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Preface

This is the second volume in the sertegolutionary Equationspart of theHandbook of
Differential Equationsproject. Whereas Volume | was intended to provide an overview

of diverse abstract approaches, the guiding philosophy of the present volume is to offer
a representative sample of the most challenging specific equations and systems arising in
scientific applications.

Three chapters are devoted to the modern mathematical theory of fluid dynamics: Chap-
ter 1 deals with the Euler equations, Chapter 5 provides a general introduction to the theory
of incompressible viscous fluids, and Chapter 3 discusses the asymptotic limits of discrete
mechanical systems described by the Boltzmann equation.

In a different direction, Chapter 2 introduces the blow-up phenomena of solutions of
general parabolic equations and systems.

Chapters 4 and 6 are closely related and deal with mathematical problems arising in
materials science.

Finally, Chapter 7 explores the topic of nonlinear wave equations.

We have deliberately chosen diverse topics as well as styles of presentation in order to
expose the reader to the enormous variety of problems, methodology and potential appli-
cations.

We should like to express our thanks to the authors who have contributed to the present
volume, to the referees who have generously spent time reading the papers, and to the
editors and staff of Elsevier.

Constantine Dafermos
Eduard Feireisl
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Euler Equations and Related Hyperbolic
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Abstract

Some aspects of recent developments in the study of the Euler equations for compressible
fluids and related hyperbolic conservation laws are analyzed and surveyed. Basic features and
phenomena including convex entropy, symmetrization, hyperbolicity, genuine nonlinearity,
singularitiesBV bound, concentration and cavitation are exhibited. Global well-posedness for
discontinuous solutions, including tiB/ theory and the.*° theory, for the one-dimensional
Euler equations and related hyperbolic systems of conservation laws is described. Some an-
alytical approaches including techniques, methods and ideas, developed recently, for solving
multidimensional steady problems are presented. Some multidimensional unsteady problems
are analyzed. Connections between entropy solutions of hyperbolic conservation laws and
divergence-measure fields, as well as the theory of divergence-measure fields, are discussed.
Some further trends and open problems on the Euler equations and related multidimensional
conservation laws are also addressed.

Keywords: Adiabatic, Clausius—Duhem inequality, Compensated compactness, Compress-
ible fluids, Conservation laws, Divergence-measure fields, Entropy solutions, Euler equations,
Finite difference schemes, Free boundary approaches, Gauss—Green formula, Genuine nonlin-
earity, Geometric fluids, Glimm scheme, Hyperbolicity, Ill-posedness, Isentropic, Isothermal,
Lax entropy inequality, Potential flow, Self-similar, Singularity, Supersonic shocks, Super-
sonic vortex sheets, Traces, Transonic shocks, Multidimension, Well-posedness

MSC: Primary 00-02, 76-02, 35A05, 35L65, 35L67, 65M06, 35L40, 35L45, 35Q30, 35Q35,
76N15, 76H05, 76J20; secondary 35L80, 65M06, 76L05, 35A35, 35M10, 35M20, 35L50
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1. Introduction

Hyperbolic conservation lawsjuasilinear hyperbolic systems in divergence form, are one
of the most important classes of nonlinear partial differential equations, which typically
take the following form:

JU+Vy-f(u)=0, ueR" xeR? (1.1)
whereVy = (3, ..., dx,) and
f=(f1,....f0) R" - (R")

is a nonlinear mapping with : R"” — R” fori =1,...,d.
Consider plane wave solutions

u@t, X) =w(, X- o) forwe S 1.
Thenw(z, &) satisfies
dw =+ (VEW) - @) dew =0,

whereV = (9y,, - .., du,)-
In order that there is a stable plane wave solution, it requires that, fapang?—?,

(Vf(w) . a))nxn haven real eigenvalues; (w; ) and be diagonalizable,
1<i<n. 1.2)
Based on this, we say that system (1.1) is hyperbolic in a state ddmidicondition (1.2)
holds for anyw € D andw € S¢~1.
The simplest example for multidimensional hyperbolic conservation laws is the follow-

ing scalar conservation law

du +divyf(w) =0, ueR,xeR?, (1.3)
with f: R — R< nonlinear. Then

Au,0) =1 () w.
Therefore, any scalar conservation law is hyperbolic.

As is well known, the study of the Euler equations in gas dynamics gave birth to the
theory of hyperbolic conservation laws so that the system of Euler equations is an archetype
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of this class of nonlinear partial differential equations. In general, the Euler equations for
compressible fluids iiR¢ are a system af + 2 conservation laws

dp+Vy-m=0 (Euler 1755-1759),
9:m+ V- (T8M) + Vxp =0 (Cauchy 1827-1829), (1.4)
% E+Vx-(B(E+p))=0  (Kirchhoff 1868)

for (1, x) e R RIFI =R, x R? := (0, 00) x R¥. System (1.4) is closed by the consti-
tutive relations

1|m|?
p=pp,e), EZET‘FP& (1.5)

In (1.4) and (1.5)r = 1/p is the deformation gradient (specific volume for fluids, strain
for solids),v = (v1,...,vq) " is the fluid velocity withpv = m the momentum vector,

p is the scalar pressure aiidis the total energy witla the internal energy which is a given
function of (z, p) or (p, p) defined through thermodynamical relations. The notadigrb
denotes the tensor product of the vectmemdb. The other two thermodynamic variables
are temperaturé@ and entropys. If (o, S) are chosen as the independent variables, then
the constitutive relations can be written as

(e, p.0)=(e(p,5). p(p,5).6(p.5)) (1.6)

governed by
9dS=de+pdr=de—%dp. 1.7)

For a polytropic gas,

R
p = Rp0, e=cy0, y=1+— (1.8)
Cy
and
R A SR @9

whereR > 0 may be taken to be the universal gas constant divided by the effective mole-
cular weight of the particular gasy > 0 is the specific heat at constant volumey 1 is
the adiabatic exponent ard> 0 can be any positive constant by scaling.

As shown in Section 2.4, no matter how smooth the initial data is, the solution of (1.4)
generally develops singularities in a finite time. Then system (1.4) is complemented by the
Clausius—Duhem inequality

9;(pS) + Vx-(MmS) >0 (Clausius 1854, Duhem 1901) (1.10)
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in the sense of distributions in order to single out physical discontinuous solutions, so-
calledentropy solutions

When a flow is isentropic, that is, entrogyis a uniform constan§g in the flow, then
the Euler equations for the flow take the following simpler form

dp+ Vx-m=0, 111
8+ Vx - (EM) + Vp =0, (1.11)

where the pressure is regarded as a function of denpsityp(p, So), with constantSy. For
a polytropic gas,

pp)=xp”, y>1, (1.12)

wherex > 0 can be any positive constant under scaling. This system can be derived
from (1.4) as follows. It is well known that, for smooth solutions of (1.4), entropy
S(p, m, E) is conserved along fluid particle trajectories, i.e.,

3 (pS) + Vy - (MS) = 0. (1.13)

If the entropy is initially a uniform constant and the solution remains smooth, then (1.13)
implies that the energy equation can be eliminated, and enffd@geps the same constant
in later time. Thus, under the constant initial entropy, a smooth solution of (1.4) satisfies
the equations in (1.11). Furthermore, it should be observed that solutions of system (1.11)
are also a good approximation to solutions of system (1.4) even after shocks form, since
the entropy increases across a shock to third order in wave strength for solutions of (1.4),
while in (1.11) the entropy is constant. Moreover, system (1.11) is an excellent model for
the isothermal fluid flow withy = 1 and for the shallow water flow with = 2.

In the one-dimensional case, system (1.4) in Eulerian coordinates is

3lp + axm = Os

2
am + ax(% +p) =0, (1.14)
% E+dx (% (E+p)=0

with E = %’%2 + pe. The system above can be rewritten in Lagrangian coordinates in one-
to-one correspondence as long as the fluid flow stays away from vagutith

Btr — 8xv = 0,
v+ p=0, (1.15)
d(e+ %) +ox(pv) =0
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with v = m/p, where the coordinateg, x) are the Lagrangian coordinates, which are
different from the Eulerian coordinates for (1.14); for simplicity of notation, we do not
distinguish them. For the isentropic case, systems (1.14) and (1.15) reduce to

0;p + 0xm =0,
2 (1.16)
8,m+8x(m7+p)=0
and
0;T —0,v=0,
o (1.17)
ov+0xp =0,

respectively, where pressupds determined by (1.12) for the polytropic cager p(p) =
p(r) with t =1/p. The solutions of (1.16) and (1.17), even for entropy solutions, are
equivalent (see [52,332]).

This chapter is organized as follows. In Section 2 we exhibit some basic features and
phenomena of the Euler equations and related hyperbolic conservation laws such as convex
entropy, symmetrization, hyperbolicity, genuine nonlinearity, singularitiesBAhtiound.

In Section 3 we describe some aspects of a well-posedness theory and related results for
the one-dimensional isentropic, isothermal and adiabatic Euler equations, respectively. In

Sections 4-7 we discuss some samples of multidimensional models and problems for the
Euler equations with emphasis on the prototype models and problems that have been solved
or expected to be solved rigorously at least for some cases. In Section 8 we discuss connec-
tions between entropy solutions of hyperbolic conservation laws and divergence-measure

fields, as well as the theory of divergence-measure fields to construct a good framework

for studying entropy solutions. Some analytical approaches including technigues, methods,

and ideas, developed recently, for solving multidimensional problems are also presented.

2. Basic features and phenomena
In this section we exhibit some basic features and phenomena of the Euler equations and
related hyperbolic conservation laws.

2.1. Convex entropy and symmetrization

A functionn: D — R is called an entropy of system (1.1) if there exists a vector function
q:D— R4, q=(qy, ..., qq), satisfying

Vg (w) =VpuVi(w), i=1,....d. (2.1)
An entropyn(u) is called a convex entropy iP if

V2y(u) >0 foranyueD
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and a strictly convex entropy iP if
2

Ven(u) = col
with a constantg > 0 uniform foru € Dy for anyD; ¢ D; € D, wherel is then x n iden-
tity matrix. Then the correspondence of (1.10) in the context of hyperbolic conservation
laws is the Lax entropy inequality

3 (u) + Vy-qu) <0 (2.2)

in the sense of distributions for ai}? convex entropy—entropy flux pain, q).

THEOREM 2.1. A system in(1.1) endowed with a strictly convex entropyin a state
domainD must be symmetrizable and hence hyperboliPin

PrRoOOF TakingV of both sides of the equations in (2.1) with respeat tave have
V20 (u)VE; (U) + V() V3, (u) = V2qi(u), i=1,....d.
Using the symmetry of the matrices
VWV and VZg;(u)
forfixedi =1, 2,...,d, we find that
V27(u) Vf; (u) is symmetric. (2.3)
Multiplying (1.1) by V25 (u), we get
d
V2n(u) du+ Y V2 (u)Vi;(u)Vy,u=0. (2.4)
i=1
The fact that the matriceg2y(u) > 0 andV2p(u)Vf;(u),i =1,2,...,d, are symmetric
implies that system (1.1) is symmetrizable. Notice that any symmetrizable system must be
hyperbolic, which can be seen as follows.
SinceV2y(u) > 0 for u € D, then the hyperbolicity of (1.1) is equivalent to the hyper-
bolicity of (2.4), while the hyperbolicity of (2.4) is equivalent to that, for amg S¢—1,

all zeros of the determinafit V2 (u) — V2n(u)Vi(u) - w| are real (2.5)

Since V2 (u) is real symmetric and positive definite, there exists a mafii) such
that

V2p(u)=CcuCc)’.
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Then the hyperbolicity is equivalent to that, for amy= S¢~1, the eigenvalues of the fol-
lowing matrix

CW) V2 Vi) - o(Cu™H " (2.6)

are real, which is true since the matrix is real and symmetric. This completes the
proof. |

REMARK 2.1. This theorem is particularly useful to determine whether a large physical
system is symmetrizable and hence hyperbolic, since most of physical systems from con-
tinuum physics are endowed with a strictly convex entropy. In particular, for system (1.4),

(1, Ox) = (—=pS, —mS) 2.7)

is a strictly convex entropy—entropy flux pair when> 0 and p > 0; while, for sys-
tem (1.11), the mechanical energy and energy flux

1|m|? 1|m|?

(M4, Qx) = (—— + pe(p), m (—— + pe(p) + p(p)>> (2.8)
2 p p\2 p

is a strictly convex entropy—entropy flux pair when- 0 for polytropic gases. For multi-
dimensional hyperbolic systems of conservation laws without a strictly convex entropy, it
is possible to enlarge the system so that the enlarged system is endowed with a globally
defined, strictly convex entropy. See [29,111,113,275,295].

REMARK 2.2. The observation that systems of conservation laws endowed with a strictly
convex entropy must be symmetrizable is due to Godunov [155-157], Friedrich and Lax
[140] and Boillat [22]. See also [284].

REMARK 2.3. This theorem has many important applications in the energy estimates. Ba-
sically, the symmetry plays an essential role in the following situation: Fouany R”,

2uT V2 (V) VEL (V) B, u
= 3y, (UT V2V Vi (VIU) — U 3y, (V21 (V) V(W)U (2.9)
fork=1,2,...,d. Thisis very useful to make energy estimates for various problems.
There are several direct, important applications of Theorem 2.1 based on the symmetry
property of system (1.1) endowed with a strictly convex entropy such as (2.9). We list three

of them below.

2.1.1. Local existence of classical solutionsConsider the Cauchy problem for a general
hyperbolic system (1.1) with a strictly convex entrapwhose Cauchy data is

Ul|;—o = Up. (2.10)
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THEOREM 2.2. Assume thatig:R? — D is in H* N L>® with s > d/2 + 1. Then for
the Cauchy problen(l.1) and (2.10),there exists a finite tim& = T (||uglls, [UollL>) €
(0, o0) such that there is a unique bounded classical solutienC1([0, 7] x R¢) with

u@,x)eD for(s,x) [0, T] x R?
and
ueC([0,T]; H*)ncH(o, T1; H*1).

Kato [184,185] first formulated and applied a basic idea in the semigroup theory to yield
the local existence of smooth solutions to (1.1).

The proof of this theorem in [241] relies solely on the elementary linear existence theory
for symmetric hyperbolic systems with smooth coefficients via a classical iteration scheme
(cf. [101]) by using the symmetry of system (1.1), especially (2.9). In particular, for all
u e D, there is a positive definite symmetric matebg(u) = V25 (u) that is smooth iru
and satisfies

col < Ap(u) < gt (2.11)

with a constantg > 0 uniform for u € Dy, for any Dy ¢ D1 € D, such that4; (u) =
Ap(u)Vf;(u) is symmetric. Moreover, a sharp continuation principle was also provided:
Forugp € H* with s > d/2+ 1, the interval0, T) with T < oo is the maximal interval of
the classicaH® existence for (1.1) if and only if either

|, DU, )| —> 00 ast—T,
or
u(z, X) escapes every compact subkee D ast — T.

The first catastrophe in this principle is associated with the formation of shock waves and
vorticity waves, among others, in the smooth solutions, and the second is associated with
a blow-up phenomenon such as focusing and concentration.

In [246], Makino, Ukai and Kawashima established the local existence of classical solu-
tions of the Cauchy problem with compactly supported initial data for the multidimensional
Euler equations, with the aid of the theory of quasilinear symmetric hyperbolic systems;
in particular, they introduced a symmetrization which works for initial data having either
compact support or vanishing at infinity. There are also discussions in [48] on the local
existence of smooth solutions of the three-dimensional Euler equations (1.4) by using an
identity to deduce a time decay of the internal energy and the Mach number.

The local existence and stability of classical solutions of the initial-boundary value prob-
lem for the multidimensional Euler equations can be found in [182,189,191] and the refer-
ences cited therein.
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2.1.2. Stability of Lipschitz solutions, rarefaction waves, and vacuum states in the class of
entropy solutions ir.*°

THEOREM 2.3. Assume that syste(t.1) is endowed with a strictly convex entropyon
compact subsets dP. Suppose thav is a Lipschitz solution of1.1) on [0, T'), taking
values in a convex compact subgétof D, with initial data vg. Let u be any entropy
solution of (1.1)on [0, T'), taking values inK, with initial data ug. Then

/ @, x) — v(t, )| ?dx < C(T) |Uuo(x) — Vo] dx
[X|<R [X|<R+Lt

holds for anyR > 0 andt € [0, T'), with L > 0 depending solely oK and the Lipschitz
constant ofv.

The main point for the proof of Theorem 2.3 is to use the relative entropy—entropy flux
pair (cf. [105])

(U, V) =n(U) —n(v) = V() (U —V), (2.12)

B(u, V) =q(u) —qv) — VoW (fu) — f(v)) (2.13)
and to calculate and find

(U, V) + V- BU, V) < —{3;(Vn(V)) (U — V) 4+ Vx (VW) (f(u) — (W) }.

Sincev is a classical solution, we use the symmetry property of system (1.1) with the
strictly convex entropy) to have

3 (Vn(v)) = 3,v) T V25(v)
d

==Y @ (VW) ' V2n(v)

k=1
d

== @) VEn W) VH V).
k=1

Therefore, we have
d
(U, V) + V- BUV) < =Y (0, V) T V() OFe (U, V),
k=1

where

Ofr(u,v) =fr(u) —fr(v) = Vp(v)(u — V).
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Integrating over a set
{(t,x): 0< <t <T, XIS R+L(t—1)}

with the aid of the Gauss—Green formula in Section 8 and chodsisd large enough
yields the expected result.

Some further ideas have been developed to show the stability of planar rarefaction waves
and vacuum states in the class of entropy solutions’thfor the multidimensional Euler
equations by using the Gauss—Green formula in Section 8.

THEOREM?2.4. Letw € 8471, Let
o (X-w

be a planar solutionconsisting of planar rarefaction waves and possible vacuum states
of the Riemann problem

R 0_{(p—,rﬁ—), X -w<0,
= ), x-0>0,

with constant stateo.., M..). Supposei(z, X) = (p, m)(¢, X) is an entropy solution L.

of (1.11)that may contain vacuunithen for any R > 0 andr € [0, c0),

/ a(u, R)(t, X) dx </ a(u, R)(0, x) dx,
IX|<R

IX|<R+Lt

whereL > 0 depends solely on the bounds of the solutioasdR, and
1
a(u,R)=(u-— R)T</ V2. (R+tU—-R)) dr)(u -R)
0

. 2
withn,(UW)=E = %% + pe(p).

REMARK 2.4. Theorem 2.3 is due to Dafermos [110] (also see [111]). Theorem 2.4 is

due to Chen and Chen [56], where a similar theorem was also established for the adiabatic
Euler equations (1.4) with appropriate chosen entropy; also see [55] and [70].

REMARK 2.5. For multidimensional hyperbolic systems of conservation laws with par-
tially convex entropies and involutions, see [111]; also see [24,106].

REMARK 2.6. For distributional solutions to the Euler equations (1.4) for polytropic
gases, it is observed in Perthame [269] that, under the basic integrability condition

p, E, pv-X, |VIE € Lis(Ry; LY(R?))
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and the condition that entrop§(z, X) has an upper bound, the internal energy decays in
time and, furthermore, the only time-decay on the internal energy suffices to yield the
time-decay of the density. Also see [48].

2.1.3. Local existence of shock front solutionsShock front solutions, the simplest type of
discontinuous solutions, are the most important discontinuous nonlinear progressing wave
solutions in compressible Euler flows and other systems of conservation laws. For a general
multidimensional hyperbolic system of conservation laws (1.1), shock front solutions are
discontinuous piecewise smooth entropy solutions with the following structure:

(i) there exist aC? time—space hypersurfacg(r) defined in(r,x) for 0<r < T
with time—space normah;, ny) = (n;, n1, ..., ny) and twoC? vector-valued functions,
ut(¢,x) andu~(z,x), defined on respective domaiis" and D~ on either side of the
hypersurfaceS(r), and satisfying

yur +V-f(uF)=0 inDH; (2.14)
(i) the jump across the hypersurfasér) satisfies the Rankine—Hugoniot condition
{ne(ut —u™) +ny- (f(ut) - f(u_))}|$ =0. (2.15)

For the quasilinear system (1.1), the surfé&ces not known in advance and must be de-
termined as a part of the solution of the problem; thus the equations in (2.14) and (2.15)
describe a multidimensional, highly nonlinear, free-boundary value problem for the quasi-
linear system of conservation laws.

The initial data yielding shock front solutions is defined as follows.&gbe a smooth
hypersurface parametrized by and letn(a) = (ny, ..., ng)(«) be a unit normal taSp.
Define the piecewise smooth initial data for respective domagﬁsandDg on either side
of the hypersurfacé&y as

ua(x), XeDa,

2.16
ug (@), xeDg. (2.16)

Up(X) =

It is assumed that the initial jump in (2.16) satisfies the Rankine—Hugoniot condition, i.e.,
there is a smooth scalar functietie) so that

—o (o) (ud (@) — ug (@) +n(@) - (f(ud (@) — f(ug (@)) =0, (2.17)
and thats (o) does not define a characteristic direction, i.e.,
o@ #xr(U3), aeSo,l<i<n, (2.18)

wherea;, i =1, ..., n, are the eigenvalues of (1.1). It is natural to require 8@ = Sp.
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Consider the three-dimensional full Euler equations in (1.4), away from vacuum, which
can be rewritten in the form

dp+Vyx-(pv) =0, xeR3 >0,
3 (pV) + Vx - (pv® V) + Vxp =0, (2.19)
& E + Vx(V(E + p)) =0,

with piecewise smooth initial data

(0g Vg ET)(X), xeDy,

(2.20)
(pg . V§. ET)(X), xeDf.

(0, V, E)li=0 =

THEOREM2.5. Assume thafy is a smooth hypersurface i and that(og , Vg, Eg)(X)
belongs to the uniform local Sobolev spaldg(Dar), while (og . vy, Eq ) (X) belongs to
the Sobolev spac# (D, ), for some fixed > 10. Assume also that there is a function
o () € H*(Sp) so that(2.17)and(2.18)hold, and the compatibility conditions up to order
s — 1 are satisfied otbp by the initial data together with the entropy condition

Vg (@) +Vpp(eg. Sg) <ol@) <Vg -n@) +vpe(eg. Sy ) (2.21)

and the Majda stability condition

W (9)?Po(pg s Sg)Pseg s Sg)
L (pleg) = plog )=

—(p0)(p(e3) = P(25)) s (5 - 55) > ©. (2:22)

Then there is a2 hypersurfaceS(t) together withC* functions(p®, v, E¥)(t, x) de-
fined forzr € [0, T'], with T sufficiently smallso that

(0=, V,ET)(t,%), (t,X) €D,

(ot VE ET) (@, %), (1,x) e DT, (2:23)

(0. V, E)(t,X) =

is the discontinuous shock front solution of the Cauchy prolffi®)and (2.20)satisfying
(2.14) and (2.15). In particular, the condition in(2.22) is always satisfied for shocks of
any strength for polytropic gas with > 1 and for sufficiently weak shocks for general
equations of state

In Theorem 2.5, the uniform local Sobolev spaH;ﬁ(Da“) is defined as follows: A vector
functionu is in H;, provided that there exists some- 0 so that

max||wyyull gs < 0o
yeR"
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with
X —_
wyy(X) =w (Ty>

wherew € Cgo(Rd) is a function so that (x) > 0, w(x) = 1 when|x| < 1/2 andw(X) =0
when|x| > 1.

REMARK 2.7. Theorem 2.5 is taken from [240]. The compatibility conditions in Theo-
rem 2.5 are defined in [240] and needed in order to avoid the formation of discontinuities
in higher derivatives along other characteristic surfaces emanatingSgo@nce the main
condition in (2.17) is satisfied, the compatibility conditions are automatically guaranteed
for a wide class of initial data functions. Further studies on the local existence and stabil-
ity of shock front solutions can be found in [239—-241]. The uniform time of existence of
shock front solutions in the shock strength was obtained in [249]. Also see [21] for further
discussions.

The idea of the proof is similar to that for Theorem 2.2 by using the existence of a
strictly convex entropy and the symmetrization of (1.1), but the technical details are quite
different due to the unusual features of the problem considered in Theorem 2.5 (see [240]).
The shock front solutions are defined as the limit of a convergent classical iteration scheme
based on a linearization by using the theory of linearized stability for shock fronts devel-
oped in [239]. The technical condition> 10, instead of > 1+ d/2, is required because
pseudo-differential operators are needed in the proof of the main estimates. Some improved
technical estimates regarding the dependence of operator norms of pseudo-differential op-
erators on their coefficients would lower the value oFor more details, see [240].

2.2. Hyperbolicity

There are many examples ofx n hyperbolic systems of conservation laws foe R?
which are strictly hyperbolic; that is, they have simple characteristics. However, for
d = 3, there are no strictly hyperbolic systems:if= 2 (mod 4 or, even more generally,

n =42, 43, +4 (mod 8 as a corollary of Theorem 2.6. Such multiple characteristics in-
fluence the propagation of singularities.

THEOREM2.6. LetA, B andC be three matrices such that

@A + BB+ yC

has real eigenvalues for any real 8 andy. If n = £2, 3, £4 (mod 8, then there exist
a0, Bo and yo with &2 + B2 + yZ # 0 such that

aoA + BoB + yoC (2.24)

is degeneratgthat is there are at least two eigenvalues of ma{@24)which coincide
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PROOF We prove only the case=2 (mod 4.

1. DenoteM the set of all reah x n matrices with real eigenvalues, and the set
of nondegenerate matrices (that haveistinct real eigenvalues) inM. The normalized
eigenvectors ; of Nin \V, i.e.,

Ner)LjI’j, |I'j|=1, j=1,2,...,n,
are determined up to a facterl.

2. LetN(6),0 < 6 < 27, be a closed curve iV If we fix r;(0), thenr ;(6) can be
determined uniquely by requiring continuous dependenag on

Since

N(2n) = N(0),
then
rj(2n)=rjrj(0), 'L’j::l:l.
Clearly,
(i) eachr; is a homotopy invariant of the closed curve,
(if) eachr; =1 whenN() is constant.
3. Suppose now that the theorem is false. Then
N(6) = Acosd + Bsing
is a closed curve iV and
21(0) < 22(0) < -+ < Ay ().
SinceN(n) = —N(0), we have

Aj() = —=An—j4+1(0),

rj(m) =pjrn—;j+1(0), p; =1
4. Since the ordered basis
{r10).r20),....1,0)}
is defined continuously, it retains its orientation. Then the ordered bases
{r1(0).12(0),....1, (@} and {p1r,(0). p2r,-1(0). ..., par1(0)}

have the same orientation.
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For the case: = 2 (mod 4, reversing the order reverses the orientation of an ordered
basis, which implies

n
l_[ ,Oj =-1
j=1

Then there exist& such that
PkPn—k+1=—1. (2.25)
5. SinceN(® + nt) = —N(#), then
i+ 1) =—hp—js100),
which implies
rj(2m) =p;ru—j+1(0) = pj pp—j+1rn—j+1(0).
Therefore, we have
Tj = 0jPn—j+1-
Then (2.25) implies
=1,
which yields that the curve
N(@) = Acosd + Bsind
is not homotopic to a point.
6. Suppose that all matrices of formh + 8B + yC, a? + 82+ y? =1, belong taV.
Then, since the sphere is simply connected, the ch¥¢ could be contracted to a point,

contractingry = —1. This completes the proof. O

REMARK 2.8. The proof is taken from [201] for the case= 2 (mod 4. The proof for the
more general case= +2, +3, +£4 (mod 8 can be found in [138].

Consider the isentropic Euler equations (1.11).
Whend = 2, n = 3, the system is strictly hyperbolic with three real eigenvalues<
)\0 < )\+,

Ao = wiu1 + wau2, Ay =wiu1 +wouz £/ p'(p), p>0.

The strict hyperbolicity fails at the vacuum states wiver 0.
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However, whend = 3,n = 4, the system is no longer strictly hyperbolic even when
o > 0 since the eigenvalue

Ao = w1u1 + wouz + w3u3
has double multiplicity, although the other eigenvalues
At = w1uy + wouz + wzuz £/ p'(p)
are simple whemp > 0.
Consider the adiabatic Euler equations (1.4).
Whend = 2, n = 4, the system is nonstrictly hyperbolic since the eigenvalue

AQ = w1u1 + wau

has double multiplicity; however,

A = w1U1 + wouo = e
V o

are simple whemp > 0.
Whend = 3, n = 5, the system is again nonstrictly hyperbolic since the eigenvalue

Ao = wiu1 + wous + w3u3z

has triple multiplicity; however,

A = w1U1 + wou2 + w3us =+ /%

are simple whemw > 0.

2.3. Genuine nonlinearity
The jth-characteristic field of system (1.1) I is called genuinely nonlinear if, for each
fixed w € S471, the jth eigenvalue\ ; (u; w) and the corresponding eigenvectglu; o)
determined by

(VEW) - )1 (U; ©) = A (U; @) j (U; ®)

satisfy

Vuhj(U; @) -Tj(U;w) #0 foranyue D, w e S92, (2.26)



18 G.-Q. Chen
The jth-characteristic field of system (1.1) s called linearly degenerate if
Vurj(U;w) -rj(u;0) =0 foranyueD. (2.27)
Then we immediately have the following theorem.

THEOREM2.7. Any scalar quasilinear conservation lawRf, d > 2, is never genuinely
nonlinear in all directions

Itis because, in this case,
o) =f'w) -0, rww)=1
and
N oy w)=f'u) - o

which is impossible to make this never equal to zero in all directions.
A multidimensional version of genuine nonlinearity for scalar conservation laws is

{u: = +1'(w)-0=0}| =0 forany(r,») € S,

which is a generalization of (2.26).

Under this generalized nonlinearity, the following have been established:

(i) solution operators are compactzas 0 in [224] (also see [64,314]),

(ii) decay of periodic solutions [65,128],

(i) initial and boundary traces of entropy solutions [82,329],

(iv) BV structure ofL> entropy solutions [112].

For systems witlk = 2m, m > 1 odd, and! = 2, using a topological argument, we have
the following theorem.

THEOREM2.8. Every rea] strictly hyperbolic quasilinear system far=2m, m > 1 odd,
andd = 2is linearly degenerate in some direction

PROOF We prove only for the case = 1.
1. For fixedu € R", define

N(@; u) = Vf1(u) cosd + Vfa(u) sing.
Denote the eigenvalues bif(6; u) by A+ (0; u),
A—(O5u) <Ay (05U)
with

N(@; WIrL(@;u) =21+(6; WrL(6;u), [rL@;u|=1. (2.28)
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This still leaves an arbitrary factak1, which we fix arbitrarily ap = 0. For all other
0 € [0, 2r], we requirer 1 (0; U) to vary continuously witl.
2. SinceN(@ + m; u) = —N(6; u),
Ap(@+ T u)=—2_(0;U), A—(0 + 75 U) = —A4 (65 U).
It follows from this andjr .| = 1 that
ry (04 m;u)=0.r_(6;u), r—@+m;u)=o0_r4(6;u), (2.29)
whereo =1 or—1.
3. Sincer 4 (0; u) were chosen to be continuous function®pfve find that
(i) o+ are also continuous functions @f and, thus, they must be constant since
oy ==+1;
(ii) the orientation of the ordered bagis_(; u), r(6; u)} does not change and, hence,
the bases

{r—O;u),rO;w} and {r_(mu),ri(mu}

have the same orientation.
Therefore, by (2.29),

{r—O;u),r (O;w} and {o_r (0;u),oqr_(O;w)}
have the same orientation. Then

oro_=-1
and

ry2m;u) =o4r_(m;u) =040-r(0,u) = —r (0, u). (2.30)
Similarly, we have

r_2m;u) =—r_(0; u). (2.31)

4. Since the eigenvalues. (9; u) are periodic functions of with period 2t for fixed
u € R?, so are their gradients. Then

Vur+(2m; wr+ (2w u) = —Vyd(0; wr+(0; u).
Noticing that

VAL (0;wr+(0;u)
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vary continuously withy for any fixedu € R2, we conclude that there exigt € (0, 2)
such that

VAL (Ox; Wr4(6+;u)=0.
This completes the proof. |
REMARK 2.9. The proof of Theorem 2.8 is from [202].

REMARK 2.10. Quite often, linear degeneracy results from the loss of strict hyperbolicity.
For example, even in the one-dimensional case, if there ekigté such that

Aj(u)y=Ar(u) forallueKk,
then Boillat [23] proved that th¢th- andkth-characteristic families are linearly degenerate.
For the isentropic Euler equations (1.11) with= 2, n = 3,
Ao = wiu1 + wou2, Ay = w11+ wouz £ /P (p),

and

ro=(—wz,w1,0)", ry = (iwl, Fwy,

\% )
p/(p) ’

and

pp"(p) +2p'(p) _Lrt 1
2p'(p) 2

For the adiabatic Euler equations (1.4) with= 2, n = 4,

Vig -rpy == #0.
[yp
Ao = wiu1 + wouy, A = wiu1 + woun £ 7
and
o\ T
rO:(—wZ,wLO,l)T, r:t:<:|:wl’:|:w2’\/ypp’p”ﬁ> 3

which implies

Viop-ro=0
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and

1
vxi-ri=i% £0.

2.4. Singularities

For the one-dimensional case, singularities include the formation of shock waves and the
development of vacuum states, at least for gas dynamics. For the multidimensional case,
the situation is much more complicated: besides shock waves and vacuum states, singular-
ities may include vorticity waves, focusing waves, concentration waves, complicated wave
interactions, among others.

Consider the Cauchy problem of the Euler equations in (1.4) for polytropic ga&s in
with smooth initial data

(0,V, S)|;—0 = (po, Vo, So)(X) with po(x) > 0 forx € R® (2.32)
satisfying

(00, Vo, So)() = (£, 0,5 ) for [x| > R,
where 5 > 0, S and R are constants. The equations in (1.4) possess a unique lo-

cal Cl-solution (p, Vv, S)(z,x) with p(r,x) > O provided that the initial data (2.32) is
sufficiently regular (Theorem 2.2). The support of the smooth disturb&pee) —

p,Vo(X), So(x) — §) propagates with speed at mest= v p, (5, S) (the sound speed),
that is,
(P, V, )(t,x)=(p,0,8) if x| >R+ot. (2.33)
The proof of this essential fact of finite speed of propagation for the three-dimensional case

can be found in [181], as well as in [299], established through local energy estimates.
Takep = p(p, S). Define

P(1) =f (p(e, Y7 — p1/7) dx
RB

=K1/y/ <p(;,x) eXp(S(t,X)> _,6exp<i)) dx,
R3 YCv ye

F@) = f ov(t, X) - xdx,
R3

which, roughly speaking, measure the entropy and the radial component of momentum.
The following theorem on the formation of singularities in solutions of (1.4) and (2.32) is
due to Sideris [300].
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THEOREM 2.9. Suppose that(p, Vv, S)(r,x) is a Cl-solution of (1.4) and (2.32)
forO<t < T and

PO >0, (2.34)

F(0) > aocR* maxpo(x), o=~ (2.35)

Then the lifespaff’ of the C1-solution is finite

PROOFE Set
M(t):f (o, %) — p)dx.
R3
Combining the equations in (1.4) with (2.33) and using the integration by parts, one has
M @)= —/ V- (pv)dx =0,
R3

P'(t) = —/cl/?’/ V. (pvexp<i)>dx=0,
R3 YCv

which implies
M(t) = M(0), P()=P(0) (2.36)

and
F’(t)=/ X (pV); dx
R3
= [ (o230 7)o
RB

_ / (pIVI2 +3(p — p)) dx, (2.37)
B(t)

whereB(r) = {x € R3: |x| < R +ot}. From Hélder’s inequality, (2.34) and (2.36), one has

1 Y
-
/Bmp |B(r>|y—1< 50"
= ;<P(O)+f pYr dx)y
|B(r)|r—1 B(1)

> / pax,
B(1)
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where|B(r)| denotes the volume of balt(¢). Therefore, by (2.37),
F'(t) >/ plv|?dx. (2.38)
R3

By the Cauchy—Schwarz inequality and (2.36),

2
F()% = (/ ,ov-xdx)
B(t)

</ p|v|2dx/ pIx|2dx
B() B()

< (R+01)? p|V|2dX<M(t)+/ ﬁdx)
B(t) B(1)

< (R+01)? ,o|v|2dx</ (po(x) — ,6) dx—i—/ ,5dx>
B(1) B(t) B(1)
< 4—“(13 +o01)° maX,oo(X)/ o|v[2dx.
3 X B()

Then (2.38) implies that

-1
F'(t) < <4§(R +o1)° mXaXpo(x)> F()°. (2.39)

SinceF (0) > 0 by (2.35),F(t) remains positive for & ¢t < T, as a consequence of (2.38).
Dividing by F(r)2 and integrating from 0 t@ in (2.39) yields

FO™>FO)™— F(T)™ > (@0 maxpo) H(R™*— (R+0T)7%).
Thus,

R*F(0)

R+oT)* .
(R+oT) <F(0)—aUR4maX,00

This completes the proof. O
REMARK 2.11. The proofis taken from [86], which is a refinement of Sideris [299]. The
method of the proof above applies equally well in one and two space dimensions. In the
isentropic case, the conditia(0) > 0 reduces ta/(0) > 0.

REMARK 2.12. To illustrate a way in which conditions (2.34) and (2.35) may be satisfied,
we consider the initial data

po=p, So=S5.
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ThenP(0) =0, and (2.35) holds if
/ Vo(x) - XdX > o R*.
IX|<R

Comparing both sides, one finds that the initial velocity must be supersonic in some region
relative to the sound speed at infinity. The formation of a singularity (presumably a shock
wave) is detected as the disturbance overtakes the wave front forcing the front to propagate
with supersonic speed.

The formation of singularities occurs even without condition of largeness such as (2.35).
For example, ifSo(x) > S and, for some & Rp < R,

/ X2 (1x| —r)z(po(x) —p)dx >0,

- (2.40)
/ |X|73(|X|2—72)po(X)V0(X)~de>0 for Ro <r <R,

X|>r

then the lifespaf’ of the C1-solution of (1.4) and (2.32) is finite. The assumptions in (2.40)
mean that, in an average sense, the gas must be slightly compressed and outgoing directly
behind the wave front. For the proof in [300], some important technical points were adopted
from [298] on the nonlinear wave equations in three dimensions.

REMARK 2.13. For the multidimensional Euler equations for compressible fluids with
smooth initial data that is a small perturbation of amplitédeom a constant state, the
lifespan of smooth solutions is at leastsO) from the theory of symmetric hyperbolic
systems [139,183]. Results on the formation of singularities show that the Iifesg)an of a
smooth solution is no better than&2) in the two-dimensional case [276] ande® )

[300] in the three-dimensional case. See [2,301,302] for additional discussions in this di-
rection. Also see [246] and [279] for a compressible fluid body surrounded by the vacuum.

2.5. BV bound
For one-dimensional strictly hyperbolic systems, Glimm’s theorem [145] indicates that, as

long as||uplisy is sufficiently small, the solutioni(z, x) satisfies the following stability
estimate

Juc. )| gy < Clluollgy- (2.41)
Even more strongly, for two solutions(z, x) andv(z, x) obtained by either the Glimm
scheme, wave-front tracking method or vanishing viscosity method with small total varia-

tion,

Ju ) = vt )| pagy < CJu© ) = VO, )| 1y
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See [20,33,111,167,204] and the references cited therein.

The recent great progress for entropy solutions for one-dimensional hyperbolic systems
of conservation laws based 8V estimates and trace theorem$df fields naturally arises
the expectation that a similar approach may also be effective for multidimensional hyper-
bolic systems of conservation laws, that is, whether entropy solutions satisfy the relatively
modest stability estimate

Ju@. )| gy < Clluoligy- (2.42)

Unfortunately, this is not the case.
Rauch [278] showed that the necessary condition for (2.42) to be held is

Vi () (U) = V(U Vi(u) forallk,l=1,2,....d. (2.43)

The analysis above suggests that only systems in which the commutativity relation (2.43)
holds offer any