

[(
1

2

(
v2
)ε − v̄ε · v̄

)(
s,Φs(x)

)
+Rε

(
s,Φs(x)

)]
ds. (2.4.134)

While by (2.4.127), we find easily that

lim
ε→0

∫ 1

0

∫ t1µ(x)

0

∣∣∣∣
((

1

2

(
v2
)ε − v̄ε · v̄

)
−
(

1

2
v2− v̄2

))(
s,Φs(x)

)∣∣∣∣dx ds = 0

and

lim
ε→0

∫ 1

0

∫ t1µ(x)

0

∣∣Rε
(
s,Φs(x)

)∣∣ds dx = 0.

Then, by summing up above, we find by tendingε→ 0 in (2.4.134) that

v̄
(
t,Φt (x)

)
= v0(x)+

∫ t

0

(
1

2
v2− v̄2

)(
s,Φs(x)

)
ds, x ∈ [0,1], t � t1µ(x).

(2.4.135)

By differentiating (2.4.135) with respect tot , we find

d

dt
v̄
(
t,Φt (x)

)
=
(

1

2
v2− v̄2

)(
t,Φt (x)

)
. (2.4.136)

Thus, by summing up (2.4.131) and (2.4.136), we find

v2
(
t,Φt (x)

)
= v̄2(t,Φt (x)

)
, x ∈ [0,1], t � t1µ(x). (2.4.137)

Sendingµ→ 0, we find that (2.4.137) holds for allt < t∗(x). Thus, the associated Young
measuresµ(t, x,dλ) of {vn(t, y)} (see Lemma 2.2.3) has the property

µ
(
t,Φt (x),dλ

)
= δv̄(t,Φt (x))(λ), x ∈ [0,1], t < t∗(x). (2.4.138)
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Exactly as the proof of (2.4.138), we can also prove that

µ
(
t,Φt (x),dλ

)
= δv̄(t,Φt (x))(λ), x ∈ [0,1], t > t∗(x). (2.4.139)

Now, notice that the mapΦt (x) :x→Φt (x), maps a null set to a null set (see (2.4.119)),
and the singular set is a null set by Lemma 2.4.4. So, by summing up (2.4.138) and
(2.4.139), we in fact have established that

µ(t, y,dλ)= δv̄(t,y)(λ) a.e.(t, y) ∈Q∞. (2.4.140)

2.4.5. Existence. With (2.4.140), and exactly the same proof as the existence of dissipa-
tive weak solution of (2.1.1) (see Section 2.2.5 for more details), we can prove the exis-
tence of conservative weak solutions to (2.1.1). Moreover, there still holds the regularity
v(t, x) ∈ C([0,∞),Lq(R+))∩Lploc(Q∞) for all q < 2 andp < 3.

The almost everywhere continuity ofv(t, x) from [0,∞) to L2(R+) follows from its
weak continuity and the almost everywhere norm equality of the energy.

Corresponding to Lemma 2.2.7, we obtain the local energy conservation fromL2 strong
precompactness of{vn}, the uniform precompactness ofΦn

t and (2.4.118).

2.4.6. Uniqueness. The entire uniqueness of the triplet(v,u,Φt ) follows from the
uniqueness ofΦt (see (2.4.119)) and

u
(
t,Φt (x)

)
= u0(x)+

t

2

∫ x

0
v2

0(y)dy

derived from (2.3.71) and local energy conservation. This completes the proof of Theo-
rem 2.1.4.

2.5. The uniqueness of solution to the ODE

PROPOSITIONA (Uniqueness of dissipative flow).The solution to(2.2.55)is unique for
any(v,u) satisfying the regularity items(d1)and (d3)–(d5)of Definition2.1.1.

We remark that we find it is interesting to establish the uniqueness of the flow for a given
rough(v,u), independent of(v,u) being a solution to the equations. Compare this result
with that of DiPerna and Lions [19].

PROOF OFPROPOSITIONA. The existence of a flow is trivial sinceu is continuous. For
the uniqueness, we suppose, on the contrary, that there are two different flowsΦ1

t (x) and
Φ2
t (x) in the time interval[0, T ] starting from some pointx. Then we have

Φ1
t (x)=Φ2

t (x) for t = τ1, Φ1
t (x) > Φ2

t (x) for τ1 < t < τ2, (2.5.141)

for someτ1 ∈ [0, T ) and someτ2 ∈ (τ1, T ]. For simplicity we setτ1 = 0. Then we find
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from (2.2.55) that fort � τ2,

0 � Φ1
t (x)−Φ2

t (x)

=
∫ t

0

∫ Φ1
s (x)

Φ2
s (x)

v(s, y)dy ds

� t max
0�s�t

(
Φ1
s (x)−Φ2

s (x)
)1/2‖v‖L∞(R+,L2(R+)),

from which we can easily derive that fort � τ2,

0� max
0�s�t

[
Φ1
s (x)−Φ2

s (x)
]
� t2‖v‖2

L∞(R+,L2(R+)) =: t
2C(T )2.

Thus by (2.2.55) again, we have fort � τ2,

0 � Φ1
t (x)−Φ2

t (x)

=
∫ t

0

∫ Φ1
s (x)

Φ2
s (x)

v(s, y)dy ds

� sup
0�s�t

∥∥v(s, ·)
∥∥
L2(Es(x))

∫ t

0

(
C(T )2s2)1/2 ds

� C(T ) sup
0�s�t

∥∥v(s, ·)
∥∥
L2(Es(x))

t2, (2.5.142)

whereEs(x)= {y |Φ2
s (x)� y �Φ1

s (x)}. We comment in passing that more iterations can
reduce the constantC(T ) in (2.5.142) toC(T )/4. Next, by (d5) of Definition 2.1.1 and
(2.5.142), we find fort � τ2,

0 � Φ1
t (x)−Φ2

t (x)

=
∫ ε

0

∫ Φ1
s (x)

Φ2
s (x)

v(s, y)dy ds +
∫ t

ε

∫ Φ1
s (x)

Φ2
s (x)

v(s, y)dy ds

� C(T ) sup
0�s�ε

∥∥v(s, ·)
∥∥
L2(Es(x))

ε2+
∫ t

0
ψ(ε, s)

(
Φ1
s (x)−Φ2

s (x)
)
ds,

(2.5.143)

where

ψ(ε, s)=
{ 2
s
, s � ε,

0, s < ε.
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Then, by Gronwall’s inequality, we find fort ∈ [0, τ2] that

0�Φ1
t (x)−Φ2

t (x)� C(T )T 2 sup
0�s�ε

∥∥v(s, ·)
∥∥
L2(Es(x))

. (2.5.144)

We claim a one-sided continuity

lim
t→τ1+

∫
v2(t, x)dx =

∫
v2(τ1, x)dx, τ1 � 0.

In fact, from (d1) and (d4), we have

v(s, ·)⇀ v0(·) weakly inL2(
R
+), (2.5.145)

and

v(s, x)→ v0(x) a.e.x ∈R
+ (2.5.146)

ass→ 0+. From this almost everywhere convergence and Fatou’s lemma, we have

∫

R+
v2

0(x)dx � lim
s→0+

∫

R+
v2(s, x)dx.

But by (d3) of Definition 2.1.1, we have

lim
s→0

∥∥v(s, ·)
∥∥
L2(R+) � ‖v0‖L([0,1]).

So we have
∫

R+
v2

0(x)dx = lim
t→0+

∫

R+
v2(t, x)dx.

Thus, by Theorem 8 on p. 11 of [23], we in fact have

v(s, ·)→ v0(·) strongly inL2(
R
+) ass→ 0+ . (2.5.147)

Hence, by Dunford–Pettis’ theorem, there holds

lim
ε→0

sup
0�s�ε

∥∥v(s, ·)
∥∥
L2(Es(x))

= 0,

since the length ofEs(x) satisfies|Es(x)| = |{y |Φ2
s (x)� y �Φ1

s (x)}|� C(T )ε2. Thus,
by tendingε→ 0 in (2.5.144), we prove that

Φ1
t (x)−Φ2

t (x)= 0 for 0< t � τ2, (2.5.148)

a contradiction with (2.5.141). And this completes the proof of Proposition A. �



On the global weak solutions to a variational wave equation 603

By modifying the method in the proof of Proposition A, we can prove the following
more general Proposition B.

PROPOSITIONB. Let (v(t, x), u(t, x)) ∈ L∞(R+,Lp(R))∩L∞(R+,W1,p(R)) for some
1� p <∞, limt→0‖v(t, ·)− v0(·)‖Lp = 0 and

v(t, x)�
p

t
. (2.5.149)

Then the solution to(2.2.55)is unique.

PROOF. For convenience, we use the same notation as that in the proof of Proposition A.
Firstly, by exactly the same proof of (2.5.142), we find

0�Φ1
t (x)−Φ2

t (x)� C(T ) sup
0�s�t

∥∥v(s, ·)
∥∥
Lp(Es (x))

tp. (2.5.150)

Thus, by (2.5.150), we find fort � τ2 that

0 � Φ1
t (x)−Φ2

t (x)

� C(T ) sup
0�s�ε

∥∥v(s, ·)
∥∥
Lp(Es(x))

εp +
∫ t

0
ψ ′(ε, s)

(
Φ1
s (x)−Φ2

s (x)
)
ds,

(2.5.151)

where

ψ ′(ε, s)=
{ p

s
, s � ε,

0, s < ε.
(2.5.152)

Then, by Gronwall’s inequality, we find fort ∈ [0, τ2] that

0�Φ1
t (x)−Φ2

t (x)� C(T )T p sup
0�s�ε

∥∥v(s, ·)
∥∥
Lp(Es(x))

. (2.5.153)

Since limt→0‖v(t, ·)− v0(·)‖Lp = 0, we can now use the proof of Proposition A to com-
plete the proof of Proposition B. �

REMARK 2.5.1. The condition that limt→0‖v(t, ·)− v0(·)‖Lp = 0 is crucial in the proof
of the uniqueness of solution to (2.2.55), see the example in the Introduction (before Defi-
nition 2.1.2). By requiringv to be a solution to (2.1.1), we can relax the conditionv � 2/t
to v � C/t for anyC � 2.
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3. Rarefactive solutions to (0.0.1)

3.1. Introduction

In this section we use the generalized compensated compactness ([27] or [64]), compen-
sated compactness inLp ([59] and references therein and [56]), the latest developments
in the Young measure method of Lions [49] and Joly, Métivier and Rauch [39], and the
techniques used in our earlier paper [70] to establish the global existence of weak solu-
tions for (0.0.1). We first establish the global existence of smooth solutions to a viscously
perturbed equation for generalc(u) with general data. We then present our discovery of an
invariant region in the phase space for a monotonec(u). In the invariant region, we show
that smooth data evolve smoothly forever; and for weak data we show that both the viscous
approximation and the data regularization yield global weak solutions for (0.0.1) by using
the aforementioned Young measure and related theories.

Before we present precisely our results, let us introduce some notation:R+ = (0,∞),
H k are Sobolev spaces and Lip stands for Lipschitz. We use

R := ∂tu+ c(u) ∂xu, S := ∂tu− c(u) ∂xu, c̃(·) := 1

4
ln c(·), (3.1.1)

so thatc̃′(u)= c′(u)/[4c(u)]. We use “:=” for definition.

DEFINITION 3.1.1. We callu(t, x) an admissible weak solution of (0.0.1) if
(1) u(t, x) ∈ L∞(R+,H 1

loc(R))∩ Lip([0,∞),L2
loc(R)) and

∫

R

(
|∂tu|2+

∣∣c(u) ∂xu
∣∣2)dx �

∫

R

(
|u1|2+

∣∣c(u0) ∂xu0
∣∣2)dx; (3.1.2)

(2) for all test functionsϕ(t, x) ∈ C∞c (R+ ×R), there holds

∫ ∫

R+×R

(
∂tϕ ∂tu− ∂xϕ c

2(u) ∂xu− ϕc′(u)c(u)(∂xu)2
)
dx dt = 0; (3.1.3)

(3) for any convex functionη(·) with η′′(·) ∈ C∞c (R), there hold

∂tη(R)− c(u) ∂xη(R)− c̃′(u)η′(R)
(
R2− S2)� 0,

(3.1.4)
∂tη(S)+ c(u) ∂xη(S)− c̃′(u)η′(S)

(
S2−R2)� 0;

(4) u(t, x)→ u0(x) in Lip([0,∞),L2(R)) and∂tu(t, x)→ u1(x) in the distributional
sense ast→ 0+.
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We explain the motivation of (3.1.4). As can be seen from [29], ifu(t, x) is a smooth
solution of (0.0.1), we can write (0.0.1) as the system of first-order equations





∂tR − c ∂xR = c̃′(u)
(
R2− S2

)
,

∂tS + c ∂xS = c̃′(u)
(
S2−R2

)
,

∂xu= R−S
2c(u) .

(3.1.5)

Similar to the viscous approximation of [37], we consider





∂tRε − c(uε) ∂xRε = c̃′(uε)
(
R2
ε − S2

ε

)
+ ε ∂2

xRε,

∂tSε + c(uε) ∂xSε = c̃′(uε)
(
S2
ε −R2

ε

)
+ ε ∂2

xSε,

∂xuε = Rε−Sε
2c(uε)

,

(3.1.6)

whereε > 0. We will see that (3.1.6) has global smooth solutions with general Cauchy
data. So for any convex functionη(·), we multiplyη(Rε) to both sides of the first equation
of (3.1.6) to obtain

∂tη(Rε)− c ∂xη(Rε)− c̃′(uε)η′(Rε)
(
R2
ε − S2

ε

)

= ε
(
∂2
xη(Rε)− η′′(Rε)(∂xRε)2

)

� ε ∂2
xη(Rε). (3.1.7)

Passingε→ 0 in (3.1.7), we obtain the first inequality of (3.1.4). It is similar to obtain the
second of (3.1.4).

In the sequel, we always assume that

0<C1 � c(·)� C2 and
∣∣c(l)(·)

∣∣�Ml for all l � 1, (3.1.8)

for some positive constantsC1,C2 andMl . We also assume in most cases that

c′(·)� 0. (3.1.9)

In some cases we even assume

c′(u)� CM > 0, u ∈ [−M,M], (3.1.10)

for some positive constantCM and anyM > 1.
Now, we state precisely our main results of the chapter.

THEOREM 3.1.2 (Local classical solutions).Letu0 ∈H k+1(R) andu1 ∈H k(R) be com-
pactly supported for somek � 1. Then there exists aT ∗ ∈ (0,∞] such that(0.0.1)has
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a unique solutionu(t, x) ∈ L∞([0, T ],H k+1(R)) ∩ Lip([0, T ],H k(R)) for any positive
T < T ∗, and

lim
t→T ∗

(∥∥∂tu(t, ·)
∥∥
L∞ +

∥∥∂xu(t, ·)
∥∥
L∞
)
=∞

if T ∗ <∞.

LetR0 := u1+ c(u0) ∂xu0 andS0 := u1− c(u0) ∂xu0.

THEOREM 3.1.3 (Global rarefactive classical solutions).Assumeu0 ∈ H k+1(R) and
u1 ∈ H k(R) be compactly supported for somek � 1. Assume further thatc′ � 0,
R0 � 0 and S0 � 0. Then(0.0.1) has a global solutionu(t, x) ∈ L∞(R+,H k+1(R)) ∩
Lip([0,∞),H k(R)).

REMARK 3.1.4. From the proof of Theorem 1 of [29], we find that there exists an example
where blow-up occurs in a solution of (0.0.1) with a smooth initial datum satisfyingc′ � 0,
R0 � 0, S0 > 0.

THEOREM 3.1.5 (Global rarefactiveLp solutions).Assumec′ � 0,R0 � 0, S0 � 0 and
(R0, S0) ∈ Lp(R) with compact support for somep > 3. Then (0.0.1) has a global
admissible weak solution in the sense of Definition3.1.1. The solution can be ob-
tained either through initial data mollification or vanishing viscosity. Moreover, there
holds (R,S)(t, x) ∈ L∞(R+,Lp(R)). Furthermore, if (3.1.10)holds, then ∂xu(t, x) ∈
Lp+1([0, T ] ×R) for anyT > 0.

THEOREM 3.1.6 (Global rarefactiveL2 solutions).Assume(3.1.10)holds andR0 � 0,
S0 � 0, (R0, S0) ∈ L2(R)with compact support. Then(0.0.1)has a global admissible weak
solution in the sense of Definition3.1.1.Moreover, there holds∂xu ∈ L2+α([0, T ]×R) for
anyα < 1 andT <∞. Furthermore there exists a constantC > 0 such that

−C
t

�R(t, x)� 0, −C
t

� S(t, x)� 0, t ∈ (0,1], x ∈R, (3.1.11)

and(R,S) remain bounded from below by−C for all time t > 1.

We comment on Theorems 3.1.5 and 3.1.6. TheLp regularity (p > 3) of the solu-
tions in Theorem 3.1.5 is such that the quadratic nonlinearity of the equation is under
control. In Theorem 3.1.6, we rely on the positivity ofc′ to derive the nonlinear de-
singularization (3.1.11) to control the quadratic nonlinearity.

We note that the wave speedc(u) in (1.1.4) does not have the monotonicity property
required in Theorems 3.1.3–3.1.6. It is our wish to remove the monotonicity condition in
the future.

REMARK 3.1.7. Theorems 3.1.3–3.1.6 hold similarly when the signs ofc′,R0 andS0 are
reversed.
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3.2. The viscous approximation

In this subsection, we establish the global existence of smooth solutions to (3.1.6) with
general initial data for generalc(u). For convenience, we will just write(R,S) as(Rε, Sε).
So, we consider the problem





∂tR − ∂x
(
c(u)R

)
=−c̃′(u)(R − S)2+ ε ∂2

xR,

∂tS + ∂x
(
c(u)S

)
=−c̃′(u)(R − S)2+ ε ∂2

xS,

∂xu= R−S
2c(u) ,

limx→−∞ u(t, x)= 0,

(R,S)|t=0= (R0, S0)(x),

(3.2.12)

where(R0, S0)(x) ∈ L2(R)∩L1(R) are given initial data andε > 0.

LEMMA 3.2.1 (Solutions of the viscous system with smooth data).For given(R0, S0)(x) ∈
C∞c (R), problem(3.2.12)has a global smooth solution(R,S,u)(t, x) ∈ C∞(R+×R) sat-
isfying the identity

∫ (
R2+ S2)(t, x)dx + 2ε

∫ t

0

∫
(∂xR)

2+ (∂xS)
2 dx dt

=
∫
(R0)

2+ (S0)
2 dx. (3.2.13)

One can check the Appendix of [73] for details.

REMARK 3.2.2. It is interesting to compare this existence result with the blow-up phe-
nomena established by Fujita [26] for

∂tV =
1

2
V 2+ ε ∂2

xV,

with any initial functionV0(x) such thatV0(x0) > 0 for some pointx0.

LEMMA 3.2.3 (Solutions of the viscous system with general data).For given(R0, S0)(x) ∈
L2(R) ∩ L1(R), problem (3.2.12) has a global weak solution(R,S,u)(t, x) ∈
C∞(R+ ×R) satisfying the inequalities

∫ (
R2
ε + S2

ε

)
(t, x)dx + 2ε

∫ t

0

∫
(∂xRε)

2+ (∂xSε)
2 dx dt

�

∫
(R0)

2+ (S0)
2 dx, (3.2.14)

∥∥Rε(t, ·)
∥∥
L1(R)

+
∥∥Sε(t, ·)

∥∥
L1(R)

� C

(
T ,

1

ε

)
, t ∈ [0, T ], (3.2.15)
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for anyT > 0, whereC(T ,1/ε) depends also on theL1 ∩L2(R) norm of(R0, S0).

SKETCH OF THE PROOF. Let

Rσ
0 = (R0χσ ) ∗ jσ , Sσ0 = (S0χσ ) ∗ jσ , (3.2.16)

whereσ → 0+, jσ (x) is standard Friedrichs’ mollifier, andχσ (x)= χ(xσ) is the scaled
cut-off function whereχ(x) = 1 on [−1,1] and zero otherwise. Thus, by Lemma 3.2.1,
we find that (3.2.12) has a global smooth solution(Rσ , Sσ , uσ ) with this initial data
(Rσ

0 , S
σ
0 ). The solutions satisfy the energy estimate. We can use Lions–Aubin lemma

(see [65], pp. 270–271, for example) to establish the strongL2([0, T ] × R) precompact-
ness of(Rσ , Sσ ) to show that we have a weak solution in the limitσ → 0. We can use the
heat kernel representation of the solution to establish itsC∞((0,∞)×R) regularity.

Using the heat kernelE(t, x)= (4πεt)−1/2e−|x|
2/(4εt) and (3.2.12), we find

R(t, x) =
∫
E(t, x − y)R0(y)dy +

∫ t

0

∫
c(u)R(s, y) ∂xE(t − s, x − y)dy ds

−
∫ t

0

∫
c̃′(u)(R − S)2(s, y)E(t − s, x − y)dy ds.

Taking theL1 norm, we have

∥∥R(t, ·)
∥∥
L1(R)

� ‖R0‖L1(R) +Ct
(
‖R0‖2

L2(R)
+ ‖S0‖2

L2(R)

)

+C2ε
−1/2

∫ t

0

∥∥R(s, ·)
∥∥
L1(R)

(t − s)−1/2 ds, (3.2.17)

from which theL1 bound follows, first by choosing a short time interval so that the last
term in (3.2.17) is less than half of the left-hand side of (3.2.17), and then the same time
interval can be repeated forward indefinitely. This completes the proof of Lemma 3.2.3.

�

LEMMA 3.2.4 (Precompactness ofuε). Let (R0, S0) ∈ L2(R) ∩ L1(R). Then there exists
a subsequence{εj } such that{uεj } of the solutions of(3.2.12)is uniformly convergent in
every compact subset of[0,∞)×R.

PROOF. Firstly, we letF(uε) := 2
∫ uε

0 c(ξ)dξ . By the third equation of (3.2.12), we find

∂xF(uε)=Rε − Sε are uniformly bounded inL∞
(
R
+,L2(R)

)
. (3.2.18)

While, by the fourth assumption of (3.2.12), the estimate (3.2.15) and (3.2.18), we have

F(uε)=
∫ x

−∞
(Rε − Sε)(t, y)dy. (3.2.19)
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Then, by a simple calculation, we find

∂tF(uε) =
∫ x

−∞
∂t (Rε − Sε)(t, y)dy

= c(Rε + Sε)+ ε(∂xRε − ∂xSε). (3.2.20)

Thus for anyT > 0, t1, t2 ∈R
+, with t1 < t2 � T , we find

∥∥F
(
uε(t1, ·)

)
− F

(
uε(t2, ·)

)∥∥
L2

=
∥∥∥∥
∫ t2

t1

∂sF
(
uε(s, ·)

)
ds

∥∥∥∥
L2

�

∫ t2

t1

∥∥(c(Rε + Sε)+ ε ∂x(Rε − Sε)
)
(s, ·)

∥∥
L2 ds

� C
(
|t1− t2| + ε1/2|t1− t2|1/2

)(
‖R0‖L2 + ‖S0‖L2

)
. (3.2.21)

On the other hand, by Rellich’s theoremW1,2
loc (R) →֒→֒ Cloc(R) →֒ L2

loc(R) and Lions–
Aubin lemma [65], pp. 270–271, we find that, for anyη > 0, there exists a constantCη > 0
such that the inequality holds

∥∥F
(
uε(t1, ·)

)
− F

(
uε(t2, ·)

)∥∥
L∞loc

� 2η sup
t

∥∥F
(
uε(t, ·)

)∥∥
W

1,2
loc
+Cη,T |t1− t2|1/2. (3.2.22)

Now, by a diagonal process, we can extract a subsequence{F(uεj (tν, ·))} of {F(uε)},
which converges inL∞loc for t in the rational number subset{tν | ν ∈ N} of R

+. For any
t0 ∈ [0, T ] andδ > 0, there is sometν ∈ {tν | ν ∈N} such that|t0− tν |< δ, and

∥∥(F(uεj )− F(uεk )
)
(t0, ·)

∥∥
L∞loc

�
∥∥F
(
uεj (t0, ·)

)
− F

(
uεj (tν, ·)

)∥∥
L∞loc
+
∥∥F
(
uεj (tν, ·)

)
− F

(
uεk (tν, ·)

)∥∥
L∞loc

+
∥∥F
(
uεk (t0, ·)

)
− F

(
uεk (tν, ·)

)∥∥
L∞loc

. (3.2.23)

This shows that{F(uεj )} is uniformly convergent on any compact subset of[0,∞)× R.
While by (3.1.8), we find

∣∣F(uεj )− F(uεk )
∣∣ =

∣∣∣∣
∫ 1

0
F ′
(
τuεj + (1− τ)uεk

)
(uεj − uεk )dτ

∣∣∣∣

� c|uεj − uεk |.

This completes the proof of Lemma 3.2.4. �
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3.3. Estimates

We specialize in the casec′ � 0,R0(x)� 0 andS0(x)� 0 in this subsection and establish
more estimates forRε(t, x) andSε(t, x) of the solution of (3.1.6) with data(R0, S0)(x) ∈
L2(R)∩L1(R).

LEMMA 3.3.1 (Invariant region).Assume(3.1.8)and c′ � 0. Let R0(x) � 0, S0(x) � 0,
(R0(x), S0(x)) ∈ L2(R)∩L1(R). ThenRε(t, x)� 0 andSε(t, x)� 0.

PROOF. In fact, if c′(u)� 0, by the first equation of (3.1.6), we immediately have

{
∂tR− c(u) ∂xR � c̃′(u)R2+ ε ∂xxR,

R|t=0=R0 � 0.
(3.3.24)

Next, we claim that

R(t, x)� 0. (3.3.25)

To prove (3.3.25), we denote−e−CtR(t, x) =: f (t, x), whereC is an upper bound of
|c̃′(u)R| in [0, T ] ×R for anyT > 0, mollifying the data as in (3.2.16) if necessary for a
finiteC to exist. By (3.3.24),f (t, x) satisfies the inequality

∂tf − c(u) ∂xf �
(
−C + c̃′(u)R

)
f + ε ∂xxf. (3.3.26)

On the other hand, we know that

lim
|x|→∞

∣∣f (t, x)
∣∣= 0. (3.3.27)

If (3.3.25) does not hold, thenf (t, x) must attain its negative minimum in[0, T ] × R at
some point(t0, x0), (t0 > 0), where

∂tf � 0, ∂xf = 0, ∂xxf � 0,
(
−C + c̃′(u)R

)
f > 0. (3.3.28)

Trivially, (3.3.28) contradicts (3.3.26). Thus (3.3.25) holds. Exactly as above, we can prove
S(t, x)� 0 if S0(x)� 0. This completes the proof of Lemma 3.3.1. �

LEMMA 3.3.2 (Estimates).Assume(3.1.8) and c′ � 0. Let R0(x) � 0, S0(x) � 0,
(R0(x), S0(x)) ∈ Lp(R)∩L1(R) with p > 2. Then

(a) (Lp estimate)there holds

‖Rε‖pLp(R) + ‖Sε‖
p

Lp(R)
� ‖R0‖pLp(R) + ‖S0‖pLp(R), (3.3.29)

(b) (Lp+1 estimate)there holds

∫ ∞

0

∫

R

c′(uε)|∂xuε|p+1 dx dt �Kp

∫

R

(
|R0|p + |S0|p

)
dx (3.3.30)
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for some constantKp .

PROOF. By Lemma 3.3.1, and for convenience, we letR′ε(t, x) := −Rε(t, x) � 0,
S′ε(t, x) := −Sε(t, x)� 0. Then, by the first equation of (3.1.6), we have

∂tR
′
ε − c ∂xR

′
ε =−c̃′

((
R′ε
)2−

(
S′ε
)2)+ ε ∂xxR

′
ε. (3.3.31)

Next, we multiply(R′ε)
p−1 to both sides of the above equation to yield

1

p

{
∂t
(
R′ε
)p − c ∂x

(
R′ε
)p}

=−c̃′
((
R′ε
)p+1−

(
R′ε
)p−1(

S′ε
)2)+ ε

(
R′ε
)p−1

∂xxR
′
ε. (3.3.32)

Then, by the third equation of (3.1.6), we find

1

p

{
∂t
(
R′ε
)p − ∂x

(
c
(
R′ε
)p)}− ε

(
R′ε
)p−1

∂xxR
′
ε

=−
(

1

4
− 1

2p

)
c′

c

(
R′ε
)p+1+ c′

4c

(
R′ε
)p−1(

S′ε
)2− c′

2pc
S′ε
(
R′ε
)p
. (3.3.33)

Exactly as the above procedure forS′ε(t, x), we have

1

p

{
∂t
(
S′ε
)p + ∂x

(
c
(
S′ε
)p)}− ε

(
S′ε
)p−1

∂xxS
′
ε

=−
(

1

4
− 1

2p

)
c′

c

(
S′ε
)p+1+ c′

4c

(
S′ε
)p−1(

R′ε
)2− c′

2pc
R′ε
(
S′ε
)p
. (3.3.34)

Thus, by summing up (3.3.33) and (3.3.34), and integrating overR, we have

1

p

d

dt

∫

R

(
R′ε
)p +

(
S′ε
)p dx

+ ε(p− 1)
∫

R

(
R′ε
)p−2(

∂xR
′
ε

)2+
(
S′ε
)p−2(

∂xS
′
ε

)2 dx

=−
(

1

4
− 1

2p

)∫

R

c′

c

((
R′ε
)2−

(
S′ε
)2)((

R′ε
)p−1−

(
S′ε
)p−1)dx

− 1

2p

∫

R

c′

c
R′εS

′
ε

(
R′ε − S′ε

)((
R′ε
)p−2−

(
S′ε
)p−2)dx � 0. (3.3.35)
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Hence, by integrating the above inequality over[0, t], we find (3.3.29). Moreover, by
(3.3.29) and (3.3.35) and the identity

((
R′ε
)2−

(
S′ε
)2)((

R′ε
)p−1−

(
S′ε
)p−1)

=
(
R′ε − S′ε

)2((
R′ε
)p−1+

(
S′ε
)p−1)

+ 2R′εS
′
ε

(
R′ε − S′ε

)((
R′ε
)p−2−

(
S′ε
)p−2)

, (3.3.36)

we find
∫ ∞

0

∫

R

c′

c

{
(Rε − Sε)

2(|Rε|p−1+ |Sε|p−1)

+CpRεSε
(
|Rε| − |Sε|

)(
|Rε|p−2− |Sε|p−2)}dx dt

�K ′p
(
‖R0‖pLp(R) + ‖S0‖pLp(R)

)
, (3.3.37)

whereCp = 2(p − 1)/(p − 2) andK ′p = 4/(p − 2) for p > 2. Since both terms in the
integrand in (3.3.37) are nonnegative, (3.3.37) implies

∫ ∞

0

∫

R

c′

c
(Rε − Sε)

2(|Rε|p−1+ |Sε|p−1)dx dt �K ′p

∫

R

|R0|p + |S0|p dx.

(3.3.38)

Using the third equation of (3.2.12) we obtain (3.3.30) from (3.3.38). �

3.4. Classical solutions

Consider the problem





∂tR − ∂x
(
c(u)R

)
=−c̃′(u)(R − S)2,

∂tS + ∂x
(
c(u)S

)
=−c̃′(u)(R − S)2,

∂xu= R−S
2c(u) ,

limx→−∞ u(t, x)= 0,

(R,S)|t=0= (R0, S0)(x),

(3.4.39)

where(R0, S0)(x) ∈H k(R)∩L1(R), k � 1, are given initial data.

LEMMA 3.4.1 (Local classical solution).Assume(R0, S0)(x) ∈ H k(R) ∩ L1(R), k � 1.
Then there exists aT ∗ ∈ (0,∞] such that problem(3.4.39) has a unique solution
(R(t, x), S(t, x)) ∈ L∞([0, T ],H k(R)) for any positiveT < T ∗, and

lim
t→T ∗

(∥∥R(t, ·)
∥∥
L∞ +

∥∥S(t, ·)
∥∥
L∞
)
=∞ (3.4.40)
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if T ∗ <∞.

REMARK 3.4.2. We remark that the catastrophe in (3.4.40) is associated with the type of
blow-up familiar from ordinary differential equation theory rather than associated with the
formation of shock waves in the context of systems of conservation laws, see Chapter 2 of
Majda [51].

PROOF OF LEMMA 3.4.1. From standard theory on hyperbolic systems of equations
(see [51], for example), we know we can find a positive constantT such that prob-
lem (3.4.39) has a unique solution(R(t, x), S(t, x)) ∈ L∞([0, T ],H k(R)). The solution
satisfies the estimate

‖R‖L∞([0,T ],H k(R)) + ‖S‖L∞([0,T ],H k(R))

� C
(
k,‖R0‖H k(R),‖S0‖H k(R)

)
. (3.4.41)

We note that although the equations in (3.4.39) do not consist of abona fidesymmetric
hyperbolic system, the equivalent alternative form of using 2∂tu = R + S does and the
standard theory on hyperbolic systems applies.

Next, we claim that
∥∥(R,S)

∥∥
L∞([0,T ]×R)

<∞ implies
∥∥(R,S)

∥∥
L∞([0,T ],H k(R))

<∞. (3.4.42)

In fact, by taking∂ lx to both sides of the first equation of (3.4.39) forl � k, we find

∂t
(
∂ lxR

)
− c(u) ∂x

(
∂ lxR

)

= ∂ lx
(
c(u) ∂xR

)
− c(u) ∂ l+1

x R + ∂ lx
(
c̃′(u)

(
R2− S2)). (3.4.43)

By multiplying ∂ lxR to the above equation and integrating overR, we find

d

dt

∫

R

1

2

(
∂ lxR

)2 dx +
∫

R

1

2
c′(u) ∂xu

(
∂ lxR

)2 dx

=
∫

R

[
∂ lx
(
c(u) ∂xR

)
− c(u) ∂ l+1

x R
]
∂ lxR dx

+
∫

R

∂ lx
[
c̃′(u)

(
R2− S2)] ∂ lxR dx. (3.4.44)

Consider the casek = 1 first. If ‖(R,S)‖L∞([0,T ]×R) <∞, then by (3.4.44), we find

d

dt

∫

R

(∂xR)
2(t, x)dx �CT

∫

R

(
(∂xR)

2+ (∂xS)
2)(t, x)dx +CT . (3.4.45)

Exactly as the proof of (3.4.45), we can prove a similar inequality for the integral of(∂xS)
2.

Summing up the two inequalities and using Gronwall’s inequality, we prove that (3.4.42)
holds fork = 1.
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Consider the casek � 2. By Moser-type calculus inequality (see p. 43 of [51]), we find

∥∥[∂kx
(
c(u) ∂xR

)
− c(u) ∂k+1

x R
]
(t, ·)

∥∥
L2

� Ck
[∥∥∂xc(u)(t, ·)

∥∥
L∞
∥∥∂kxR(t, ·)

∥∥
L2 +

∥∥∂xR(t, ·)
∥∥
L∞
∥∥∂kxc(u)(t, ·)

∥∥
L2

]
.

(3.4.46)

Since

∥∥∂kx c(u)(t, ·)
∥∥
L2 =

∥∥∂k−1
x

(
c′(u) ∂xu

)∥∥
L2

� C
(
‖∂xu‖H k−1 +

∥∥∂k−1
x c′(u)

∥∥
L2

)

� · · ·� Ck‖∂xu‖H k−1,

we further obtain that

∥∥[∂kx
(
c(u) ∂xR

)
− c(u) ∂k+1

x R
]
(t, ·)

∥∥
L2

� Ck
[∥∥∂kxR(t, ·)

∥∥
L2 +

∥∥∂xR(t, ·)
∥∥
L∞
∥∥∂xu(t, ·)

∥∥
H k−1

]
. (3.4.47)

Similarly, we obtain that

∥∥(∂kx
(
c̃′(u)

(
R2− S2)))(t, ·)

∥∥
L2

� Ck
{∥∥c̃′(u)(t, ·)

∥∥
L∞
∥∥∂kx

(
R2− S2)∥∥

L2

+
∥∥∂kx

(
c̃′(u)

)
(t, ·)

∥∥
L2

∥∥(R2− S2)(t, ·)
∥∥
L∞
}

� Ck
{∥∥∂kxR(t, ·)

∥∥
L2 +

∥∥∂kxS(t, ·)
∥∥
L2 +

∥∥∂xu(t, ·)
∥∥
H k−1

}
. (3.4.48)

By summing up (3.4.44), (3.4.47) and (3.4.48), we find

d

dt

∥∥R(t, ·)
∥∥2
H k

� Ck
{∥∥R(t, ·)

∥∥
H k +

∥∥S(t, ·)
∥∥
H k

+
(
1+ ‖∂xR‖L∞

)∥∥∂xu(t, ·)
∥∥
H k−1

}∥∥R(t, ·)
∥∥
H k . (3.4.49)

Exactly as the above procedure, we can prove a similar inequality for‖S(t, ·)‖2
H k .

On the other hand, by differentiating the first equation of (3.4.39) once, we find

∂t∂xR − c(u) ∂x(∂xR)− c′(u) ∂xu∂xR = ∂x
(
c̃′(u)

(
R2− S2)). (3.4.50)

Thus, by the characteristic method, we obtain

∥∥∂xR(t, ·)
∥∥
L∞ � ‖∂xR0‖L∞ +C

∫ t

0

(
‖∂xR‖L∞ + ‖∂xS‖L∞ + 1

)
ds. (3.4.51)
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Exactly as the above we can prove a similar inequality for theL∞ norm of∂xS. Summing
up the two inequalities we find, by applying Gronwall’s inequality, that

∥∥∂xR(t, ·)
∥∥
L∞ +

∥∥∂xS(t, ·)
∥∥
L∞ � CT , t ∈ [0, T ], (3.4.52)

whereCT = C(T ,‖R‖L∞ ,‖S‖L∞,‖∂xR0‖L∞,‖∂xS0‖L∞) is a constant depending only
on the variables. The quantities(‖∂xR0‖L∞,‖∂xS0‖L∞) are finite since(R0, S0) ∈H 2(R).

Thus by summing up (3.4.49), (3.4.52) and Gronwall’s inequality, we prove (3.4.41).
The proof of Lemma 3.4.1 is complete. �

LEMMA 3.4.3 (Global classical solution).Assumec′ � 0,R0 � 0, S0 � 0. Then prob-
lem(3.4.39)has a global solution(R,S)(t, x) ∈ L∞(R+,H k(R)) provided that(R0, S0) ∈
H k(R)∩L1(R), k � 1.

PROOF. By Lemma 3.3.2 (withε = 0), if c′ � 0,R0 � 0, S0 � 0, we have (3.3.29) holds
for all p > 2. By taking p to infinity, we find that‖R‖L∞ + ‖S‖L∞ is bounded by
‖R0‖L∞ +‖S0‖L∞ which is finite since(R0, S0) ∈H 1(R). By Lemma 3.4.1, we complete
the proof of Lemma 3.4.3. �

PROOF OF THEOREMS 3.1.2 AND 3.1.3. We show that the solutions of Lemmas
3.4.1–3.4.3 yield solutions for (0.0.1). From the conditions of Theorems 3.1.2 and 3.1.3,
we have(R0, S0) ∈ H k(R), k � 1, and both have compact supports. Then by Lemmas
3.1.4 and 3.1.5, (3.4.39) has a solution(R,S) ∈ L∞([0, T ],H k(R)), whereT is finite or
infinite accordingly. We already haveR − S = 2c(u) ∂xu, so we only need

R + S = 2∂tu. (3.4.53)

It can be shown easily that the solution(R,S) has compact support for each timet � 0.
From this and the third and fourth equations of (3.4.39), we see thatu is supported in
[Ct ,∞) in x for each timet � 0 whereCt is some function oft . Now multiplying the third
equation of (3.4.39) by 2c(u), takingt derivative and using∂t (2c(u) ∂xu)= ∂x(2c(u) ∂tu),
we find

∂x
{
2c(u) ∂tu− c(u)(R + S)

}
= 0. (3.4.54)

The support property and (3.4.54) implies (3.4.53). Hence by summing up the first two
equations of (3.4.39) and (3.4.53), we find thatu(t, x) is indeed a solution of (0.0.1). �

3.5. Precompactness

With the above preparation, we can now prove the precompactness of the solution se-
quence{Rε(t, x), Sε(t, x)}, obtained either through the viscous approximation or the mol-
lification of the initial data, inL2([0, T ] × R) for anyT <∞ for initial data(R0, S0) ∈
Lp(R)∩L1(R) with p > 3, by applying Young measure theory [63,68] and the ideas used
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by the authors in the proof of global existence of weak solutions to (2.1.1) in [70] and the
ideas used by Lions [49] in the proof of the global existence of weak solutions to multi-
dimensional compressible Navier–Stokes equation and by Joly, Métivier and Rauch [39]
in the rigorous justification of weakly nonlinear geometric optics for a semilinear wave
equation.

Let (R0, S0) ∈ L2 ∩ L1. We now focus on the viscous regularization. The treatment
for the initial data mollification is similar. By Lemmas 3.2.3 and 1.3.1, there exist three
families of Young measuresν1

t,x(ξ), ν
2
t,x(η) andµt,x(ξ, η) which are associated with{Rε},

{Sε} and{Rε, Sε}, respectively. Moreover, by modifying the proof of Lemma 3 in [70], we
can prove the following lemma.

LEMMA 3.5.1 (Time-distinguished Young measures).There exist a subsequence of the
solution sequence{Rε(t, x), Sε(t, x)}, for convenience, we still denote it by{Rε(t, x),
Sε(t, x)}, and three families of Young measuresν1

t,x(ξ) and ν2
t,x(η) on R andµt,x(ξ, η)

on R
2 such that for all continuous functionsf (λ) ∈ C∞c (R), ψ(x) ∈ C∞c (R), g(ξ, η) ∈

C∞c (R2) andϕ(t, x) ∈ C∞c (R+ ×R), there hold

lim
ε→0

∫

R

f
(
Rε(t, x)

)
ψ(x)dx =

∫ ∫

R×R

f (ξ)ψ(x)dν1
t,x(ξ)dx,

(3.5.55)
lim
ε→0

∫

R

f
(
Sε(t, x)

)
ψ(x)dx =

∫ ∫

R×R

f (η)ψ(x)dν2
t,x(η)dx

uniformly in every compact subset of[0,∞), and

lim
ε→0

∫ ∞

0

∫

R

g
(
Rε(t, x), Sε(t, x)

)
ϕ(t, x)dx dt

=
∫ ∞

0

∫

R

∫ ∫

R×R

g(ξ, η)ϕ(t, x)dµt,x(ξ, η)dx dt. (3.5.56)

Moreover,

t ∈ [0,∞) �→
∫ ∫

R×R

f (ξ)ψ(x)dν1
t,x(ξ)dx is continuous,

(3.5.57)
t ∈ [0,∞) �→

∫ ∫

R×R

f (η)ψ(x)dν2
t,x(η)dx is continuous.

In the sequel, we use the notation

g(R,S)=
∫

R

g(ξ, η)dµt,x(ξ, η).

With Lemmas 1.3.1, 3.2.3 and 3.5.1, we can prove the decoupling of the Young measure
µt,x(ξ, η) into the tensor product of the Young measuresν1

t,x(ξ) andν2
t,x(η).
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LEMMA 3.5.2 (Decoupling of the Young measure).Let {Rε, Sε} be the solutions
to (3.2.12)with data (R0, S0) ∈ L2 ∩ L1(R). Then the Young measuresν1

t,x(ξ), ν
2
t,x(η)

andµt,x(ξ, η) have the property

µt,x(ξ, η)= ν1
t,x(ξ)⊗ ν2

t,x(η).

PROOF. Take anyf ∈ C∞c (R) andg ∈ C∞c (R). By (3.2.12) and a trivial calculation, we
find that

∂tf (Rε)− ∂x
(
c(u)f (Rε)

)
= T ε

1 + T ε
2 , (3.5.58)

where

T ε
1 := ∂x

((
c(uε)− c(u)

)
f (Rε)

)
+ ε ∂x

(
f ′(Rε) ∂xRε

)
,

T ε
2 := 2c̃′(uε)(Sε −Rε)f (Rε) (3.5.59)

+ c̃′(uε)
(
R2
ε − S2

ε

)
f ′(Rε)− εf ′′(Rε)(∂xRε)2.

By Lemma 3.2.4,(c(uε) − c(u))f (Rε) → 0 in L
p

loc(R
+ × R) for any p < ∞. By

Lemma 3.2.3,εf ′(Rε) ∂xRε → 0 in L2, thus{T ε
1 } is precompact inH−1

loc (R
+ × R). By

Lemma 3.2.3 again, we find that{T ε
2 } is uniformly bounded inL1

loc(R
+×R). Sincef (Rε)

andc(uε) are uniformly bounded inL∞(R+ ×R), thus by Murat lemma [53] (or Corol-
lary 1 on p. 8 of [23]), we find that{T ε

2 } is also a precompact subset ofH−1
loc (R

+ × R).
Summing up the above, we have proved the precompactness

{
∂tf (Rε)− ∂x

(
c(u)f (Rε)

)}
⊂⊂H−1

loc

(
R
+ ×R

)
. (3.5.60)

Exactly as the proof of (3.5.60), we can also prove that

{
∂tg(Sε)+ ∂x

(
c(u)g(Sε)

)}
⊂⊂H−1

loc

(
R
+ ×R

)
. (3.5.61)

Hence, by (3.5.60), (3.5.61) and the generalized compensated-compactness theorem
in [27], we find that

f (Rε)g(Sε)⇀ f (R) · g(S) asε→ 0, (3.5.62)

where( f (R), g(S) ) is the weak limit of(f (Rε), g(Sε)). Thus, by Lemma 3.1.6, we have
proved that for anyϕ(t, x) ∈ C∞c (R+ ×R),

∫ ∫ ∫ ∫
ϕ(t, x)f (ξ)g(η)dµt,x(ξ, η)dx dt

= lim
ε→0

∫ ∫
ϕ(t, x)f (Rε)g(Sε)dx dt

=
∫ ∫

ϕ(t, x)f (R) · g(S)dx dt
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=
∫ ∫

ϕ(t, x)

∫
f (ξ)g(η)dν1

t,x dν2
t,x dx dt

=
∫ ∫ ∫ ∫

ϕ(t, x)f (ξ)g(η)dν1
t,x(ξ)⊗ ν2

t,x(η)dx dt. (3.5.63)

Since the above equality holds for anyϕ(t, x) ∈ C∞c (R+ ×R), f (ξ), g(η) ∈ C∞c (R), the
proof of Lemma 3.5.2 is complete. �

We prove in the next lemma that the two single-variable Young measures are Dirac
measures provided thatp > 3.

LEMMA 3.5.3 (Strong precompactness).AssumeR0 � 0, S0 � 0, (R0, S0) ∈ Lp(R) with
p > 3 andc′ � 0. Let (	R,	S) be the weak-star limit of{(Rε, Sε)} in L∞(R+,Lp(R)). Then
ν1
t,x(ξ)= δ	R(t,x)(ξ) andν2

t,x(η)= δ	S(t,x)(η).

PROOF.
Step1. Firstly, as in [48], we introduce the notation

Tλ(ξ)=





ξ, −λ� ξ � 0,

−λ, ξ �−λ,

0, otherwise,
(3.5.64)

Sλ(ξ)=





1
2ξ

2, −λ� ξ � 0,

−λξ − 1
2λ

2, ξ �−λ,

0, otherwise.

That is,Tλ(ξ) is a cut-off function of

ξ− =
{
ξ, ξ � 0,

0, ξ � 0,

andSλ(ξ) is an antiderivative ofTλ(ξ). Next, we multiplyTλ(Rε) to both sides of the first
equation of (3.1.6) to obtain

∂tSλ(Rε)− ∂x
(
c(uε)Sλ(Rε)

)

=−c̃′(uε)
[
2(Rε − Sε)Sλ(Rε)− Tλ(Rε)

(
R2
ε − S2

ε

)]

+ εTλ(Rε) ∂xxRε. (3.5.65)

Now, we claim that

lim
ε→0

ε

∫ ∫

R+×R

ϕTλ(Rε) ∂xxRε dx dt � 0 ∀0� ϕ ∈ C∞c
(
R
+ ×R

)
. (3.5.66)
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In fact, we have

−
∫ ∫

R+×R

ϕTλ(Rε) ∂xxRε dx dt

=
∫ ∫

R+×R

ϕT ′λ(Rε)(∂xRε)
2 dx dt +

∫ ∫

R+×R

∂xϕ Tλ(Rε) ∂xRε dx dt.

(3.5.67)

Then claim (3.5.66) follows from this (3.5.67), the monotonicityT ′λ(ξ) � 0, the energy
bound (3.2.14), and the fact that|Tλ(ξ)| � λ. Hence by takingε→ 0 in (3.5.65) and ap-
plying Lemma 3.5.1 and (3.5.66), we find

∂tSλ(R)− ∂x
(
c(u)Sλ(R)

)

� c̃′(u)
∫ ∫

R2
2(η− ξ)Sλ(ξ)+ Tλ(ξ)

(
ξ2− η2)dµt,x(ξ, η). (3.5.68)

Step2. On the other hand, by applying Lemma 3.5.1 again and taking the limit for the first
equation of (3.1.6) asε→ 0, we find

∂t 	R − ∂x
(
c(u)	R

)
=−c̃′(u)(R − S)2. (3.5.69)

Convolving with standard Friedrichs’ mollifierjε, we find

∂t 	Rε − ∂x
(
c(u)	Rε

)
=−

(
c̃′(u)(R − S)2

)
∗ jε + rε, (3.5.70)

where	Rε =
∫

R
	R(t, y)jε(x − y)dy andrε = jε ∗ ∂x(c(u)	R )− ∂x(c(u)	Rε). By DiPerna–

Lions folklore Lemma 2.3 of Lions [48] and Lebesgue dominated convergence theorem in
the time direction, we haverε→ 0 in L1

loc(R
+ × R) (or see Lemma II.1 of [19]). Again,

we multiplyTλ(	Rε) to both sides of (3.5.70), we find

∂tSλ
(	Rε

)
− ∂x

(
c(u)Sλ

(	Rε
))

=
[
−
(
c̃′(u)(R − S)2

)
∗ jε + rε + 2c̃′(u)

(	R −	S
)	Rε

]
Tλ
(	Rε

)

− 2c̃′(u)
(	R −	S

)
Sλ
(	Rε

)
. (3.5.71)

Thus, by takingε→ 0 in (3.5.71), we find

∂tSλ
(	R
)
− ∂x

(
c(u)Sλ

(	R
))

=−c̃′(u)
[
(R − S)2− 2

(	R −	S
)	R
]
Tλ
(	R
)

− 2c̃′(u)
(	R −	S

)
Sλ
(	R
)
. (3.5.72)
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While by Lemma 3.5.2,

(R − S)2

=
∫ ∫

R2
(ξ − η)2 dµt,x(ξ, η)

=
∫

R

ξ2 dν1
t,x(ξ)+

∫

R

η2 dν2
t,x(η)− 2

∫

R

ξ dν1
t,x(ξ)

∫

R

ηdν2
t,x(η)

=R2+ S2− 2	R	S. (3.5.73)

By summing up (3.5.72) and (3.5.73), we find

∂tSλ
(	R
)
− ∂x

(
c(u)Sλ

(	R
))

= c̃′(u)
{
−2
(	R−	S

)
Sλ
(	R
)
+ 2Tλ

(	R
)	R 2− Tλ

(	R
)(
R2+ S2

)}
. (3.5.74)

Step3. Now, we subtract (3.5.74) from (3.5.68) to obtain

∂t
(
Sλ(R)− Sλ

(	R
))
− ∂x

(
c(u)

(
Sλ(R)− Sλ

(	R
)))

� c̃′(u)
{∫

R

[
−2ξSλ(ξ)+ Tλ(ξ)ξ

2]dν1
t,x(ξ)+ 2	RSλ

(	R
)
− Tλ

(	R
)	R 2

+
∫ ∫

R2
2ηSλ(ξ)dµt,x(ξ, η)− 2	SSλ

(	R
)

+
∫ ∫

R2
−Tλ(ξ)η2 dµt,x(ξ, η)+ Tλ

(	R
)
S2+ Tλ

(	R
)(
R2− 	R 2)

}
.

(3.5.75)

Trivially, one has

Tλ
(	R
)(
R2− 	R 2)� 0 (3.5.76)

sinceTλ(	R)� 0 andR2− 	R 2 � 0. Next, by Lemma 3.5.2, we have

∫ ∫

R2
ηSλ(ξ)dµt,x(ξ, η)−	SSλ

(	R
)
=	S

(
Sλ(R)− Sλ

(	R
))

� 0,
(3.5.77)∫ ∫

R2
−Tλ(ξ)η2 dµt,x(ξ, η)+ Tλ

(	R
)
S2=−

(
Tλ(R)− Tλ

(	R
))
S2 � 0,

due to the fact thatSλ(ξ) is a convex function ofξ ,	S � 0,Tλ(ξ) is convex in(−∞,0) and
Rε � 0 (by Lemma 3.3.1). Further, we observe from the explicit structures ofSλ andTλ
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that

−2ξSλ(ξ)+ Tλ(ξ)ξ
2= λξ(ξ + λ)|ξ�−λ,

(3.5.78)
2	RSλ

(	R
)
− Tλ

(	R
)	R 2=−λ	R

(	R + λ
)∣∣	R�−λ � 0.

We thus have from (3.5.75) to (3.5.78) that

∂t
(
Sλ(R)− Sλ

(	R
))
− ∂x

(
c(u)

(
Sλ(R)− Sλ

(	R
)))

� c̃′(u)
∫

R

λξ(ξ + λ)|ξ�−λ dν1
t,x(ξ)

� c̃′(u)
∫

R

|ξ |3
∣∣
ξ�−λ dν1

t,x(ξ). (3.5.79)

Step4. Next we prove that

lim
λ→∞

sup
t�0

∥∥∥∥
∫

R

|ξ |3
∣∣
ξ�−λ dν1

t,x(ξ)

∥∥∥∥
L1(R)

= 0 providedp > 3. (3.5.80)

In fact,

∥∥∥∥
∫

R

|ξ |3
∣∣
ξ�−λ dν1

t,x(ξ)

∥∥∥∥
L1(R)

�
1

λp−3
sup
ε>0

∫

R

|Rε|p1Rε�−λ/2(t, x)dx.

(3.5.81)

Thus, Lemma 3.3.2 and (3.5.81) implies (3.5.80).

Step5. So, by Lemma 3.5.1 and integrating (3.5.79) overR, we find

d

dt

∫

R

(
Sλ(R)− Sλ

(	R
))
(t, x)dx �

∫ ∫

R2
c̃′(u)|ξ |31ξ�−λ dν1

t,x dx. (3.5.82)

Hence by (3.5.80), Lebesgue dominated convergence theorem, and takingλ → ∞
in (3.5.82), we find

∫

R

(
R2− 	R 2)(t, x)dx = 0.

This implies thatν1
t,x(ξ) = δ	R(ξ). Exactly as the above procedure, we can prove that

ν2
t,x(η)= δ	S(η). This completes the proof of Lemma 3.5.3. �

REMARK 3.5.4. We remark that the cut-off step ofTλ in the proof of Lemma 3.5.3 is not
needed forp > 3, although we choose to include it both to show that the conditionp > 3
is used only in one essential step and to use it for the proof of Theorem 3.1.6.
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PROOF OF THEOREM 3.1.5. Now, letR0, S0 � 0, (R0, S0) ∈ Lp(R) for p > 3 and
supp(R0, S0)⊂ [−a, a]. We have two cases.

(a) Data mollification approximation. We mollify (R0, S0) to (Rε
0, S

ε
0) with the

standard Friedrichs’ mollifier. By Lemmas 3.4.1–3.4.3 and the proofs of Theorems
3.1.2 and 3.1.3, we find that (3.4.39) has a global smooth solution(Rε, Sε) which is
uniformly bounded inL∞(R+,Lp(R)) with supp(Rε, Sε)⊂ (−a − C2t, a + C2t). Thus,
by following the proof of Lemma 3.3.1 and that of Lemmas 3.5.1–3.5.3, we can find a
subsequence of{Rε, Sε} (for simplicity, we still denote them by{Rε, Sε}), and two func-
tions (R,S) ∈ L∞(R+,Lp(R)), such that(Rε, Sε)→ (R,S) in Lq(R+,Lr(R)) for any
q <∞, r < p. Thus

supp
(
R(t, ·), S(t, ·)

)
⊂ [−a −C2t − 1, a +C2t + 1]. (3.5.83)

Then repeating the support argument in the proofs of Theorems 3.1.2 and 3.1.3, we can
prove that (3.4.53) holds.

(b) Equation regularization approximation. We need only to show that the vanishing
viscosity limit has compact support. Letϕ(y) be a monotone decreasing smooth function
so that it is equal to 1 fory <−1 and equal to 0 fory > 0. We multiply the energy density
equation

∂t
(
R2+ S2)+ ∂x

[
c
(
S2−R2)]= 2ε

(
R ∂2

xR+ S ∂2
xS
)

with the test functionϕ(x +C2t + a), where the superscriptε is omitted for simplicity, to
yield

∂t
[(
R2+ S2)ϕ

]
+ ∂x

[(
S2−R2)cϕ

]

= 2ε
(
R ∂2

xR + S ∂2
xS
)
ϕ +

[
C2
(
R2+ S2)+

(
S2−R2)c

]
ϕ′.

Integrating it over[0, t] ×R and using the support property of the initial data andϕ′ � 0,
we obtain

∫

R

(
R2+ S2)ϕ dx + 2ε

∫ t

0

∫

R

ϕ
(
(∂xR)

2+ (∂xS)
2)dx dt

� ε

∫ t

0

∫

R

ϕ′′
(
R2+ S2)dx dt.

Sendingε→ 0, we find that(R,S) is supported on[−C2t − a − 1,∞) at eacht � 0.
Similarly we can prove that(R,S) is supported on(−∞,C2t + a + 1]. Thus(R,S) is
supported on[−C2t − a − 1,C2t + a + 1].

Thus by summing up the first two equations of (3.4.39) and using (3.4.53), we find
that u(t, x) satisfies (3.1.3). Moreover, our solutionu is finite in any finite time interval
[0, T ] from the compact support property, the third and fourth equations of (3.2.12), and
the energy bound. Then from condition (3.1.10), Lemma 3.3.2, and convexity ofLp+1, we
have∂xu ∈ Lp+1([0, T ] ×R) for anyT > 0 provided that (3.1.10) holds. This completes
the proof Theorem 3.1.5. �
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3.6. Square integrable data

We prove Theorem 3.1.6 in this subsection. First we establish a lemma.

LEMMA 3.6.1 (Local space–time higher integrability estimate).Let (R0, S0) ∈ L2 ∩
L1(R). Let c satisfies(3.1.8).Let α = d2/d1 ∈ (0,1) with d2 an even positive integer and
d1 an odd positive integer. Leta < b andχ(·) ∈ C∞c (R) with suppχ ⊂ (a, b). Then for the
viscous solution(Rε, Sε, uε) to (3.2.12),we have

∣∣∣∣
∫ T

0

∫ b

a

χ(x)c̃′(uε)

×
[
(1− α)

(
R1+α
ε − S1+α

ε

)
+ (1+ α)Rα

ε S
α
ε

(
R1−α
ε − S1−α

ε

)]

× (Rε − Sε)dx dt

∣∣∣∣�CT ,a,b, (3.6.84)

whereCT ,a,b depends only on(T , a, b,χ,‖R0‖L2,‖S0‖L2) (but notε or α).

PROOF. Take an odd functionf (ξ) ∈ C∞(R), f (ξ)= 0 in [−1
2,

1
2], with

f ′(ξ)=
{
ξα, |ξ |� 1,

0, |ξ |� 1
2.

Then

f (ξ)=
∫ ξ

0
f ′(ζ )dζ =

{ 1
1+α ξ

1+α +C1 if |ξ |� 1,

0 if |ξ |� 1
2.

(3.6.85)

Now, we multiplyf ′(Rε)χ(x) to the first equation of (3.2.12) to obtain

∂t
(
f (Rε)χ

)
− cχ ∂xf (Rε)= c̃′

(
R2
ε − S2

ε

)
χf ′(Rε)+ εχf ′(Rε) ∂xxRε,

and integrate the above equation over[0, T ] × [a, b] to find

∫ b

a

(
f (Rε)χ

)
(T , ·)−

(
f (R0)χ

)
dx

+
∫ T

0

∫ b

a

[
2c̃′(Rε − Sε)χf (Rε)+ cχ ′f (Rε)

]
dx dt

=
∫ T

0

∫ b

a

c̃′
(
R2
ε − S2

ε

)
χf ′(Rε)− ε ∂x

(
χf ′(Rε)

)
∂xRε dx dt. (3.6.86)
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Then, by (3.6.85) and a trivial rearrangement of (3.6.86), we obtain

∫ T

0

∫ b

a

(
2c̃′(Rε − Sε)χ

(
1

1+ α
R1+α
ε +C1

)
− c̃′

(
R2
ε − S2

ε

)
χRα

ε

)
1|Rε |�1 dx dt

=
∫ T

0

∫ b

a

(
c̃′
(
R2
ε − S2

ε

)
χf ′(Rε)− 2c̃′(Rε − Sε)χf (Rε)

)
1|Rε |<1 dx dt

− ε

∫ T

0

∫ b

a

(
χf ′′(Rε)(∂xRε)2+ χ ′f ′(Rε) ∂xRε

)
dx dt

+
∫ b

a

(
f (R0)χ

)
dx −

∫ b

a

(
f (Rε)χ

)
(T , ·)dx −

∫ T

0

∫ b

a

cχ ′f (Rε)dx dt.

(3.6.87)

Using the energy (3.2.14), we see that the absolute value of the left-hand side of (3.6.87)
is bounded. Again by the energy estimate, we see that the restriction to|Rε| � 1 on the
right-hand side can be removed. So

∣∣∣∣
∫ T

0

∫ b

a

χc̃′
(
(Rε − Sε)

1

1+ α
R1+α
ε − 1

2

(
R2
ε − S2

ε

)
Rα
ε

)
dx dt

∣∣∣∣ � CT ,a,b.

(3.6.88)

Exactly as the proof of (3.6.88), we find

∣∣∣∣
∫ T

0

∫ b

a

χc̃′
(
−(Rε − Sε)

1

1+ α
S1+α
ε − 1

2

(
S2
ε −R2

ε

)
Sαε

)
dx dt

∣∣∣∣� CT ,a,b.

(3.6.89)

By summing (3.6.88) and (3.6.89), we obtain

∣∣∣∣
∫ T

0

∫ b

a

c̃′χ
(

1

1+ α

(
R1+α
ε − S1+α

ε

)
(Rε − Sε)

− 1

2

(
R2
ε − S2

ε

)(
Rα
ε − Sαε

))
dx dt

∣∣∣∣�CT ,a,b. (3.6.90)

While a very simple calculation shows that

1

1+ α

(
R1+α
ε − S1+α

ε

)
(Rε − Sε)−

1

2

(
R2
ε − S2

ε

)(
Rα
ε − Sαε

)

=
(

1

1+ α
− 1

2

)
(Rε − Sε)

(
R1+α
ε − S1+α

ε

)

+ 1

2
Rα
ε S

α
ε (Rε − Sε)

(
R1−α
ε − S1−α

ε

)
. (3.6.91)



On the global weak solutions to a variational wave equation 625

Thus, we obtain

∣∣∣∣
∫ T

0

∫ b

a

χc̃′(Rε − Sε)

[(
1

1+ α
− 1

2

)(
R1+α
ε − S1+α

ε

)

+ 1

2
Rα
ε S

α
ε

(
R1−α
ε − S1−α

ε

)]
dx dt

∣∣∣∣� CT ,a,b. (3.6.92)

Multiplying (3.6.92) by 2(1 + α), we obtain (3.6.84). This completes the proof
of (3.6.84). �

From Lemma 3.6.1 and its proof, we have the corollary.

COROLLARY 3.6.2 (L2+α estimate).Let c′(·) � 0. Let (R0, S0) ∈ L2(R) with compact
support. Then for0< α < 1, there holds the estimate

∫ T

0

∫ b

a

c′(uε)|∂xuε|2+α dx dt � Cα,T ,a,b, (3.6.93)

where the constantCα,T ,a,b→∞ asα→ 1.

PROOF. First takeα = d2/d1 with d2 an even natural number andd1 an odd natural num-
ber. We use (3.6.84) on the interval[a − 1, b+ 1]. Since each term in the integral (3.6.84)
is nonnegative, we immediately obtain

∫ T

0

∫ b+1

a−1
χ(1− α)c′(uε)(Rε − Sε)

2(Rα
ε + Sαε

)
dx dt � CT ,a,b. (3.6.94)

By the third equation of (3.2.12), (3.6.94) and choosingχ = 1 on [a, b], we immediately
obtain (3.6.93). For any otherα ∈ (0,1), we can use interpolation. This completes the proof
of the corollary. �

Now, letR0 � 0, S0 � 0, (R0, S0) ∈ L2(R) with supp(R0, S0)⊂ (−a, a). Let c′ � 0. We
mollify (R0, S0) to (Rε

0, S
ε
0)with the standard Friedrichs’ mollifier. Then by Theorem 3.1.2

and its proof on the compactness of the support of solutions, we find that (3.1.5) has
a global smooth solution(Rε, Sε) which is uniformly bounded inL∞(R+,L2(R)) with
supp(Rε, Sε) ⊂ (−a − C2t, a + C2t), Rε � 0, Sε � 0, and satisfies the estimates in
Lemma 3.6.1 and Corollary 3.6.2. By Lemmas 3.5.1 and 3.5.2, we find, similar as before,
that

µt,x(ξ, η)= ν1
t,x(ξ)⊗ ν2

t,x(η), (3.6.95)

whereν1
t,x(ξ), ν

2
t,x(η) andµt,x(ξ, η) are the Young measures associated with{Rε}, {Sε}

and {Rε, Sε}, respectively. We establish short-time decay onR and S to control the
quadratic terms.
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LEMMA 3.6.3 (Local decay).Assume thatc has strict monotonicity(3.1.10).LetR0 � 0,
S0 � 0, (R0, S0) ∈ L2(R) with compact support. For the smooth solutions(Rε, Sε) with
mollified(R0, S0) and anyT > 0, there exist aC andM0 (both independent ofε ∈ (0,1])
such that for allM �M0 there hold

−2M �Rε(t, x)� 0, −2M � Sε(t, x)� 0, t ∈
[
C

M
,T

]
. (3.6.96)

PROOF. For simplicity, we omit the subscriptε in the proof of (3.6.96).

Step1. Taking anyb ∈R, we introduce the plus and minus characteristicsΦ±t (b) as





dΦ±t
dt =±c

(
u
(
t,Φ±t

))
,

Φ±t
∣∣
t=0= b.

(3.6.97)

For the characteristic curvex = Φ−t (b), t > 0, we find by (3.1.8) that there exists the in-
verse functiont = t−(x) defined for allx < b. Similarly, we have the inverse function
t = t+(y) defined for ally > d (d ∈ R) for the plus characteristicx = Φ+t (d), t > 0. By
the proof on p. 56 of [29], we have the energy conservation in a characteristic cone

∫ Φ+t (d)

d

R2(t+(y), y
)
dy +

∫ b

Φ+t (d)
S2(t−(y), y

)
dy

= 1

2

∫ b

d

(
R2

0(x)+ S2
0(x)

)
dx, (3.6.98)

whered < b andt > 0 are such thatΦ+t (d)=Φ−t (b). In particular, (3.6.97) and (3.6.98)
imply that

∫ t

0
c
(
u
(
s,Φ−s (b)

))
S2(s,Φ−s (b)

)
ds � ‖R0‖2

L2 + ‖S0‖2
L2 ∀b ∈R. (3.6.99)

Step2. On the other hand, by (3.1.5), (3.6.97) and the fact thatRε � 0, we find

d|R(t,Φ−t )|
dt

=−c̃′(u)R2(t,Φ−t
)
+ c̃′(u)S2(t,Φ−t

)
, (3.6.100)

whereΦ−t is the abbreviation ofΦ−t (b). Our idea is to use the bound (3.6.99) ofS2 and
utilize the negative quadratic term−c̃′(u)R2 to show decay of|R|. We already know for
fixedT > 0 thatuε has a uniform bound forε ∈ (0,1] andt ∈ [0, T ]. We chooseC0 to be
the minimum ofc̃′(uε(x, t)) in ε ∈ (0,1], t ∈ [0, T ] andx ∈R. Then

d|R(t,Φ−t )|
dt

�−C0R
2(t,Φ−t

)
+ c̃′(u)S2(t,Φ−t

)
. (3.6.101)
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Thus, by (3.6.99) and (3.6.101), for anyt2 > t1, we have

∣∣R
(
t2,Φ

−
t2

)∣∣ �
∣∣R
(
t1,Φ

−
t1

)∣∣+
∫ t2

t1

(
c̃′(u)S2)(s,Φ−s

)
ds

�
∣∣R
(
t1,Φ

−
t1

)∣∣+C′, (3.6.102)

whereC′ depends on the maximum ofc̃′(·), the minimum ofc(·) and the total initial
energy, but independent of(ε, b, t). We also chooseC′ � 1 for later convenience. Now,
we takeM0 = C′ + 4 and anyM � M0. The first case is|R0(b)| � M , then by directly
applying (3.6.102), we find

∣∣R
(
t,Φ−t

)∣∣�M +C′ � 2M ∀t ∈R
+. (3.6.103)

Step3. The second case is when|R0(b)|�M . We have two subcases here. First subcase
is when

∣∣R
(
t,Φ−t

)∣∣� M

2
for all t ∈

[
0,

C

M

]
, (3.6.104)

whereC := 4C′/C0. Then by (3.6.101) again, we find

1

|R(t,Φ−t )|
�

1

|R0(b)|
+C0t −

∫ t

0

(
c̃′(u)

S2

R2

)(
s,Φ−s

)
ds

� C0t −
4C′

M2
, t ∈

[
0,

C

M

]
. (3.6.105)

Let t0 := C/M . We find by (3.6.105) that

∣∣R
(
t0,Φ

−
t0

)∣∣� M

3C′
�M, (3.6.106)

sinceM > 4 andC′ � 1. Hence, by summing up (3.6.102) and (3.6.106), we find that

∣∣R
(
t,Φ−t

)∣∣�M +C′ � 2M, if t � t0 (3.6.107)

sinceM > C′. The second subcase is when there exists somet ′ ∈ [0, C
M
] such that

|R(t ′,Φ−
t ′ )|<M/2. Then, by (3.6.102), we have

∣∣R
(
t,Φ−t

)∣∣� M

2
+C′ � 2M if t � t ′. (3.6.108)

By summing up (3.6.107), (3.6.108) and (3.6.103), we have

∣∣R(t, y)
∣∣� 2M for all t ∈

[
C

M
,T

]
. (3.6.109)
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We can estimate|S| similarly. The proof of Lemma 3.6.3 is complete. �

We now prove that the Young measures are Dirac measures.

LEMMA 3.6.4. Suppose(3.1.10)hold andR0 � 0, S0 � 0, (R0, S0) ∈ L2(R) with com-
pact support. Then the approximate solutions through initial data mollification have

ν1
t,x(ξ)= δ	R(ξ), ν2

t,x(η)= δ	S(η).

PROOF.

Step1. By the proof of Lemma 3.5.3 up to the first inequality of (3.5.79), we find that

d

dt

∫ (
Sλ(R)− Sλ

(	R
))
(t, x)dx � Cλ

∫ ∫

R2
ξ2
∣∣
ξ�−λ dν1

t,x dx, (3.6.110)

provided that we can prove that

(Rε − Sε)Sλ(Rε)⇀

∫ ∫
(ξ − η)Sλ(ξ)dµt,x(ξ, η),

Tλ(Rε)
(
R2
ε − S2

ε

)
⇀

∫ ∫
Tλ(ξ)

(
ξ2− η2)dµt,x(ξ, η), (3.6.111)

(Rε − Sε)
2 ⇀

∫ ∫
(ξ − η)2 dµt,x(ξ, η)

in the sense of distributions. But, by Corollary 3.6.2, we find that{Rε − Sε} is uniformly
bounded inL2+α([0, T ]×R) for anyT <∞ andα < 1 due to the fact that supp(Rε, Sε)⊂
(−a−C2t, a+C2t). Thus, by Lemma 1.3.1 and a diagonal process for the timeT , we can
always find a subsequence of{Rε, Sε} such that (3.6.111) holds.

Step2. Now, fixing aT > 0 for Lemma 3.6.3, noticing that suppν1
t,x(·) ⊂ [−2M,0] if

t � C/M , by (3.6.96) for any largeM , we have

∫ t

C/M

∫ ∫

R2
ξ2
∣∣
ξ�−λ dν1

t,x(ξ)dx dt = 0, λ� 2M. (3.6.112)

Thus, forλ� 2M and by (3.6.110), we have

∫ (
Sλ(R)− Sλ

(	R
))
(t, x)dx

�

∫ (
Sλ(R)− Sλ

(	R
))( C

M
,x

)
dx, t �

C

M
. (3.6.113)



On the global weak solutions to a variational wave equation 629

Thus again by (1.3.12), (3.6.113) and Lebesgue dominated convergence theorem, we find
by passingλ→∞ in (3.6.113) that

∫

R

(∫

R

ξ2 dν1
t,x(ξ)− 	R 2

)
(t, x)dx

�

∫

R

(∫

R

ξ2 dν1
t,x(ξ)− 	R 2

)(
C

M
,x

)
dx, t �

C

M
. (3.6.114)

Exactly as the proof of (3.6.114), we can prove that

∫

R

(∫

R

η2 dν2
t,x(η)−	S 2

)
(t, x)dx

�

∫

R

(∫

R

η2 dν2
t,x(η)−	S 2

)(
C

M
,x

)
dx, t �

C

M
. (3.6.115)

Step3. Next, we claim that

lim
t→0

∫

R

(∫

R

ξ2 dν1
t,x +

∫

R

η2 dν2
t,x

)
dx =

∫

R

(
R2

0 + S2
0

)
dx. (3.6.116)

In fact, by the convexity properties ofSλ(·), Lemma 3.5.1, and the compact support and
energy bound properties of(Rε, Sε), we find that

∫ (
Sλ
(	R
)
+ Sλ

(	S
))
(t, x)dx

�

∫ [∫
Sλ(ξ)dν1

t,x(ξ)+
∫
Sλ(η)dν2

t,x(η)

]
dx

= lim
ε→0

∫ (
Sλ(Rε)+ Sλ(Sε)

)
(t, x)dx

�
1

2

∫

R

(
R2

0 + S2
0

)
dx. (3.6.117)

Thus, by (1.3.12) and Lebesgue dominated convergence theorem, we find by tending
λ→∞ in (3.6.117) that

∫ (	R 2+	S 2)(t, x)dx �

∫

R

(∫

R

ξ2 dν1
t,x +

∫

R

η2 dν2
t,x

)
dx

�

∫

R

(
R2

0 + S2
0

)
dx. (3.6.118)

While by (3.5.69) satisfied by	R and a similar equation for	S and Lemma C.1 of [48],
p. 177, we find that

(	R(t, x),	S(t, x)
)
⇀
(
R0(x), S0(x)

)
weakly inL2(R) ast→ 0. (3.6.119)



630 P. Zhang and Y. Zheng

Hence by (3.6.118) and (3.6.119), we have

lim
t→0

∫ (	R 2+	S 2)(t, x)dx =
∫

R

(
R2

0 + S2
0

)
dx. (3.6.120)

Summing up (3.6.118) and (3.6.120), we prove (3.6.116). Incidentally, by (3.6.119),
(3.6.120) and Theorem 1 on p. 4 of [23], we have

(	R(t, x),	S(t, x)
)
→
(
R0(x), S0(x)

)
strongly inL2(R) ast→ 0. (3.6.121)

Step4. Let us takeM→∞. Summing up (3.6.114)–(3.6.116), we find

∫

R

{(∫

R

ξ2 dν1
t,x(ξ)− 	R 2

)
+
(∫

R

η2 dν1
t,x(η)−	S 2

)}
(t, x)dx � 0, t > 0.

That is,

∫

R

{∫

R

(
ξ − 	R

)2 dν1
t,x(ξ)+

∫

R

(
η−	S

)2 dν2
t,x(η)

}
dx = 0. (3.6.122)

Thus,ν1
t,x(ξ)= δR̄(t,x)(ξ) andν2

t,x(η)= δS̄(t,x)(η). The proof of Lemma 3.6.4 is complete.
�

PROOF OFTHEOREM 3.1.6. By Lemma 3.6.4, we have

Rε − Sε→ 	R −	S in L1
loc

(
R
+ ×R

)
. (3.6.123)

But since by Corollary 3.6.2,{∂xuε} is uniformly bounded inL2+α
loc (R+ × R), we in fact

prove that

Rε − Sε→ 	R −	S in L2+α
loc

(
R
+ ×R

)
∀α < 1. (3.6.124)

Thus,(	R,	S ) is a weak solution of (3.1.5) and∂xu(t, x) ∈ L2+α([0, T ]×R) for anyT <∞
andα < 1, due to the fact that both	R(t, ·) and	S(t, ·) have compact supports for anyt � T .
To establish the local decay (3.1.11), we letT = 2 in Lemma 3.6.3 and use (3.6.96) at
t = C/M for t ∈ (0, C

M0
]. The boundedness fort � 1 in (3.1.11) follows from (3.6.102).

The remaining of the proof of Theorem 3.1.6 is exactly as that of Theorem 3.1.5, which
we omit here. This completes the proof of Theorem 3.1.6. �

4. Weak solutions to (0.0.1)

4.1. Introduction

In this section we study the existence and regularity properties of weak solutions to (0.0.1),
whenc(·) is a given smooth, bounded, and positive function,u0(x) ∈ Lip(R), andu1(x) ∈
L∞(R).
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In the sequel, we always assume that there exist two positive constantsC1,C2 such that

0<C1 � c(·)� C2 and
∣∣c(l)(·)

∣∣�Ml, l � 1, (4.1.1)

for some positive constantsMl .

THEOREM4.1.1 (Global weak solutions).Assumec′ � 0 and(R0, S0) ∈ L∞(R)∩L2(R).

Then(0.0.1)has a global weak solutionu in the sense of Definition3.1.1.Moreover, there
hold (R,S) ∈ L∞(R+,L2(R)) andc′(u)|∂xu|2+α ∈ L1

loc(R
+×R) for anyα ∈ (0,1). Fur-

thermore, the characteristics exist; i.e., the following ordinary differential equations have
global solutionsΦ±t (x) ∈ C([0,∞)×R) with ∂xΦ

±
t (x) ∈ L∞([0,∞)×R):

{
dΦ±t (x)

dt =±c
(
u
(
t,Φ±t (x)

))
,

Φ±0 (x)= x.
(4.1.2)

In particular, if S0 � 0, thenS(t, x)� 0, S(t, x) ∈ L∞(R+×R), and for anyT > 0, there
exist two positive constantsM1(T ) andM2(T ) such that

M1(T )� ∂xΦ
+
t (x)�M2(T ), 0 � t � T . (4.1.3)

In Theorem 4.1.1, ifR0 � 0 thenR(t, x)� 0 for all time t > 0 and the minus character-
istics satisfy (4.1.3). We also note that similar results hold if we assumec′(·)� 0. Finally,
it is possible to reduce theL∞ condition on the initial data toLp, p > 3, but we choose
not to present the tedious details.

Compared to the previous results in the last section and [74], our result here allows
for blow-up of solutions in both characteristic families. As for the method, we still use
the Young measure approach [27,39,49]. The difficulty is that potential oscillations, in
terms of DiPerna and Majda [20], get amplified unboundedly by quadratic growth terms
of the equation. We use cut-off functions to overcome the amplifying. The main work
is establishing uncommon estimates and handling the cut-off error terms through various
newly discovered renormalizations.

We point out that we expect multiple weak solutions to problem (0.0.1). Our weak solu-
tions in Theorem 4.1.1 are solutions of the dissipative type. We plan to explore the unique-
ness issue in future work.

4.2. Approximate solutions and uniform estimates

Similar to [48] and [72,74], let us define forε > 0

Qε(ξ) :=
{

1
ε

(
ξ − 1

2ε

)
, ξ � 1

ε
,

1
2ξ

2, −∞< ξ < 1
ε
.

(4.2.4)
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Let us now define the approximate solution sequence by the equations





∂tR
ε − c

(
uε
)
∂xR

ε = c̃′
(
uε
)(

2Qε

(
Rε
)
−
(
Sε
)2)

,

∂tS
ε + c

(
uε
)
∂xS

ε = c̃′
(
uε
)(

2Qε

(
Sε
)
−
(
Rε
)2)

,

∂xu
ε = Rε−Sε

2c(uε) ,

limx→−∞ uε(t, x)= 0,(
Rε, Sε

)∣∣
t=0= (R0, S0)(x).

(4.2.5)

For convenience, we sometimes omit the superscriptε in the approximate solution se-
quence{(Rε, Sε, uε)}ε>0.

LEMMA 4.2.1 (Solution of (4.2.5) with smooth data).Let (R0, S0)(x) ∈ C∞c (R). Then
problem(4.2.5)has a global smooth solution(R,S)(t, x) ∈ L∞(R+,W2,∞(R)), u(t, x) ∈
L∞(R+,W3,∞(R)), which satisfies the energy inequalities

∫ (
R2+ S2)(t, x)dx �

∫ (
R2

0 + S2
0

)
(x)dx (4.2.6)

and
∫ ∞

0

∫

R

c′
(
uε
)
Gε dx dt �

∫ (
R2

0 + S2
0

)
(x)dx, (4.2.7)

where

Gε :=R
(
R2− 2Qε(R)

)
+ S

(
S2− 2Qε(S)

)
� 0.

Moreover, if we introduce the plus and minus characteristicsΦ±t (b) as

{
d
dtΦ

±
t =±c

(
u
(
t,Φ±t

))
,

Φ±t
∣∣
t=0= b,

(4.2.8)

then we have the energy inequality in a characteristic cone

∫ d

a

R2(t+a (y), y
)
dy +

∫ b

d

S2(t−b (y), y
)
dy �

1

2

∫ b

a

(
R2

0 + S2
0

)
(x)dx, (4.2.9)

wherea < b andd is where the two characteristicsΦ+t (a) andΦ−t (b) meet at some posi-
tive time, and t = t+a (y) is the inverse ofy =Φ+t (a), etc. Besides, we have

R(t, x)�−M, S(t, x)�−M, t � 0, (4.2.10)

whereM = ‖(R0, S0)‖L∞ + 1
8MC−1

1 ‖(R0, S0)‖2
L2. Finally, there holdsS(t, x) � 0 pro-

vided thatS0(x)� 0.
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PROOF. It is standard to prove the local existence of smooth solutions to (4.2.5) with
smooth initial data. Now, we letT ∗ be the lifespan of a smooth solution to (4.2.5). It
can be proved exactly as that in the proof of Lemma 3.4.1 that‖R(t, ·)‖L∞ + ‖S(t, ·)‖L∞
controlsT ∗; that is, to say thatT ∗ <+∞ implies

lim
t→T ∗

(∥∥R(t, ·)
∥∥
L∞ +

∥∥S(t, ·)
∥∥
L∞
)
=+∞. (4.2.11)

Hence, in order to establish the global existence, it suffices to show that‖R(t, ·)‖L∞ +
‖S(t, ·)‖L∞ <+∞ for any t <+∞.

By a simple comparison principle, it is trivial to observe thatS(t, x) � 0 for t < T ∗ if
S0 � 0.

Next, by multiplyingR(t, x) to the first equation of (4.2.5), we find

∂tR
2− ∂x

(
c(u)R2)= 2c̃′(u)

{
−R

(
R2− 2Qε(R)

)
+R2S −RS2}. (4.2.12)

Similarly, we find

∂tS
2+ ∂x

(
c(u)S2)= 2c̃′(u)

{
−S
(
S2− 2Qε(S)

)
+RS2− SR2}. (4.2.13)

Adding (4.2.12) and (4.2.13), we find

∂t
(
R2+ S2)− ∂x

(
c(u)

(
R2− S2))

=−2c̃′(u)
{
R
(
R2− 2Qε(R)

)
+ S

(
S2− 2Qε(S)

)}
� 0, (4.2.14)

as

R
(
R2− 2Qε(R)

)
=R

(
R − 1

ε

)2

1R�1/ε � 0,

(4.2.15)

S
(
S2− 2Qε(S)

)
= S

(
S − 1

ε

)2

1S�1/ε � 0.

By integrating (4.2.14) overR with respect tox, we deduce (4.2.6) and (4.2.7). Integrating
(4.2.14) over the characteristic cone∆ := {(t, x) | Φ+t (a) � x � Φ−t (b),0 � t < T ∗}, we
deduce (4.2.9). By the first equation of (4.2.5) and equation (4.2.9), we have

R
(
t,Φ−t (x)

)
� R0(x)−

∫ t

0

(
c̃′(u)S2)(s,Φ−s (x)

)
ds

� −‖R0‖L∞ −
M1

8C1

∫ (
R2

0 + S2
0

)
(x)dx. (4.2.16)

This proves the first inequality of (4.2.10). Similarly, we can prove the second one.
On the other hand, since bothQε(·) and∂ξQε(·) are Lipschitz continuous with respect

to ξ for any fixedε, we can easily prove anε-dependent upper bound for(Rε, Sε). This
completes the proof of Lemma 4.2.1. �
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LEMMA 4.2.2 (L2+α estimate).Let c′(·) � 0, (R0, S0) ∈ L∞ ∩ L2, α ∈ (0,1), T > 0,
a < b. Then for the solutions{(Rε, Sε, uε)}ε>0 of (4.2.5)there holds the estimate

∫ T

0

∫ b

a

c′
(
uε
)∣∣∂xuε

∣∣2+α dx dt � Cα,T ,a,b, (4.2.17)

where the constantCα,T ,a,b depends only on theL∞(R) andL2(R) norms of(R0, S0) and
the listed variables.

PROOF. We assume thatα = d2/d1 ∈ (0,1), whered2 is an even positive integer andd1 is
an odd positive integer. We then multiplyRα(t, x) to the first equation of (4.2.5) to yield

1

1+ α

{
∂tR

1+α − ∂x
(
c(u)R1+α)}+ 2

1+ α
c̃′(u)(R − S)R1+α

= c̃′(u)
(
2RαQε(R)−RαS2). (4.2.18)

We note that

2

1+ α
R2+α − 2RαQε(R)=

1− α

1+ α
R2+α +Rα

(
R− 1

ε

)2∣∣∣∣
R�1/ε

. (4.2.19)

By summing up (4.2.18) and (4.2.19), we obtain

1− α

1+ α
c̃′(u)(R − S)R1+α + c̃′(u)

(
RαS2− SR1+α)

=− 1

1+ α
∂tR

1+α + 1

1+ α
∂x
(
c(u)R1+α)

− c̃′(u)Rα

(
R− 1

ε

)2

1R�1/ε. (4.2.20)

Similar to the proof of (4.2.20), we can obtain forS the equation

1− α

1+ α
c̃′(u)(S −R)S1+α + c̃′(u)

(
SαR2−RS1+α)

=− 1

1+ α
∂tS

1+α − 1

1+ α
∂x
(
c(u)S1+α)

− c̃′(u)Sα
(
S − 1

ε

)2

1S�1/ε. (4.2.21)

For the specific choice ofα, we have

RαS2− SR1+α + SαR2−RS1+α

=RαSα(R − S)
(
R1−α − S1−α)� 0. (4.2.22)
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Summing up (4.2.20)–(4.2.22), we obtain

1− α

1+ α
c̃′(u)(R − S)

(
R1+α − S1+α)

+ c̃′(u)RαSα(R − S)
(
R1−α − S1−α)

�
1

1+ α

{
−∂t

(
R1+α + S1+α)+ ∂x

(
c(u)

(
R1+α − S1+α))}. (4.2.23)

Note that our solutions of (4.2.5) have finite speed of propagation due to condi-
tion (4.1.1). We can cut off our initial data(R0, S0) to make them compactly supported
without changing the solutions in the domain[0, T ] × [a, b]. So we assume that suppR0,
suppS0⊂ [a, b]. By (4.1.1), (4.2.8) and (4.2.9), we have that suppR(t, ·) and suppS(t, ·)
are contained in[a−C2T ,b+C2T ] for t � T . Thus, integrating (4.2.23) over[0, T ]×R,

we find

∫ T

0

∫

R

{
1− α

1+ α
c̃′(u)(R − S)

(
R1+α − S1+α)

+ c̃′(u)RαSα(R − S)
(
R1−α − S1−α)

}
dx ds � Cα,T ,a,b. (4.2.24)

By (4.2.24), we immediately obtain

1− α

1+ α

∫ T

0

∫ b

a

c̃′(u)(R − S)2
(
Rα + Sα

)
dx dt � Cα,T ,a,b. (4.2.25)

This implies (4.2.17), which completes the proof of Lemma 4.2.2. �

We note that the constantCα,T ,a,b in Lemma 4.2.2 tends to infinity asα → 1. The
vanishing viscosity approximation to (0.0.1), as used in the last chapter, does not yield
estimates (4.2.14) or (4.2.9), which are crucial to our later steps.

4.3. Precompactness

Let (R0, S0) ∈ L∞ ∩ L2(R). Let jε(x) be standard Friedrichs’ mollifier. We denote
Rε

0 =R0∗ jε andSε0 = S0∗ jε. Then by Lemma 4.2.1, problem (4.2.5) has a global smooth
solution (Rε, Sε, uε) with the initial data(Rε

0, S
ε
0). Moreover, by summing up (4.2.6),

(4.2.7) and (4.2.10), we have
∫ ((

Rε
)2+

(
Sε
)2)

(t, x)dx �

∫ (
R2

0 + S2
0

)
(x)dx (4.3.26)

and

Rε(t, x)�−M, Sε(t, x)�−M, t � 0. (4.3.27)
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We shall also use energy estimate (4.2.9) in this new setting.
We establish the precompactness of{(Rε, Sε, uε)(t, x)} in this subsection.
Firstly, by copying the proof of Lemma 3.2.4, we can prove up to a subsequence ofεj

that

uεj (t, x) converges uniformly to a continuous functionu(t, x) (4.3.28)

on every compact subset of[0,∞)×R.

We remark that by Proposition 3.13 of [39] and Lemma 3.5.1, 3.5.2, we have

ξ ∈ L∞
(
R
+,L2(

R
+ ×R,dx ⊗ dν1

tx(ξ)
))
,

(4.3.29)
η ∈ L∞

(
R
+,L2(

R
+ ×R,dx ⊗ dν2

tx(η)
))
,

and

RεSε ⇀RS asε→ 0 (4.3.30)

in the sense of distributions. Glassey, Hunter and Zheng [30] have derived (4.3.30) by ap-
plying the div–curl lemma for a sequence of energy conservative weak solutions{uε(t, x)}
of (0.0.1), assuming that{uε(t, x)} is uniformly bounded inW1,p(R+×R) for somep > 2.
Here we have provided the uniform estimate.

In the sequel, we use the notation

g(R,S)=
∫

R

g(ξ, η)dµtx(ξ, η).

Thus,(	R,	S ) represents the weak-star limit of{Rε, Sε} in L∞(R+,L2(R)) or the weak
limit in L2((0, T )×R) for all T <∞.

With the above preparation, we can now prove the precompactness of{Rε, Sε}.

LEMMA 4.3.1 (Precompactness of{(Rε, Sε)}). Assumec′ � 0 and(R0(x), S0(x)) ∈ L∞∩
L2(R). Thenν1

tx(ξ)= δ	R(t,x)(ξ) andν2
tx(η)= δ	S(t,x)(η).

PROOF. The idea is to derive an evolution equation (inequality) for the quantityR2− 	R 2,
so that it is zero for all positive time if it is zero at time zero which is true in our case. In
the derivation of the evolution equation we need to cut off desired multipliers and mollify
various equations that are true only in the weak sense.

Since the proof ofν1
tx(ξ) = δ	R(t,x)(ξ) is the same as that ofν2

tx(η) = δ	S(t,x)(η), we
present only the proof for the former.

Step1. Derivation of the equation for	R. We write the first equation of (4.2.5) in the form

∂tR
ε − ∂x

(
c
(
uε
)
Rε
)
=−c̃′

(
uε
){(

Rε − Sε
)2+

[(
Rε
)2− 2Qε

(
Rε
)]}

. (4.3.31)
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We claim that there holds in the sense of distributions

c̃′
(
uε
)(
Rε − Sε

)2
⇀ c̃′(u)

∫ ∫

R2
(ξ − η)2 dµtx(ξ, η)

= c̃′(u)
(
R2+ S2− 2	R	S

)
. (4.3.32)

The claim will follow from Lemmas 3.5.1 and 3.5.2 and estimate (4.2.17). We take a
smooth cut-off functionψ(ξ) with ψ(ξ)= 1 for |ξ |� 1 and suppψ ⊂ {ξ | |ξ |� 2}. Then,
by (4.2.17), we have

∣∣∣∣
∫ T

0

∫

R

Rε
(
Rε − Sε

)(
1−ψ

(
Rε

k

))
dx dt

∣∣∣∣

� Cmeas
{
(t, x)

∣∣ 0� t � T ,Rε � k
}1/p

� Ck−2/p, (4.3.33)

where 1/p = α/(2(2+α)) for any 0< α < 1. While by Lemma 3.5.1, for any test function
ϕ(t, x) ∈ C∞c (R+ ×R), there holds

lim
ε→0

∫ ∞

0

∫

R

ϕc̃′
(
uε
)
Rε
(
Rε − Sε

)
ψ

(
Rε

k

)
dx dt

=
∫ ∫

R+×R

ϕc̃′(u)
∫ ∫

R2
ξ(ξ − η)ψ

(
ξ

k

)
dµt,x(ξ, η)dx dt. (4.3.34)

By summing up (4.3.29), (4.3.33), (4.3.34) and Lebesgue dominated convergence theorem
ask→∞ we find

lim
ε→0

∫ ∞

0

∫

R

ϕc̃′
(
uε
)
Rε
(
Rε − Sε

)
dx dt

=
∫ ∫

R+×R

ϕc̃′(u)
∫ ∫

R2
ξ(ξ − η)dµt,x(ξ, η)dx dt. (4.3.35)

A similar proof yields that

lim
ε→0

∫ ∞

0

∫

R

ϕc̃′
(
uε
)
Sε
(
Rε − Sε

)
dx dt

=
∫ ∫

R+×R

ϕc̃′(u)
∫ ∫

R2
η(ξ − η)dµt,x(ξ, η)dx dt. (4.3.36)

Claim (4.3.32) follows from (4.3.35) and (4.3.36).
Now, from (4.2.7), we have easily that

lim
ε→0

∫ T

0

∫

R

c̃′
(
uε
)[(

Rε
)2− 2Qε

(
Rε
)]

dx dt = 0. (4.3.37)
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Thus, again by (4.3.28), Lemma 3.5.1, (4.3.32) and (4.3.37), we have

∂t 	R− ∂x
(
c(u)	R

)
=−c̃′(u)

(
R2− 2	R	S + S2

)
. (4.3.38)

Step2. Cut-off of(Rε)2. Similar to [72], let us define forλ > 0

T +λ (ξ)=
{
ξ, ξ � λ,

λ, ξ � λ,
S+λ (ξ)=

{
1
2ξ

2, ξ � λ,

λ
(
ξ − λ

2

)
, ξ � λ.

(4.3.39)

We multiply the first equation of (4.2.5) withT +λ (R
ε) to obtain

∂tS
+
λ

(
Rε
)
− ∂x

(
c
(
uε
)
S+λ
(
Rε
))

=−2c̃′
(
uε
)(
Rε − Sε

)
S+λ
(
Rε
)

+ c̃′
(
uε
)
T +λ
(
Rε
)(

2Qε

(
Rε
)
−
(
Sε
)2)

. (4.3.40)

By Lemma 3.5.1, a similar proof of (4.3.32) and (4.3.37), we find that

c̃′
(
uε
)(
Rε − Sε

)
S+λ
(
Rε
)
⇀ c̃′(u)(R − S)S+λ (R),

c̃′
(
uε
)
T +λ
(
Rε
)(

2Qε

(
Rε
)
−
(
Sε
)2)

⇀ c̃′(u)T +λ (R)
(
R2− S2

)
.

Takingε→ 0 in (4.3.40), we obtain

∂tS
+
λ (R)− ∂x

(
c(u)S+λ (R)

)

= c̃′(u)
{
−2RS+λ (R)+ T +λ (R)R

2+ 2	S S+λ (R)− T +λ (R)S
2
}
. (4.3.41)

Step3. Cut-off of	R 2. Convolving (4.3.38) with the standard Friedrichs’ mollifierjε, we
find

∂t 	Rε − ∂x
(
c(u)	Rε

)
=−

(
c̃′(u)(R − S)2

)
∗ jε+ γε, (4.3.42)

where	Rε =
∫

R
	R(t, y)jε(x − y)dy andγε = jε ∗ ∂x(c(u)	R )− ∂x(c(u)	Rε). By DiPerna–

Lions folklore Lemma 2.3 of Lions [48] and Lebesgue dominated convergence theorem in
the time direction, we haveγε→ 0 in L1

loc(R
+ × R) (or see Lemma 2.1 of [19]). Again,

we multiply (4.3.42) withT +λ (	Rε) to find

∂tS
+
λ

(	Rε
)
− ∂x

(
c(u)S+λ

(	Rε
))

=
[
−
(
c̃′(u)(R − S)2

)
∗ jε + γε + 2c̃′(u)

(	R −	S
)	Rε

]
T +λ
(	Rε

)

− 2c̃′(u)
(	R −	S

)
S+λ
(	Rε

)
. (4.3.43)
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Takingε→ 0 in (4.3.43), we find

∂tS
+
λ

(	R
)
− ∂x

(
c(u)S+λ

(	R
))

=
[
−c̃′(u)(R − S)2+ 2c̃′(u)

(	R−	S
)	R
]
T +λ
(	R
)
− 2c̃′(u)

(	R −	S
)
S+λ
(	R
)

or

∂tS
+
λ

(	R
)
− ∂x

(
c(u)S+λ

(	R
))

= c̃′(u)
{
−2	RS+λ

(	R
)
+ T +λ

(	R
)	R 2+ 2	SS+λ

( 	R
)

− T +λ
(	R
)
S2− T +λ

(	R
)(
R2− 	R 2)}. (4.3.44)

Step4. Evolution equation for “R2− 	R 2” . By substracting (4.3.44) from (4.3.41), we
find

∂t
(
S+λ (R)− S+λ

(	R
))
− ∂x

(
c(u)

(
S+λ (R)− S+λ

(	R
)))

= c̃′(u)
{
−2RS+λ (R)+ T +λ (R)R

2+ 2	RS+λ
(	R
)
− T +λ

(	R
)	R 2

+ 2	S
(
S+λ (R)− S+λ

(	R
))
−
(
T +λ (R)− T +λ

(	R
))
S2

+ T +λ
(	R
)(
R2− 	R 2 )}. (4.3.45)

But, by the explicit structures ofS+λ (·) andT +λ (·), we find

−2ξS+λ (ξ)+ T +λ (ξ)ξ
2=−λ(ξ − λ)21ξ�λ − λ2(ξ − T +λ (ξ)

)
,

(4.3.46)
2	RS+λ

(	R
)
− T +λ

(	R
)	R 2= λ

(	R− λ
)2

1	R�λ + λ2(	R − T +λ
(	R
))
.

Since

ξ2= 2S+λ (ξ)+ (ξ − λ)21ξ�λ, (4.3.47)

we have

R2−
(	R
)2

= 2
(
S+λ (R)− S+λ

(	R
))
+ (R − λ)21R�λ −

(	R − λ
)2

1	R�λ. (4.3.48)

Summing up (4.3.45)–(4.3.48), we find that

∂t
(
S+λ (R)− S+λ

(	R
))
− ∂x

(
c(u)

(
S+λ (R)− S+λ

(	R
)))

= c̃′(u)
{
−
(
λ− T +λ

(	R
))[

(R − λ)21R�λ −
(	R − λ

)2
1	R�λ

]
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− λ2[T +λ
(	R
)
− T +λ (R)

]
−
(
T +λ (R)− T +λ

(	R
))
S2

+ 2
(	S + T +λ

(	R
)
]
)(
S+λ (R)− S+λ

(	R
))}

� c̃′(u)
{(
T +λ
(	R
)
− T +λ (R)

)
S2+ 2

(	S + T +λ
(	R
))(

S+λ (R)− S+λ
(	R
))}

,

(4.3.49)

sinceT +λ (ξ) is concave and(ξ −λ)21ξ�λ is convex inξ. We note in passing that we could

save−λ2 to reduce the termS2 by −λ2, as we have done in paper [74]. But that is not
enough whenS is unbounded, so we choose the new path – renormalization.

Step5. Renormalization. We letfλ(t, x) := S+λ (R)−S+λ (	R ). Rewriting (4.3.49), we find

∂tfλ − ∂x
(
c(u)fλ

)

� c̃′(u)
{
2
(	S + T +λ

(	R
))
fλ + S2

(
T +λ
(	R
)
− T +λ (R)

)}
. (4.3.50)

Next, we claim that

1

2

(
T +λ (R)− T +λ

(	R
))2

� S+λ (R)− S+λ
(	R
)
. (4.3.51)

In fact, by Cauchy inequality, we have

(
T +λ (R)

)2=
(∫

T +λ (ξ)dν1
tx(ξ)

)2

�
(
T +λ (R)

)2
. (4.3.52)

Using the identities

ξ = T +λ (ξ)+ (ξ − λ)1ξ�λ, 	R = T +λ
(	R
)
+
(	R − λ

)
1	R�λ (4.3.53)

we have

T +λ
(	R
)
T +λ (R) = T +λ

(	R
)	R − T +λ

(	R
)
(R − λ)1R�λ

=
(
T +λ
(	R
))2− T +λ

(	R
)(
(R − λ)1R�λ −

(	R − λ
)
1	R�λ

)
.

Thus

(
T +λ (R)− T +λ

(	R
))2

=
(
T +λ (R)

)2+
(
T +λ
(	R
))2− 2T +λ

(	R
)
T +λ (R)

�
(
T +λ (R)

)2−
(
T +λ
(	R
))2+ 2T +λ

(	R
)(
(R − λ)1R�λ −

(	R − λ
)
1	R�λ

)
.

(4.3.54)
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Using

S+λ (ξ)−
1

2

(
T +λ (ξ)

)2= λ(ξ − λ)1ξ�λ

we then have

S+λ (R)− S+λ
(	R
)

= 1

2

( (
T +λ (R)

)2−
(
T +λ
(	R
))2)+ λ

(
(R − λ)1R�λ −

(	R − λ
)
1	R�λ

)

�
1

2

(
T +λ
(	R
)
− T +λ (R)

)2+
(
λ− T +λ

(	R
))(

(R − λ)1R�λ −
(	R − λ

)
1	R�λ

)

�
1

2

(
T +λ
(	R
)
− T +λ (R)

)2
.

This result proves (4.3.51).
Notice thatfλ(t, x) ∈ L∞(R+,L2(R)) for any fixedλ. Thus by DiPerna–Lions folklore

Lemma 2.3 [48] and Lebesgue dominated convergence theorem in the time direction again,
we have

∂tf
ε
λ − ∂x

(
c(u)f ελ

)

� c̃′(u)
{
2
(	S + T +λ

(	R
))
f ελ + S2

[
T +λ
(	R
)
− T +λ (R)

]}
+ γε, (4.3.55)

wheref ελ (t, x) :=
∫

R
fλ(t, y)jε(x − y)dy andγε → 0 in L1

loc(R
+ × R). For anyη > 0,

we multiply (4.3.55) with1
2(f

ε
λ + η)−1/2 to yield

∂t
(
f ελ + η

)1/2− ∂x
(
c(u)

(
f ελ + η

)1/2)

� c̃′(u)
(	R + T +λ

(	R
))
f ελ
(
f ελ + η

)−1/2− 2c̃′(u)
(	R −	S

)(
f ελ + η

)1/2

+ 1

2
c̃′(u)S2

(
f ελ + η

)−1/2(
T +λ
(	R
)
− T +λ (R)

)

+ 1

2

(
f ελ + η

)−1/2
γε. (4.3.56)

By takingε→ 0 in (4.3.56), we find

∂t (fλ + η)1/2− ∂x
(
c(u)(fλ + η)1/2

)

� c̃′(u)
(	R + T +λ

(	R
))
fλ(fλ + η)−1/2− 2c̃′(u)

(	R −	S
)
(fλ + η)1/2

+ 1

2
c̃′(u)S2(fλ + η)−1/2(T +λ

(	R
)
− T +λ (R)

)
. (4.3.57)
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Moreover, by (4.3.51), we find that

S2(fλ + η)−1/2(T +λ
(	R
)
− T +λ (R)

)
� 2S2.

To establish almost everywhere convergence, we first have by Cauchy–Schwarz inequality
that

∣∣	R − Tλ(R)
∣∣=

∫
(ξ − λ)1ξ�λ dν1

t,x(ξ)�
1

λ

∫
ξ2 dν1

t,x(ξ).

This together with (4.3.29) yields that

lim
λ→∞

∥∥	R − T +λ (R)
∥∥
L1([0,T ]×R)

= 0 ∀T <∞.

Similarly, we can prove that limλ→∞ ‖	R − T +λ (	R )‖L1([0,T ]×R) = 0. Then by triangle in-
equality, we obtain

lim
λ→∞

∥∥T +λ (R)− T +λ
(	R
)∥∥

L1([0,T ]×R)
= 0 ∀T <∞.

Thus, by Lebesgue dominated convergence theorem, we find for anyT > 0 that

lim
λ→∞

∥∥S2(fλ + η)−1/2(T +λ
(	R
)
− T +λ (R)

)∥∥
L1([0,T ]×R)

= 0. (4.3.58)

Trivially, by (4.3.29) and Lebesgue dominated convergence theorem, we have

lim
λ→∞

fλ(t, x)=
1

2

(
R2− 	R 2)=: f (t, x). (4.3.59)

Summing up (4.3.57)–(4.3.59), we obtain

∂t (f + η)1/2− ∂x
(
c(u)(f + η)1/2

)

� 2c̃′(u)
(	Rf (f + η)−1/2−

(	R −	S
)
(f + η)1/2

)
. (4.3.60)

We let
√
f (t, x)=: g. Then, by takingη→ 0 in (4.3.60), we find

∂tg− ∂x
(
c(u)g

)
� 2c̃′(u)	Sg. (4.3.61)

Step6. The proof of the precompactness(re-renormalization). Notice thatg(t, x) ∈
L∞(R+,L2(R)). Thus again by DiPerna–Lions folklore Lemma 2.3, [48], we obtain

∂tg
ε − ∂x

(
c(u)gε

)
� 2c̃′(u)	Sgε + γε, (4.3.62)

where 0� gε(t, x) :=
∫
g(t, y)jε(x − y)dy andγε(t, x)→ 0 inL1

loc(R
+ ×R).
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On the other hand, parallel to the proof of (4.3.38), we can prove that

∂t	S + ∂x
(
c(u)	S

)
=−c̃′(u)(R − S)2. (4.3.63)

Moreover, by the third equation of (4.2.5) and (4.3.28), there holds

2c(u)ux = 	R −	S. (4.3.64)

Substracting (4.3.63) from (4.3.38) we obtain

∂t
(	R−	S

)
− ∂x

(
c(u)

(	R +	S
))
= 0.

Substituting (4.3.64) into the above equation we find

∂x
(
c(u)

(
2ut −

(	R +	S
)))
= 0,

that is,

ut =
1

2

(	R+	S
)
. (4.3.65)

Dividing (4.3.62) withc(u) we obtain

∂t

(
gε

c(u)

)
− ∂x

(
gε
)
�−2c̃′(u)	S gε

c(u)
+ γε

c(u)
. (4.3.66)

Takingε→ 0 in (4.3.66) we obtain

∂t

(
g

c(u)

)
− ∂xg �−2c̃′(u)	S g

c(u)
. (4.3.67)

We next claim that

g(t, x) ∈ L∞loc

(
R
+,L1(R)

)
. (4.3.68)

Firstly, by the definition ofg(t, x), we haveg(t, x) ∈ L∞(R+,L2(R)). Now, let us
takeϕ(x) ∈ C∞c (R) with ϕ(x) = 1 for |x| � 1, suppϕ ⊂ {x | |x| � 2}. Then by multi-
plying (4.3.67) withϕ(x/n) and integrating it over[0, t] ×R, we have

1

C2

∫
g(t, x)ϕ

(
x

n

)
dx

�

∫
g(0, x)

c(u)
ϕ

(
x

n

)
dx + 1

n

∫ t

0

∫
g

∣∣∣∣ϕ
′
(
x

n

)∣∣∣∣dx ds +
∫ t

0

∫
2c̃′(u)	S g

c(u)
dx ds

�
t√
n
‖g‖L∞(R+,L2(R))‖∂xϕ‖L2 +Ct

∥∥	S
∥∥
L∞(R+,L2(R))

‖g‖L∞(R+,L2(R)).

(4.3.69)
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Thus, Fatou’s lemma yields that

∫
g(t, x)dx � Ct

∥∥	S
∥∥
L∞(R+,L2(R))

‖g‖L∞(R+,L2(R)). (4.3.70)

This proves claim (4.3.68).
On the other hand, it follows from (4.3.27) that there is a constantC such that−	S � C.

Thus by (4.3.68), we can integrate (4.3.67) overR to obtain

∫

R

g

c(u)
(t, x)dx � C

∫ t

0

∫

R

g

c(u)
(s, x)dx ds. (4.3.71)

Applying Gronwall’s inequality to (4.3.71) we have

g(t, x)= 0 a.e. (t, x) ∈R
+ ×R. (4.3.72)

Hence,f (t, x) = 0 a.e.(t, x) ∈ R
+ × R and thereforeν1

t,x(ξ) = δ	R(t,x)(ξ). Similarly, we
can prove thatν2

t,x(η)= δ	S(t,x)(η). This completes the proof of Lemma 4.3.1. �

LEMMA 4.3.2 (Flow regularity).Letu be the limit of{uεj }. Then the flowsΦ±t (x),

{
dΦ±t (x)

dt =±c
(
u
(
t,Φ±t (x)

))
,

Φt (x)|t=0= x,
(4.3.73)

are Lipschitz continuous with respect tox. Moreover, if S0 � 0, then for anyT > 0 there
exist two positive constantsM1(T ) andM2(T ) such that

M2(T )� ∂xΦ
+
t (x)�M1(T ), 0� t � T . (4.3.74)

PROOF. For simplicity, we deal with only the positive characteristics of (4.3.73). Consider
the approximate solutionsuε and their flowsΦε

t (x)

dΦε
t (x)

dt
= c
(
uε
(
t,Φε

t (x)
))
, Φε

t (x)
∣∣
t=0= x. (4.3.75)

Taking∂x on both sides of the above equation, we find

∂xΦ
ε
t (x) = exp

[∫ t

0

(
c′
(
uε
)
∂yu

ε
)(
s,Φε

s (x)
)
ds

]

= exp

[∫ t

0
c′
(
uε
)(Rε − Sε

2c(uε)

)(
s,Φε

s (x)
)
ds

]
. (4.3.76)

Now,−Sε has a uniform upper bound andRε is uniformly bounded inL2 along plus char-
acteristics from Lemma 4.2.1, therefore the exponent in (4.3.76) is bounded from above.
This shows thatΦ+t (x) is Lipschitz continuous with respect tox.
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Furthermore, ifS0 � 0, thenSε is uniformly bounded, hence (4.3.74) follows directly
from (4.3.76). This completes the proof of Lemma 4.3.2. �

Now, we prove Theorem 4.1.1.

PROOF OFTHEOREM 4.1.1. Firstly, by (4.3.64) and (4.3.65), we find

	R = ∂tu+ c(u) ∂xu, 	S = ∂tu− c(u) ∂xu. (4.3.77)

Secondly, by (4.3.38), (4.3.63) and Lemma 4.3.1, we find that

{
∂t 	R − ∂x

(
c(u)	R

)
=−c̃′(u)

(	R−	S
)2
,

∂t	S + ∂x
(
c(u)	S

)
=−c̃′(u)

(	R −	S
)2 (4.3.78)

hold in the sense of distributions. Summing up the two equations of (4.3.78) and us-
ing (4.3.77), we find that there holds (3.1.3). Moreover, by (4.3.26) and (4.3.77), there
holds (3.1.2). By Lemma 4.2.2 and (4.3.64), there holdsc′(u)|ux |2+α ∈ L1

loc(R
+ × R).

Finally Lemma 4.3.2 shows that the last part of Theorem 4.1.1 holds. This completes the
proof of Theorem 4.1.1. �
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Nečas, J.100 [247]; 406, 411, 412, 414, 418, 423,

433–436, 439, 441, 445, 447–449, 451, 452,
453 [9]; 455 [54]; 456 [79]; 456 [80]; 456 [81];
456 [82]; 456 [83]; 456 [84]; 457 [94];
457 [95]; 457 [96]

Neff, P. 545,559 [Nef03]
Neustupa, J. 435,457 [95]; 457 [97]; 457 [98];

457 [99]
Newton, I. 376,457 [100]
Ni, W.-M. 109, 115, 121, 122, 145,155 [37];

155 [45]; 155 [46]; 157 [86]; 157 [87]; 157 [88]



Author Index 655

Nicolaenko, B. 207, 295, 296,297 [6]; 298[24];
300 [98]; 301 [99]; 301 [100]; 445, 446,
454 [30]

Nirenberg, L. 62,92 [16]; 92 [17]; 122,155 [37];
242,298 [21]; 405, 413, 449,454 [17]

Nishida, T. 30, 33, 34,98 [186]; 101[262];
101 [263]; 101 [264]; 265,301 [101]; 301 [102]

Noll, W. 375, 377, 385, 389, 394,454 [21];
457 [101]; 457 [102]; 458 [147]

Nouri, A. 297,297 [3]
Novotný, A. 435,457 [97]

Oden, J.T. 467, 540,558 [MarO87]
Okada, M.101 [265]
O’Leary, M. 448,456 [91]
Oleinik, O.101 [266]
Olla, S. 162,301 [103]
Olson, E. 446,454 [39]
Ortega, R.R. 453,454 [37]
Ortiz, M. 479, 530, 545,559 [Ort81];

559 [OrtR99]; 559 [OrtRS00]
Oseen, C.W. 388, 401, 441,457 [103]
Osher, S.101 [267]
Otto, F. 18,95 [112]; 532,557 [KruO04]

Pallara, D. 80, 87, 88,91 [8]
Parés, C. 434,457 [104]
Penel, P. 435,457 [97]; 457 [98]; 457 [99]
Peng, Y.-J. 34,101 [268]
Peral, I. 117,157 [89]
Perthame, B. 11, 18, 29, 30, 91,94 [81]; 95 [99];

99 [222]; 99 [223]; 99 [224]; 101 [269];
101 [270]; 182, 253–256, 276, 293, 295,
297 [12]; 299 [54]; 299 [55]; 299 [56];
301 [104]; 301 [105]

Peters, J.F. 532,559 [VP96]
Petrini, L. 548,555 [AurP02]
Petrov, A. 538,558 [MarMP05]
Pfeffer, W.F.101[271]
Pierre, M. 115,157 [90]
Pinsky, M.A. 248,298 [40]
Pinto da Costa, A. 467, 532, 538,558 [MarP00];

558 [MarPS02];559 [PM03]
Pitayevski, L. 200,300[75]
Plechá̌c, P. 112,157 [91]
Plohr, B.95 [94]; 97 [148]; 97 [151]
Pohozaev, S.I. 109,157 [92]
Poisson, S.D.101 [272]; 376,457 [105]
Pokorný, M. 448,456 [80]
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